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ABSTRACT

Distributed acoustic sensing (DAS) is a novel technology,
which allows the seismic wavefield to be sampled densely in
space and time. This makes it an ideal tool for retrieving surface
waves, which are predominantly sensitive to the S-wave velocity
structure of the subsurface. In this study, we evaluate the poten-
tial of DAS to image the near surface (top 50 m) using active-
source surface waves recorded with straight fibers on a field in
the province of Groningen, the Netherlands. Importantly, DAS
is used here in conjunction with a Bayesian transdimensional
inversion approach, making this the first application of such
an algorithm to DAS-acquired strain-rate wavefields. First, we
extract laterally varying surface wave phase velocities (i.e.,
“local” dispersion curves [DCs]) from the fundamental mode
surface waves. Then, instead of inverting each local DC
separately, we use a novel 2D transdimensional algorithm

to estimate the subsurface’s S-wave velocity structure. We
develop a few modifications to improve the performance of
the 2D transdimensional approach. Specifically, we develop
a new birth-and-death scheme for perturbing the dimension
of the model space to improve the acceptance probability. In
addition, we use a Gibbs sampler to infer the noise hyperpara-
meters more rapidly. Finally, we introduce local prior informa-
tion (e.g., S-wave logs) as a constraint to the inversion, which
helps the algorithm to converge faster. We first validate our
approach by successfully recovering the S-wave velocity in a
synthetic experiment. Then, we apply the algorithm to the field
DAS data, resulting in a smooth laterally varying S-wave veloc-
ity model. The posterior mean and uncertainty profiles identify a
distinct layer interface at approximately 20 m depth with a sharp
increase in velocity and uncertainty at that depth, aligning with
borehole log data that indicate a similar velocity increase at the
same depth.

INTRODUCTION

After initial distributed acoustic sensing (DAS) field trials
(Paulsson et al., 1997; Bostick, 2000; Johannessen et al., 2012;
Molenaar et al., 2012), the DAS technique has been investigated
and applied in the context of a variety of geophysical problems
(e.g., Daley et al., 2013; Lindsey et al., 2017; Barone et al.,
2021; Mata Flores et al., 2023). Due to the dense sampling of
the wavefield and its broadband character, DAS also has become
popular to sample surface waves in active (e.g., Qu et al., 2023;
Yust et al., 2023) and passive (e.g., Ajo-Franklin et al., 2019;
Nayak et al., 2021) surveys. Surface waves are useful because of
their wave speed’s sensitivity to the subsurface’s S-wave velocity.

A material’s S-wave velocity is, to a large extent, determined by
its shear strength (or stiffness). Consequently, the S-wave velocity
of the near surface is a valuable parameter in many subsurface
engineering applications. Because the velocity of surface waves
strongly depends on that S-wave velocity, near-surface S-wave
velocity models are frequently derived from surface wave measure-
ments (Socco et al., 2010). Typically, two types of surface waves are
recorded: Rayleigh and Love waves (Aki and Richards, 2002). Sur-
face waves are dispersive when the S-wave velocity varies as a func-
tion of depth, meaning that different frequencies propagate with
different velocities. A surface wave’s propagation velocity at an
individual frequency is referred to as that frequency’s phase veloc-
ity. The first step in surface wave imaging is usually the retrieval of
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the frequency-dependent phase velocities. An inversion sub-
sequently results in a model of the S-wave velocity as a function
of depth (Schaefer et al., 2011; Zhang et al., 2020).
Conventionally, in an active-source surface wave analysis, a

dispersion curve (DC) is retrieved from each common-shot record
using multichannel analysis of surface waves (Park et al., 1999),
assuming that the subsurface is a stack of horizontal layers. Then,
an inversion algorithm is used to recover a 1D S-wave velocity pro-
file (e.g., Vantassel et al., 2022; Qu et al., 2023). Due to the dense
spatial sampling and the high-frequency content of active-source
DAS surveys, however, the lateral resolution could in principle
be increased significantly (Barone et al., 2021). Consequently, to
account for the lateral variation in the subsurface’s velocity struc-
ture, many authors suggest recovering local DCs (e.g., Neducza,
2007; Luo et al., 2008; Vignoli et al., 2011; Barone et al.,
2021). These local DCs then can be used in an inversion algorithm
to recover a 2D profile (or 3D cube) of the subsurface S-wave veloc-
ity (Vignoli et al., 2016; Barone et al., 2021).
Several approaches have been proposed to recover lateral varia-

tions in the subsurface’s S-wave velocity, most of them based on
laterally varying DCs. The most common approach involves the ap-
plication of a moving window to the recorded shot gathers in the
time-space domain (e.g., Bohlen et al., 2004; Luo et al., 2008;
Socco et al., 2009; Boiero and Socco, 2010). The windowed part
of the data is then transformed into a spectral domain to estimate the
local DC at the location of the center of that window. Alternatively,
multioffset phase analysis (MOPA) (Vignoli et al., 2016) can be
used to recover lateral variations (Barone et al., 2021). Vignoli
et al. (2016) and Barone et al. (2021) successfully retrieve laterally
varying fundamental mode DCs using MOPA.
In the presence of lateral variations, the dispersion relation varies

as a function of location. In that case, the different DCs are often
inverted independently using a 1D inversion algorithm (e.g., Bohlen
et al., 2004; Socco et al., 2009; Vignoli et al., 2016; Barone et al.,
2021), after which the independently inverted 1D profiles are pieced
together to obtain a 2D (or 3D) S-wave velocity pseudosection (or
pseudocube). However, by independently inverting the adjacent
DCs, lateral correlations in the subsurface structure are ignored
(Zhang et al., 2020). Socco et al. (2009) propose to invert all DCs
simultaneously to mitigate the solution’s nonuniqueness and retain
lateral smoothness. They use a laterally constrained least-squares
algorithm in which each 1D model is linked to its neighbors. In
this study, we invert all the DCs simultaneously using a 2D trans-
dimensional algorithm (Bodin and Sambridge, 2009). As such, we
retain lateral correlations of the S-wave velocity and circumvent
(rather arbitrary) smoothing and damping procedures (e.g., Xia
et al., 1999).
In this study, we apply the MOPA algorithm to surface waves

extracted from a 2D active-source DAS survey. The DAS data
are recorded in the province of Groningen in the north of the
Netherlands using straight and helically wound fibers (for more de-
tails, see Hasani and Drijkoningen [2023]). However, we use the
straight fibers in this study to retrieve surface wave phase velocities.
As such, we recover the laterally varying fundamental mode local
phase velocities. Importantly, we then invert all the DCs simultane-
ously using the nonlinear 2D transdimensional tomographic
algorithm (Bodin and Sambridge, 2009). This transdimensional in-
version algorithm has been originally developed for surface wave
traveltime tomography. Subsequently, it has been applied to many

geophysical problems (e.g., Dettmer et al., 2012; Ghalenoei et al.,
2022; Yao et al., 2023; Rahimi Dalkhani et al., 2024).
We modify and adapt the transdimensional algorithm for better

application to DAS data by refining the birth/death proposal scheme
to improve the acceptance ratio and sampling efficiency. In addi-
tion, we propose and implement a simple efficient method to handle
unknown data uncertainty (i.e., noise level). Finally, we introduce a
technique to incorporate borehole data as prior information to con-
strain the inversion. These allow us to generate a 2D S-wave veloc-
ity image (vertical cross section) of the subsurface with improved
lateral correlation. We validate the obtained 2D S-wave velocity
section using S-wave velocity logs obtained from two boreholes
located at two specific points on the acquisition line.

THEORY AND METHODOLOGY

In this section, we detail the various methods used in this study.
First, we describe how the surface waves are extracted from the
fiber-optic recordings. Subsequently, we explain how we locally es-
timate the surface waves’ phase velocity as a function of frequency.
Finally, we provide the details of the implementation of the Markov
chain Monte Carlo (MCMC). Figure 1 shows the detailed flowchart
of the proposed algorithm.

Phase velocity retrieval

In case the subsurface is laterally invariant, the relation between
phase (ϕ) and offset (x) will be linear at each discrete frequency
(fi), with the slope coinciding with the wavenumber (k). This
can be formulated as (Strobbia and Foti, 2006)

ϕðfi; xÞ ¼ kðfiÞxþ ϕ0ðfiÞ; (1)

where ϕ0 is the phase at the location of the source. Equation 1 al-
lows the estimation of a wavenumber by means of a least-squares fit
of the phase-offset data at each discrete frequency fi, i.e., using a
linear regression (for detailed formulation, see Strobbia and Foti
[2006]). The estimated wavenumber (kðfiÞ) can be translated to
the frequency-dependent phase velocity (cpðfiÞ) using

cpðfiÞ ¼
2πfi
kðfiÞ

; (2)

where i ¼ 1; 2; : : : ; Nf and Nf denotes the number of discrete
frequencies. This approach is referred to as MOPA (Strobbia and
Foti, 2006; Vignoli and Cassiani, 2010).
In the presence of (smooth) lateral variations, equation 1 can be

formulated such that the wavenumber k varies as a function of offset
and frequency. That is, k ¼ kðfi; xðcÞÞ, where xðcÞ denotes the center
position of a set of adjacent (Fourier-transformed) wavefield record-
ings running from xðcÞ −W=2 to xðcÞ þW=2 (here, W is the spatial
window along which kðfi; xðcÞÞ is assumed to be constant). Vignoli
et al. (2011) “move” this spatial window along the recording line with
small steps (i.e., significantly smaller thanW). This is done separately
for each discrete frequency, allowing W to be frequency dependent
(Vignoli et al., 2016). The wavenumbers are subsequently derived
using linear regression according to equation 1. These laterally vary-
ing wavenumbers are then converted to laterally varying phase veloc-
ities cpðfi; xðcÞÞ using equation 2. Snice the lateral resolution of the
surface waves is directly related to the wavelength (Barone et al.,
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2021), Vignoli et al. (2016) propose to have the spatial window
length W be a function of the wavelength of the surface waves.
In this study, we use the MOPA algorithm of Vignoli et al. (2016)

to estimate local DCs. Chiefly, this is because of the algorithm’s
robustness and simplicity. However, a drawback of the MOPA al-
gorithm is that it can only be applied to a single surface wave mode.
Therefore, only one mode will be considered, and other (potential)
surface wave modes will be muted. Finally, it should be understood
that the recovered wavenumbers are associated with the wavefield.
That is, they will deviate from the medium’s true wavenumber dis-
tribution (sometimes referred to as “structural wavenumbers”)
(Wielandt, 1993), with the discrepancy between the two being
larger for more heterogeneous subsurfaces.

Transdimensional surface wave inversion

The 2D transdimensional tomographic algorithm by Bodin and
Sambridge (2009) is developed for surface wave traveltime tomog-
raphy (for individual discrete frequencies). Here, we modify the
algorithm to invert all DAS-derived DCs simultaneously. Our trans-
dimensional algorithm uses a 2DVoronoi tessellation to parameterize
the subsurface, in combination with a reversible jump MCMC
(RJMCMC). A single unique model is defined by the number of
Voronoi cells, their nuclei, and the S-wave velocity assigned to them.
Note that the location of an individual Voronoi cell is defined by the
location of its nucleus and that its geometry is controlled by its neigh-
boring cells. As such, it allows a variable parameterization of the sub-
surface, meaning that the number of Voronoi cells, their locations,
and the assigned velocities are all unknowns (Rahimi Dalkhani
et al., 2021). Because the number of variables is a variable itself, this
algorithm is referred to as transdimensional (Bodin and Sambridge,
2009). The transdimensional parameterization allows the algorithm
to sample the posterior, without the need to introduce any kind of
regularization (Bodin and Sambridge, 2009). Effectively, the regulari-
zation is inherent in the algorithm.
The transdimensional algorithm is a Bayesian inference method

that aims to sample the posterior probability density (henceforth
“posterior”) of the model parameters m, given the observed data
d. The posterior pðmjdÞ is proportional to the product of the like-
lihood pðdjmÞ and the prior pðmÞ (Tarantola, 2005; Bodin and
Sambridge, 2009):

pðmjdÞ ∝ pðdjmÞpðmÞ: (3)

The prior probability distribution pðmÞ incorporates all (a priori)
known independent information about the model space. Similar
to Bodin and Sambridge (2009), we consider an (uninformative)
uniform prior for all model parameters.
The likelihood function pðdjmÞ plays a fundamental role in the

inference of the model space as it quantifies the probability of the
observed laterally varying DCs given a specific velocity model. As-
suming the likelihood to be Gaussian, it is formulated as

pðdjmÞ ¼ A exp

�
−
ϕðmÞ
2

�
; (4)

where A is a normalization factor and ϕðmÞ is a simple least-squares
misfit (ϕðmÞ ¼ kððgðmÞ − dÞ=σÞk2). The vector m contains the
parameters describing the proposed model. Due to the variable
number of Voronoi cells, its length (or its “dimension”) changes

while the posterior is being sampled. Furthermore, g is the modeled
laterally varying phase velocity and σ represents the data uncer-
tainty for the phase velocity at different discrete frequencies and
locations.
It is worth noting that the input data in our case (i.e., laterally

varying, frequency-dependent phase velocities along a 2D line) are
different from the traveltimes used in Bodin and Sambridge (2009).
Consequently, a different forward function is necessary to compute
the modeled data. For this purpose, we use a MATLAB package
developed by Wu et al. (2019) using the reduced delta matrix
method proposed by Buchen and Ben-Hador (1996). This algorithm
computes the DC (i.e., phase velocity versus frequency) in a 1D
earth model. Therefore, to model the laterally varying DCs, we take
the 1D velocity profile at each location and compute the DCs inde-
pendently. However, it should be understood that these DCs are not
uncorrelated: the correlation between “adjacent” DCs results from
the Voronoi partitioning.

Reversible jump MCMC

The RJMCMC draws samples from the posterior distribution us-
ing a Metropolis-Hasting (MH) algorithm, which includes changing
the dimension of the model space. The process starts with some
random initial model m, as shown in Figure 1. Then, the algorithm
draws the next sample of the chain by proposing a new model m 0

based on a known proposal probability function qðm 0jmÞ, which
only depends on the current state of the model m. The proposed
model m 0 will be accepted with probability (Bodin and Sambridge,
2009):

αðm 0jmÞ ¼ min

�
1;
pðm 0Þ
pðmÞ

pðdjm 0Þ
pðdjmÞ

qðmjm 0Þ
qðm 0jmÞ × jJj

�
; (5)

where pðm 0Þ=pðmÞ is the prior ratio, pðdjm 0Þ=pðdjmÞ is the like-
lihood ratio, qðmjm 0Þ=qðm 0jmÞ is the proposal ratio, and J is the
Jacobian associated with the transformation from m to m 0. The lat-
ter is needed to account for scale changes involved when the per-
turbation involves a jump between dimensions (Green, 1995).
The acceptance probability αðm 0jmÞ is the key to ensure that the

samples will be generated according to the target posterior distri-
bution pðmjdÞ. Similar to Bodin and Sambridge (2009), we use
four perturbation types to propose a new model (m 0) based on the
current model (m). These are nuclei move, velocity update, birth,
and death steps. We parameterize the subsurface using the afore-
mentioned (2D) Voronoi tesselation. As derived in Bodin and
Sambridge (2009), the acceptance probability in the case of a move
or update step (i.e., no change in model dimension) reads

αðm 0jmÞ ¼ min

�
1; exp

�
ϕðmÞ − ϕðm 0Þ

2

��
: (6)

Note that this acceptance probability only depends on the likelihood
ratio because (1) the priors form andm 0 coincide for models of the
same dimension and (2) the proposal distribution is symmetrical if
the dimension of the model space stays the same (i.e., qðm 0jmÞ ¼
qðmjm 0Þ; Bodin and Sambridge, 2009).
For a birth step, Bodin and Sambridge (2009) propose to ran-

domly select a point from an underlying finite (and dense) 2D grid
of N grid points. The proposal distribution governing the selection
of this grid point is uniform within the 2D spatial domain. A cell
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nucleus is subsequently placed in that grid point and a new S-wave
velocity is assigned. Bodin and Sambridge (2009) draw this new S-
wave velocity from a Gaussian proposal distribution centered at the
current velocity of the randomly selected grid point. A death step is
the reverse of a birth step. Hence, it involves the random (uniform
probability) selection of a grid point and subsequent elimination of
the cell that contains it. A problem reported in the literature for the
preceding birth/death proposals is the very low acceptance ratio
(e.g., Dosso et al., 2014). This adversely affects the mixing of
the transdimensional Markov chain and the efficiency with which
the model space is being sampled.
To improve the acceptance probability of a birth/death step, sev-

eral studies suggest proposing the velocity in a birth step using a
uniform distribution over the prior range (e.g., Dosso et al.,

2014; Xiang et al., 2018). This way the prior and proposal ratios
cancel and the acceptance probability for the birth and the death
step will be equal to the likelihood ratio, similar to equation 6, that
is (Dosso et al., 2014; Xiang et al., 2018),

αðm 0jmÞ ¼ min

�
1; exp

�
ϕðmÞ − ϕðm 0Þ

2

��
: (7)

This formulation is shown to have a higher acceptance ratio
(e.g., Dosso et al., 2014; Xiang et al., 2018). This can be understood
by considering a region in the subsurface with low sensitivity to the
input data. Any perturbation in that region results in a likelihood
ratio close to unity and hence is likely to be accepted. Consequently,
when the sampled data are not equally sensitive to all regions in the

subsurface, most of the accepted births/deaths
occur in areas of the subsurface with rather low
sensitivity to the data. In contrast to the original
birth/death proposal scheme, this formulation
does not result in a preference over simpler mod-
els, whereas this is desirable. In the following
section, we therefore introduce a modified birth/
death step that enhances the acceptance ratio
while at the same time having a clear preference
over simpler models (i.e., a preference over
larger cells in case the likelihood ratio coincides
for two Voronoi configurations).

An improved birth/death scheme

For the birth step, we randomly (uniform prob-
ability) select a point in the subsurface and make
that the nucleus of a new cell. This new cell
modifies the shape of the neighboring cells and
constitutes parts of these cells. We compute the
spatial average velocity vi over the area of the
proposed cell (before birth) using the dense
underlying 2D grid of N grid points. Then, we
propose a new velocity v 0 for the new cell using
a Gaussian proposal distribution centered at vi
and with a standard deviation of σv. The proposal
probability distribution associated with such a
birth step reads

qðm 0jmÞ¼ 1

N−n
1

σv
ffiffiffiffiffi
2π

p exp

�
−
ðv0−viÞ2

2σ2v

�
;

(8)

where n is the number of grid points already act-
ing as a cell’s nucleus (prior to birth).
A death step is the reverse of birth step. There-

fore, we consider the probability of randomly se-
lecting a point that is contained in the birth cell.
This probability is the size of the birth cell di-
vided by the size of the spatial extent of the
model. Approximating the cell size by the num-
ber of grid points inside it (i.e., Nc) and the size
of the spatial domain by the total number of grid
points in the model (i.e., N), the probability of
such a proposal is

Figure 1. Flowchart illustrating the transdimensional MCMC method for generating M
samples to infer laterally varying S-wave velocity based on retrieved surface wave
dispersion data.
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qðmjm 0Þ ¼ cell size

domain size
≈
Nc

N
: (9)

Using these two expressions, the proposal ratio for a birth step
becomes

�
qðmjm 0Þ
qðm 0jmÞ

�
birth

¼ Nc

N
ðN − nÞσv

ffiffiffiffiffi
2π

p
exp

�ðv 0 − viÞ2
2σ2v

�
:

(10)

Just as in Bodin and Sambridge (2009), the Jacobian coincides with
unity for a birth/death step.
Substituting the prior ratio for a birth step (as derived by Bodin

and Sambridge, 2009):

�
pðm 0Þ
pðmÞ

�
birth

¼ nþ 1

N − n
1

Δv
: (11)

Equation 10, and the likelihood ratio (computed using equation 4)
in equation 5, provides the acceptance probability of a birth step:

αðm 0jmÞ ¼ min

�
1;
nþ 1

Δv
Nc

N
σv

ffiffiffiffiffi
2π

p
exp

�ðv 0 − viÞ2
2σ2v

þ ϕðmÞ − ϕðm 0Þ
2

��
; (12)

where v 0 is the velocity of the new cell and vi is the spatially aver-
aged velocity in the area constituting the new cell before its birth. A
death step is the reverse of the birth step; following a similar pro-
cedure as mentioned previously, we find the acceptance probability
of a death step:

αðm 0jmÞ ¼ min

�
1;
Δv
n

N
Nc

1

σv
ffiffiffiffiffi
2π

p exp

�
−
ðv 0 − viÞ2

2σ2v

þ ϕðmÞ − ϕðm 0Þ
2

��
; (13)

where v 0 is the velocity of the cell that was killed and vi is the spa-
tial average of the (new) velocities at the grid points that were lo-
cated in that cell. One can see that the new formulation depends not
only on the velocity of the birth/death cell but also on the size of the
cell. It prefers giving birth to cells larger than the average size of all
cells (i.e., Nc=N) and killing cells smaller than the average cell size.
While creating a new cell or killing an available cell, the algorithm
does not rely on the velocity of a single point (i.e., the cell nuclei)
but considers the velocity of all points located inside the death/birth
cell. This suppresses the effect of cells with anomalous velocities
close to each other discussed in the previous section.

Noise parameterization and inference

The data uncertainty plays a crucial role in the convergence of a
Bayesian algorithm (Bodin et al., 2012; Rahimi Dalkhani et al.,
2021). Ideally, this data uncertainty accounts for the uncertainty re-
sulting from seismic noise as well as for the fact that the model used
is a simplification of the true physics describing surface wave
propagation. As we will explain in the “Application to DAS data
recorded near Zuidbroek, Groningen” section, the application of

the MOPA algorithm to multiple shots provides us with an estimate
of the data uncertainty. However, this estimate does not take into
account the second source of data uncertainty (i.e., inaccuracy in-
herent in the forward function). For this reason, similar to Bodin
et al. (2012), we consider this data uncertainty to be an unknown
and parameterize it as a linear relation:

σij ¼ aσ 0
ij; (14)

where σ 0
ij is the data uncertainty derived from the MOPA algorithm

at location xðcÞj and discrete frequency fi. Here, a is a hyperpara-
meter to take into account data, processing, and modeling-related
errors. Bodin et al. (2012) use an additional MH step to infer this
hyperparameter from the data automatically.
Here, following Andrieu et al. (1999), we propose a Gibbs sam-

pling step (Gilks et al., 1995; Yildirim, 2012) to infer the noise hy-
perparameter (a) efficiently. Refer to the “Noise inference using a
Gibbs sampler” section of Appendix A for detailed information on
the algorithm. Compared with the MH step, the proposed Gibbs
sampler is fast (no rejection) and unbiased. It does not need
user-defined parameters except for a wide prior range for the hyper-
parameter a. The downside of the proposed algorithm compared
with the MH step proposed by Bodin et al. (2012) is that the
way we can parameterize the noise is limited. In other words,
we can only assume that the noise level is a constant or it is a factor
of a constant value such as what we discussed (i.e., σ ¼ aσ 0, where
σ 0 is known). If we want to parameterize the noise such as
σ ¼ aσ 0 þ b, then our proposed method is not working and the
MH step proposed by Bodin et al. (2012) is applicable.

Constraining the inversion using (borehole) S-wave logs

It is possible to measure physical properties directly using bore-
hole logging tools. In our case, two dedicated boreholes are drilled
down to approximately 80 m depth. Using a P-S suspension logging
tool, S-wave velocities are measured using approximately 400 Hz S
waves. These S-wave velocity profiles can be incorporated into the
transdimensional algorithm in two ways. First, the S-wave velocity
profile can be used to constrain the prior probability and make it
depth dependent. This can be achieved by assuming a Gaussian dis-
tribution centered at the measured S-wave velocity profile (see,
e.g., Sen and Biswas, 2017). However, this approach needs the
RJMCMC algorithm to be modified. In addition, it is difficult to
define the prior mean in a Voronoi partitioned, variable parameter-
ization of the model. An alternative approach is to use the S-wave
velocity profiles to constrain the misfit function (see Wang, 2016,
pp. 5) by the available data as

ϕðmÞ ¼
���� gðmÞ − d

σ

����
2

þ
����Vm − Vref

σbh

����
2

; (15)

where Vm is the S-wave velocity of the proposed model on a com-
putational fine grid during MCMC sampling and Vref is a reference
S-wave velocity model defined on the same computational fine grid
but based on the available borehole data. Because well logs have a
much higher resolution than what can be achieved with surface
wave methods, some smoothing of borehole S-wave velocity logs
is likely necessary before it can be effectively used in building Vref .
Here, σ is the data uncertainty and σbh is the reference model
uncertainty. A lower σbh imposes a stronger constraint on the
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exploration of the model space, whereas a larger σbh reduces this
constraint. One can use a single (depth-independent) σbh to con-
strain the misfit function close to the borehole for the whole model
or make it location dependent. It depends on the level of information
we have from the study area. In this study, we use a scalar single
value for the whole model.

Parallel tempering

Parallel tempering is a technique used in MCMC sampling to
improve the exploration of a probability distribution. In MCMC
sampling, the Markov chain tends to become stuck in local modes
of distribution, making it difficult to explore the entire distribution
efficiently. To overcome this, one can resort to “simulated
annealing.” In simulated annealing, the likelihood function is
smoothed using a temperature parameter T (Sambridge 1999):

pðdjmÞ ¼ A exp

�
−
ϕðmÞ
2

�1
T ¼ A exp

�
−
ϕðmÞ
2T

�
: (16)

The temperature T determines the roughness of the distribution that
is being explored. Higher temperatures result in flatter distributions,
allowing the Markov chain to move more easily between modes. At
lower temperatures, chains tend to focus on specific modes.
Parallel tempering subsequently involves running multiple

chains, each at a different temperature. The key idea of parallel
tempering is to occasionally exchange samples (or temperatures)
between chains. These exchanges allow for information to be shared
between chains and help chains explore different parts of the dis-
tribution. Exchanging samples between chains at different temper-
atures effectively moves samples from flatter (higher temperature)
chains to sharper (lower temperature) chains and vice versa. This
helps the chains, collectively, to explore the entire distribution more
efficiently and improves the rate of convergence to the target

distribution. This is particularly beneficial when the distribution
is multimodal. For details and additional information about the
implementation, we refer readers to Sambridge (2014).

APPLICATION TO SYNTHETIC DATA

To test the proposed 2D transdimensional approach, we consider
a simple 2D synthetic model with lateral variation (Figure 2a). The
wavefield is modeled using a 2D finite-difference elastic wave
equation solver (SOFI2D) (Bohlen et al., 2016) assuming a free sur-
face at the top of the model and vertical point forces. The source
time function is a 10 Hz Ricker wavelet. The source is positioned at
the model’s surface, spanning the range from x ¼ 10 to x ¼ 150

and x ¼ 600 to x ¼ 740with a source interval of 10 m. The velocity
model is extended horizontally on both sides to fully encompass the
area beneath the sources.
Because the straight fibers record the radial component of the

surface waves, we use the horizontal component of the wavefield
recorded at the surface of the synthetic model (Figure 2b). Although
DAS records strain rate, the finite-difference modeling produces
particle velocity. To ensure consistency, we convert the particle
velocity (Vx) to strain rate using the following expression (adapted
from Zulic et al. [2022] and Bakku [2015]):

ε̇xx

�
x −

dx
2
; xþ dx

2

�
≈
Vx

�
xþ dx

2

	
− Vx

�
x − dx

2

	
dx

; (17)

where _εxx is estimated to be the average strain rate obtained by DAS
and dx is equivalent to the gauge length of the DAS measurement.
In the synthetic experiment, the recorded surface wave on the

horizontal component of the wavefield is the Rayleigh wave be-
cause the sources are in line with the DAS cable. We indicate
the fundamental mode surface wave (R0), higher-modes surface

waves (R+), and the direct body wave (DW)
on the seismic record in Figure 2b. The f-k spec-
trum is shown in Figure 2c. The fundamental
mode Rayleigh wave is dominant in Fig-
ure 2b–2d.

MOPA of synthetic data

To obtain a reliable phase-versus-offset spec-
trum that is associated with the fundamental
mode only, we isolate the fundamental mode
(Figure 2d) by retaining the energy associated
with fundamental mode surface wave velocities
(indicated by blue lines in Figure 2c) and muting
the rest of the spectrum (f-k filtering). The filtered
data, after computation of the inverse transform,
are shown in Figure 2d. For each discrete fre-
quency fi, the phases of the individual traces
of the “cleaned” shot records are unwrapped
(e.g., Weemstra et al., 2021), resulting in the ϕ −
x spectrum. For the (f-k filtered) shot record in
Figure 2, the (unwrapped) phase is shown as a
function of offset for six different frequencies
in Figure 3a.
The retrieved laterally varying dispersion rela-

tion using theMOPA is shown in Figure 3b for the
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Figure 2. Surface wave spectral analysis of a synthetic active seismic record. (a) The
prescribed synthetic model, (b) the horizontal component of the wavefield (i.e., strain
rate) recorded at the surface for a source located at x = 20 m, and (c) f-k spectrum.
Fundamental mode surface waves (R0), higher modes surface waves (R+), back-scat-
tered surface waves (B), and direct body waves (DW) are indicated in (b). (d) An isolated
fundamental mode is retained after an f-k filter has been applied. The blue and red lines
in (c) represent the corner frequencies of the applied (velocity) filter. The blue line rep-
resents a phase velocity of 100 m/s and the red line represents a frequency-dependent
phase velocity between 260 and 600 m/s.
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single shot record of Figure 2d. Here, we use a spatial window length
WðfiÞ equal to twowavelengths, where the latter is computed using a
reference phase velocity based on the (averaged) phase velocity re-
trieved through the application of MOPA to the whole shot record.
This frequency dependency implies thatW decreases with increasing
frequency. Linear regression using equation 1 subsequently results in
frequency-dependent local wavenumbers for each fi and xðcÞj sepa-
rately. These wavenumbers are then transformed into phase velocities
using equation 2, yielding the set of laterally varying dispersion re-
lations shown in Figure 3b.
To improve the quality of the recovered DCs, MOPA is conven-

tionally applied to multiple shots, each located at a different (inline)
position. In this synthetic experiment, we generate 30 shot records
with sources located between 10–150 and 600–740 m and with a
source spacing of 10 m. In addition, an f-k filter is applied to each
(Fourier-transformed) shot record to facilitate a reliable phase
analysis by isolating the fundamental mode. Subsequently, laterally
varying DCs are estimated by applying MOPA to each shot record
separately. At each position xðcÞj , this results in 30 independently
estimated DCs. The average of these 30 sections is shown in Fig-
ure 3c. The associated standard deviation is shown in Figure 3d,
which can be considered as a measure of the uncertainty of the re-
covered cpðfi; xðcÞj Þ.
Figure 3e shows the (true) theoretical location-dependent phase

velocities as a reference. These are computed by taking the true
1D S-wave velocity profile at each location and then computing
the theoretical DC using the aforementioned reduced delta matrix
method (Buchen and Ben-Hador 1996; Wu et al., 2019). Figure 3f
shows the actual phase velocity error computed based on the theo-
retical DC (i.e., Figure 3e) and the MOPA-derived phase velocities
(i.e., Figure 3c). Figure 3c and 3e–3f shows that lower frequencies
(less than 3 Hz) are associated with higher uncertainties and deviate
from the theoretical dispersion relation. This is due to the low am-
plitude of the source time function (i.e., a 10 Hz Ricker wavelet) at
those frequencies. In addition, the MOPA algo-
rithm does not cover the regions close to the ends
of the line due to the spatial windowing: because
this window length W is larger at lower frequen-
cies, lower frequencies are sampled over a shorter
spatial interval in Figure 3b and 3c.

Transdimensional 2D inversion of
synthetic data

To assess the performance of the proposed algo-
rithm, the theoretical phase velocities (Figure 3e)
and the recovered phase velocities (Figure 3c) are
used as input to the proposed 2D transdimensional
algorithm. In the next two sections, we present the
results of these tests separately for the two sets of
phase velocities.

Inverting theoretical phase velocities

We first add random zero-mean Gaussian
noise with a standard deviation of 10 m/s to the
theoretical phase velocities shown in Figure 3e.
The resulting noisy phase velocities (shown in
Figure 4a) are then used as the input to the pro-
posed inversion algorithm. We sample the pos-

terior probability distribution with 20 parallel chains, each
sampling 500,000 samples. Ten chains have a temperature of one
and the other 10 chains have a temperature logarithmically spaced
between 2 and 100. The tempering (exchanging temperature values
between chains) starts at iteration 75,000. The initial samples are
generated randomly from the prior range with a velocity increasing
monotonically with depth. A sample initial model is shown in Fig-
ure 4b. The true velocity profile at x ¼ 150 m is extended horizon-
tally and is considered as the reference model while constraining the
misfit function. The model uncertainty (σbh in equation 15) is as-
sumed to be 100 m/s. The S-wave velocity prior is a uniform prior
between 150 and 600 m/s. For the data uncertainty (noise level), we
assume an unknown noise hyperparameter (a in equation 14) to be
estimated by the proposed Gibbs step during the MCMC sampling.
By prescribing σ 0

ij ¼ 1 (see equation 14) and given that σij ¼ 10, a
can be expected to approach 10 (asymptotically). The first 200k
samples are discarded as the burn-in phase. Then, we retain a sam-
ple every 100 iterations. The posterior mean and standard deviation
are then computed based on the retained samples with a temperature
of one (i.e., T ¼ 1). Figure 4c and 4d shows two samples at iteration
50,000 (burn-in phase) in two chains with temperatures of T ¼ 1

and T ¼ 100, respectively. This clearly shows the effect of the tem-
perature on the sampling.
Figure 5 shows the results of the transdimensional inversion. Fig-

ure 5a shows how the number of cells varies as a function of iter-
ation and temperature. The initial temperature of each chain is
indicated by the color of each curve. The number of cells stabilizes
after a few thousand iterations with the higher temperature chains
(red ones) having a lower number of cells. After the start of parallel
tempering (i.e., the exchange of temperature values after iteration
75,000), the number of cells associated with the chains initially
at lower temperatures reduces and the number of cells associated
with the chains initially at higher temperatures increases, both ef-
fectively converging to the same range of number of cells. This

Figure 3. Phase velocity retrieval using MOPA: application to synthetic recordings.
(a) Phase versus offset for six discrete frequencies of the filtered shot record shown
in Figure 1d. (b) Phase velocities cpðfi; xðcÞj Þ retrieved from one single shot record.
(c) Mean local phase velocities retrieved from shots with sources at 30 different loca-
tions. (d) Standard deviation corresponding to (c). (e) Theoretical (true) laterally varying
phase velocities. (f) The phase velocity error is computed based on (c) the MOPA-de-
rived phase velocity and (e) the theoretical phase velocities.
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demonstrates the convergence of the chains and also highlights the
effect of temperature on the exploration of the model space.
Figure 5b shows the inferred noise level at different iterations. Not

surprisingly, a converges to the standard deviation of the additive
random noise (i.e., 10 m/s) for chains without tempering
(i.e., T ¼ 1). For the tempered chains, the inferred noise level is in-
creasing for higher temperature values. Increasing temperature leads
to a more global search of the model space and leads to a higher
acceptance rate. This means that models with higher uncertainties
are allowed in the collected samples. This explains why the algorithm
infers a higher noise level in chains with higher temperatures.
Figure 5c shows that the mean of the postburn-in retained sam-

ples associated with a temperature of one nicely correlates with the
true S-wave velocity (Figure 2a). The layer interfaces and the veloc-
ity structure are recovered correctly, even though it is a bit smoother
than the true velocity model. The smoothing is mainly due to the
additive random noise. Figure 5d shows the posterior standard
deviation computed from the retained postburn-in samples with a
temperature of one. As expected, the layer interfaces appear with
higher uncertainties. It should be understood that, by using the true
local DCs, these results overestimate the performance of the pro-
posed Bayesian approach. That is, in application to field data,
we do not have the local (1D) phase velocities at our disposal. In-
stead, we rely on the MOPA-derived DCs, which approximate the
true dispersion phase velocity dispersion in the sense that wavefield
amplitudes are ignored (Wielandt 1993). In the next section, we

therefore apply our algorithm to DCs estimated through MOPA
applied to (finite-difference) modeled wavefields.

Inverting MOPA-derived phase velocities

After the successful recovery of the true S-wave velocity from the
theoretical phase velocities, the MOPA-derived local phase veloc-
ities are now used in the proposed 2D transdimensional inversion
algorithm. Then, we use 20 independent chains to sample the pos-
terior, each sampling 500,000 models. The initial model of each
chain is generated randomly with a randomly selected number of
cells and based on a randomly chosen location. We only assume
an increasing velocity with depth for the initial model (Figure 4a).
Then, we discard the first 200,000 samples as the burn-in period.
Then, samples are retained at every 100 iterations to avoid collect-
ing correlated samples. The retained samples with a temperature
of one are then used for the calculation of the posterior mean
(Figure 6c) and the posterior standard deviation (Figure 6d).
Figure 6c shows that the proposed algorithm recovers a smooth

version of the true S-wave velocity model in Figure 2a. The
“smoothing” is predominantly due to the approximation inherent
in the MOPA algorithm. The model uncertainty shown in Figure 6d
is higher at the layer interface at a depth of approximately 20 m.
This occurs because the layer interfaces can be sampled by the veloc-
ities of the layers above and below, leading to increased standard
deviation.
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Figure 4. (a) The theoretical phase velocity after the addition of Gaussian noise with the standard deviation set to 10 m/s. (b) An initial sample
(i.e., model) is generated randomly with an increasing S-wave velocity by depth. Two samples collected after 50,000 iterations are shown in
(c) for a cold chain with T ¼ 1 and (d) for a hot chain with T ¼ 100, showing that higher temperatures result in coarser models (and hence also
fewer Voronoi cells).
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Inverting phase velocities using a linearized
least-squares algorithm

We compare our transdimensional scheme
with a linearized least-squares inversion tech-
nique, which inverts the frequency-dependent
phase velocities at each location to obtain a 1D
S-wave velocity depth profile (for details, see Xia
et al., 1999). By applying the inversion algorithm
at multiple locations and assembling the resulting
1D profiles, we generate a 2D S-wave velocity
model of the subsurface. Figure 7 shows the re-
sults of the least-squares inversion, applied to the
noisy theoretical phase velocities (Figure 4a)
and the phase velocities derived from MOPA
(Figure 3c). A comparison between the S-wave
velocity profiles obtained using the proposed
transdimensional approach (Figure 5c) and the
least-squares method (Figure 7a) reveals that the
transdimensional approach recovers a laterally
correlated and smoothed model, while still
capturing sharp lateral and vertical variations
in S-wave velocity. In contrast, the velocity
model obtained from the least-squares method
requires additional lateral smoothing. Moreover,
the transdimensional algorithm provides valu-
able insight into model uncertainty, particularly
in highlighting regions of higher uncertainty
along layer interfaces.
Comparing the inversion results of the MOPA-

derived phase velocities, the least-squares and
transdimensional algorithms produce similar out-
comes (see Figures 6c and 7b, respectively). This
similarity arises because the input DCs are already
smoothed by the inherent characteristics of the
MOPA algorithm. However, the transdimensional
algorithm offers enhanced lateral and vertical res-
olution. In addition, it provides the advantage of
estimating model uncertainties, offering valuable
insights, especially regarding the layering and
sharp velocity variations within the model. Further-
more, the transdimensional approach is less influ-
enced by user-defined parameters compared with
the least-squares algorithm, which relies on spe-
cific model parameterization and regularization
choices.

APPLICATION TO DAS DATA
RECORDED NEAR ZUIDBROEK,

GRONINGEN

In this section, we discuss the application of
the proposed Bayesian algorithm to data re-
corded using a straight-fiber DAS system. We
first introduce the data. We subsequently recover
the local phase velocities, which we then exploit
to recover a 2D S-wave velocity model of the
subsurface. In the last section, we compare the
recovered S-wave velocity sections with S-wave

Figure 5. Transdimensional inversion results by using the noisy theoretical phase veloc-
ities (Figure 3a) as the input data. (a) Number of cell variations by iteration at 20 differ-
ent chains. The color of each line indicates the initial temperature of the corresponding
chain with red for the highest temperature (i.e., T ¼ 100) and blue for the coldest chain
(i.e., T ¼ 1). (b) The variation in inferred noise level (standard deviation) by iteration at
20 different chains. The y-axis is plotted in a log scale for better visibility of variations.
The color of each line is similar to (a) indicating the initial temperature of each chain.
(c) The posterior mean of the collected samples with a temperature of one from 20 par-
allel chains. (d) The posterior standard deviation of the retained samples with a temper-
ature of one. The color scale in (c) is the same as for the true model in Figure 1a.

Figure 6. (a–d) The same as Figure 4a–4d, respectively, but using the MOPA-derived
phase velocities (Figure 2c) as input. The color scale in (c) is the same as for the true
model in Figure 1a.

Figure 7. The S-wave velocity profiles obtained using a least-squares inversion algo-
rithm applied to (a) the noisy theoretical phase velocities (Figure 3a) and (b) the MOPA-
derived phase velocities (Figure 2c). The color scales are the same as for the true model
in Figure 1a.
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velocity profiles measured along two boreholes positioned on the
acquisition line.

DAS data characteristics

We apply the proposed methodology to DAS data obtained in the
province of Groningen in the north of the Netherlands. The top 800 m
of the subsurface mainly consists of unconsolidated sediments in this
region, with the uppermost layers being of Pleistocene age (down to
25 m, but varying from one place to the other; Kruiver et al., 2017).

The data are obtained with fibers as part of a DAS system. Figure 8
shows the acquisition setup of the DAS recording system. Different
types of fibers are used, namely straight and helically wound fibers
(for more details, see Hasani and Drijkoningen [2023]). However,
we opt for the straight-fiber data as it showed the highest sensitivity
to the surface waves. The source used is an electrically driven vertical
seismic vibrator (Noorlandt et al., 2015) generating two shots per po-
sition from x ¼ 0 to x ¼ 750 every 2 m. The straight fiber is buried at
a depth of 2 m with a length of 450 m from x ¼ 150 to 600 m. More
information on the acquisition can be found in Hasani and

Drijkoningen (2023). The (receiver) spacing of the
recordings is 1 mwith a gauge length of 2 m, and a
time sampling rate of 2 ms is used in this study.
All shots positioned on the recording line

(i.e., source location between x ¼ 150 and 450 m)
are split into two off-end shot records to be used
in the MOPA algorithm. However, to take into ac-
count the near-offset effect (see Park et al., 1999),
any trace having an offset smaller than 80 m
(i.e., half of the expected maximum wavelength)
is discarded. In addition, after removal of the near
offsets, any shot record that has a length of less
than 50 m is discarded. This is to make sure that
there is sufficient data for the f-k filtering and then
the calculation of phase versus offset.
Figure 9 shows a sample shot gather of the

DAS data. The f-k and cp-f spectra also are pro-
vided for a better understanding of the data. The
straight fiber records the radial component of
the wavefield. Because the vertical source is in
line with the fiber (i.e., receivers), the recorded
surface wave in the radial direction can be inter-
preted as the Rayleigh wave (assuming low-
amplitude oblique incident Rayleigh and Love
waves, i.e., little surface wave scattering, and
low-amplitude oblique incident body waves in
the f-k domain of interest). Indeed, the shot rec-
ord appears to be dominated by the fundamental
mode Rayleigh wave indicated by R0. The
fundamental mode is easily detectable in the fre-
quency range of 4–20 Hz in f-k and cp-f spectra.
The higher modes also are clearly visible in shot
records and their corresponding spectra. We have
indicated higher modes byR+ because more than
one higher mode is visible in the f-k and cp-f spec-
tra and because it is difficult to separate them.
The colored lines in the f-k spectra represent
phase velocities used to design a velocity filter
for isolating the fundamental mode. The velocity
lines also are depicted on the cp-f spectra for the
reader’s reference. The red line separating the
fundamental mode from higher modes is velocity
dependent. The f-k spectrum between the blue
and the red line is preserved and the rest of
the spectrum is filtered out (f-k filtering). The fil-
tered record is shown in Figure 9d and is
dominated by the fundamental mode Rayleigh
wave. We have applied this velocity filter to
all shot records.

Figure 8. The acquisition setup of the DAS experiment near Zuidbroek, Groningen. The
solid red line represents the source line, which has a length of 750 m. The green line
represents the DAS straight fiber buried at a depth of 2 m and with a length of 450 m.
The position of the first source line is defined as x ¼ 0 with the end of the source line
then being x ¼ 750 m. The DAS fiber is buried between x ¼ 150 and 600 m. Two bore-
holes are drilled to a depth of 80 m at x ¼ 225 m and x ¼ 350 m to measure the S-wave
velocity directly.

200 250 300 350 400 450 500 550

X (m)

0

0.5

1

1.5

2

2.5

3

T
im

e
 (

s
)

–0.15 –0.1 –0.05 0 0.05 0.1 0.15

Wavenumber (cycles/m)

0

10

20

30

40

50

F
re

q
u

e
n

c
y
 (

H
z
)

0 10 20 30 40 50

Frequency (Hz)

100

200

300

400

500

600

700

P
h

a
s
e
 v

e
lo

c
it

y
 (

m
/s

)

200 250 300 350 400 450 500 550

X (m)

0

0.5

1

1.5

2

2.5

3

T
im

e
 (

s
)

R0

R0

R0

R+

R+

R+

a) b)

c) d)

Figure 9. (a) A common-shot record, (b) its corresponding f-k amplitude spectrum, and
(c) its corresponding dispersion image. The source is located at x = 10 m. The funda-
mental mode and higher modes are indicated by R0 and R+, respectively. The blue line
represents a phase velocity of 100 m/s and the red line represents a frequency-dependent
phase velocity between 220 and 600 m/s. Higher-mode surface waves are effectively
removed by retaining the f-k spectrum between the blue and red lines (f-k filter).
The resulting (time-domain) fundamental mode surface wave shot records are shown
in (d).
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Borehole data

In this study, two open boreholes are drilled down to a depth of
80 m at x ¼ 225 m and x ¼ 350 m. The (vertical) S-wave velocity
and the P-wave velocity are measured directly using a PS suspension
logging tool (Geovista Digital P&S Sonde). In addition to these seis-
mic velocities, the bulk electrical conductivity and the gamma radia-
tion are measured. The measured logs are shown in Figure 10. From 2
to 10 m below ground level, the subsurface is predominantly sandy.
The relatively low electrical conductivity values down to 10 m depth
indicate fresh water, and the relatively low gamma-ray values in the
same depth range suggest low clay content. The main feature observ-
able from the logs is a clear reduction of S-wave velocity between
10 and 20 m together with an increase in gamma ray and conductivity,
especially in Figure 10a. The reduction in S-wave velocity is due to
the higher clay content, apparent from the conduc-
tivity and gamma-ray readings (solid red and black
lines, respectively) being higher than above and be-
low that depth range. From 20 to approximately
55–60 m, a gradual fining-up trend is present in
both boreholes, which is intersected by some more
clayey units, for example, as shown in Figure 10a,
at approximately 35 m. From 55 to 60 m, a hetero-
geneous clayey unit can be recognized in both
boreholes. Below, until the bottom of the borehole,
a second gradual fining-up sequence is present.
The S-wave logs are used to constrain the misfit

function as explained in the “Constraining the in-
version using (borehole) S-wave logs” section. To
that end, we use moving averages of the S-wave
velocity obtained at the two boreholes as 1D refer-
ence velocity profiles. We extend these 1D S-wave
velocity profiles horizontally to build a 2D refer-
ence model for constraining the misfit function.
For the uncertainty of this reference model, we
opt for a constant value of σbh ¼ 150 m=s.
To compute the surface wave DCs theoreti-

cally, we need the S-wave velocity (VS), the P-
wave velocity (VP), and density (ρ). However,
the S-wave velocity is predominantly controlling
surface wave phase velocities, and therefore the
effect of VP and ρ is usually ignored (e.g., Wathe-
let, 2008). Here, we use the velocity logs to ob-
tain an estimate of the VP/VS ratio to be used in
the theoretical calculation of the DCs. To that
end, we compute moving averages of the S-wave
velocity profile and the P-wave velocity profile.
A depth-dependent VP/VS ratio is subsequently
computed based on these smoothed curves. We
then take the average of this curve as the VP/VS

ratio that dictates the VP in our Bayesian algo-
rithm. This average VP/VS turns out to be close
to five.

MOPA of Zuidbroek data

After isolating the fundamental mode (Fig-
ure 9d), we apply the MOPA algorithm to all shot
records extracted from the DAS data. Figure 11
shows the results of the MOPA method applied

to the field DAS data to retrieve the DCs. The unwrapped phase
versus offset for seven frequency components of a single shot record
(Figure 9b) is shown in Figure 11a. The retrieved laterally varying
DCs are shown in Figure 11b. The shot record is somewhat noisy,
which manifests itself in relatively rapidly varying gradients of the
phase-versus-offset curves. A smoother and more reliable DC is de-
rived by repeating the process for multiple shot records. Figure 11c
shows the average laterally varying DCs derived from all shot re-
cords. The uncertainty (quantified by means of a standard deviation)
is shown in Figure 11d.

Transdimensional 2D inversion of Zuidbroek data

The retrieved laterally varying phase velocities (Figure 11c)
serve as input to the 2D transdimensional algorithm. We run 20
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Figure 10. The measured logs of (a and b) first borehole at x = 220 m and (c and d) sec-
ond borehole at x = 350 m. (a and c) Conductivity (COND; dashed red curve, bottom
axis) from induction-log readings and gamma ray (GR; black curve; top axis), respec-
tively. (b and d) The S-wave velocity profile (VS; black curve; top axis) and P-wave
velocity profile (VP; dashed red curve, bottom axis), respectively.

Figure 11. The MOPA applied to the DAS-derived shot records to estimate lateral
S-wave velocity variations in the subsurface. (a) Unwrapped phase versus offset at seven
different frequencies (different colors) for the filtered seismic record shown in Figure 8d.
(b) Laterally varying phase velocity retrieved from the single shot record of Figure 8d.
(c) Mean of the laterally varying DCs retrieved from all shots. (d) Standard deviation
corresponding to (c).
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independent MCMC chains in parallel, with each sampling 750,000
models. Here, 10 chains have a temperature of one and 10 chains
have their temperatures logarithmically spaced between 2 and
100. Tempering starts at iteration 75,000. The initial model at each
chain is selected randomly, but velocity increases monotonically with
depth. Figure 12 shows the variation in the dimension of the model
space (Figure 12a) and also the progression of the inferred noise level
(Figure 12b). Similar to the synthetic data, chains with a higher initial
temperature converge to a lower number of cells. By interchanging
temperatures between chains, the number of cells converges to a
lower range in (initially) cold chains, effectively preventing them
from being stuck in local modes. For the inference of the noise level,
we use the MOPA-derived phase velocity uncertainties (Figure 11d)
as σ 0

ij in equation 14. We subsequently infer a using the proposed
Gibbs step. The first 250,000 samples of each chain are discarded
as the burn-in phase. To avoid correlated samples, every 100th sam-
ple is retained. We then use the retained samples associated with
chains with a temperature of one to approximate the posterior distri-
bution. From the posterior distribution, we compute the pointwise
averaged phase velocities and pointwise standard deviations, which
we refer to as the posterior mean and standard deviation.

Figure 13 shows the recovered S-wave velocity section and its
corresponding uncertainty using the proposed 2D transdimensional
method. The S-wave velocity profiles from the well logs also are
compared with the posterior mean (Figure 13c and 13d): compared
with the S-wave velocity logs, the inverted S-wave velocity is rel-
atively smooth. A clear interface is located at a depth of approxi-
mately 20 m and results in a high model uncertainty at that depth
(Figure 13b). This is in agreement with the well-log data presented
in Figure 10. However, the algorithm fails to recover the velocity
variation within the top 20 m. This is due to the high uncertainty of
the MOPA-derived phase velocities and also the high inferred noise
hyperparameter a. In particular, we attribute this to phase velocities
at higher frequencies not being recovered very well due to the in-
terference of higher modes. Moreover, the MOPA algorithm uses a
spatial window while retrieving distance-dependent phase veloc-
ities, which leads to a laterally smooth phase velocity map (see,
e.g., Figure 3c). In addition, the MOPA-derived phase velocities
(Figure 11c) at the sides of the model have fewer frequency com-
ponents and are therefore associated with higher uncertainties (re-
flected in Figure 13b). Finally, we note that at the lower end of the
frequency spectrum, the MOPA-derived phase velocities exhibit rel-

atively large uncertainties due to the limited ex-
citation of lower frequencies by the vibroseis (see
Figure 11d).

DISCUSSION

Several points need to be discussed. First, when
comparing the well-log data with the recovered S-
wave velocities in Figure 13, it is evident that the
recovered S-wave velocity is a smoothed version
of the S-wave velocity logs, as expected. The layer
interface at a depth of 20 m is well resolved, in-
dicated by the sharp change in S-wave velocity
and reflected in the anomalous variation in the
model uncertainty map.
Second, the limited sampling toward the end

of the line is inherent to the MOPA algorithm
we use in this study. The quality of the DCs at
these locations might be improved by the tomog-
raphy-derived phase velocity retrieval algorithm
(Barone et al., 2021). In addition, the MOPA-
derived phase velocity estimates are affected
by higher modes, especially at higher frequen-
cies. The windowing also laterally smooths the
retrieved phase velocities, prohibiting the recov-
ery of a lateral high-resolution S-wave velocity
structure. This might be improved by using the
common-midpoint crosscorrelation algorithm
(Hayashi and Suzuki 2004) for the recovery of
the distance-dependent phase velocities but is be-
yond the scope of this study.
Third, data uncertainty play a crucial role in the

convergence of our Bayesian algorithm (Bodin
et al., 2012; Rahimi Dalkhani et al., 2021). As
we explained previously, the MOPA algorithm
provides us with an estimate of the data uncer-
tainty (Figure 3f). In this study, we use this
MOPA-derived uncertainty in combination with
a hyperparameter during the MCMC sampling

Figure 13. Result of the application of the 2D transdimensional algorithm to the DAS-
derived phase velocities. (a) Recovered 2D S-wave velocity section (i.e., posterior
mean), (b) recovered model uncertainty (i.e., posterior standard deviation; std), and com-
parison with the S-wave velocity profile along the (c) first and (d) second borehole.

Figure 12. Chain statistics of the 2D transdimensional algorithm with (field-data-de-
rived) phase velocities serving as input data (see Figure 10c). (a) Number of cells as
a function of sample number for all 20 chains. The color of each solid line indicates
the initial temperature of the corresponding chain with red corresponding to the highest
temperature (i.e., T ¼ 100) and blue corresponding to the coldest chain (i.e., T ¼ 1).
(b) The variation in inferred noise level (standard deviation) as a function of sample
number for all chains. The vertical axis is plotted using a log scale to visualize the var-
iations more clearly. Similar to (a), the color of each line corresponds to the initial tem-
perature of that chain.
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of the posterior. We assume one hyperparameter for all frequencies.
In case the true data uncertainty varies with frequency, a (smooth)
frequency-dependent hyperparameter may improve the inversion re-
sult by allowing the data uncertainty to vary with frequency.
Finally, in terms of computation time, the proposed 2D transdi-

mensional algorithm is comparable with independent 1D inversion
of the DCs. This is because in the proposed 2D transdimensional
algorithm, at each step of the MCMC, we perturb a small portion of
the model space. Then, we compute the forward function (i.e., the
primary source of the computational demand) only at the updated
part of the model space. This reduces the computational time sig-
nificantly. The added values of the proposed 2D transdimensional
scheme are the enhanced lateral correlation and the reduced solution
nonuniqueness.

CONCLUSION

This study evaluates a 2D transdimensional inversion approach on
synthetic seismic data and field data from DAS to recover subsurface
S-wave velocity profiles. Initially, the method is applied to theoretical
phase velocities and those obtained from MOPA on synthetic wave-
field data, enabling an assessment of the algorithm’s accuracy and
robustness. The transdimensional inversion effectively captures lat-
eral and vertical variations in velocity while providing model uncer-
tainty estimates, especially near layer boundaries. Compared with
traditional linearized least-squares inversion, the transdimensional
method produces smoother, laterally coherent models without strict
parameterization or regularization needs. Although both methods
yield similar results when MOPA-smoothed data are used, the trans-
dimensional approach offers improved resolution and richer insights
intomodel uncertainty, enhancing its utility for detecting layering and
sharp velocity changes in the subsurface.
The study further explores the potential of Rayleigh waves re-

corded with DAS using straight fibers, combined with the 2D trans-
dimensional inversion, to construct a 2D S-wave velocity profile
down to approximately 60 m. First, laterally varying phase veloc-
ities are estimated via MOPA, after which the 2D transdimensional
inversion is applied to jointly invert all available DCs. The results
show a smoothly varying S-wave velocity model along the acquis-
ition line, with the posterior mean profile clearly delineating a
prominent layer interface at a depth of approximately 20 m. This
boundary is characterized by an abrupt increase in S-wave velocity
and is associated with high model uncertainty at that depth, consis-
tent with borehole log data that also indicate rapidly increasing
velocities at the same depth.
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APPENDIX A

NOISE INFERENCE USING A GIBBS SAMPLER

Gibbs sampling is a Markov chain that samples the posterior
probability density of a parameter. It uses the conditional posterior
distribution of the parameter with the remaining variables fixed to
their current values (Yildirim, 2012). Accordingly, to sample the
hyperparameter a, we need to derive its posterior distribution
(pðajdÞ) under the condition of the model m. Applying Bayes’
theorem, the posterior distribution (pðajd;mÞ) is proportional to
the product of the likelihood (pðdja;mÞ) and the prior (Gelman
et al., 2014)

pðajd;mÞ ∝ pðdja;mÞpðaÞ; (A-1)

where the prior on a, pðaÞ, is assumed to be uniform (within
bounds). Here, pðdja;mÞ can be replaced by the likelihood function
for a specific a and the known modelm. It is worth mentioning that
m is treated as a known constant in equation A-1, not a parameter
that varies. The likelihood and the prior depend on a, and the hyper-
parameter posterior distribution is updated based on the observed
data d and the known model m.
In our case, the likelihood function in equation 4 reads

pðdjmÞ¼
YNf

i¼1

YNx

j¼1

�
1ffiffiffiffiffi
2π

p
σij

exp

�
−
ðgijðmÞ−dijÞ2

2σ2ij

��
; (A-2)

where Nx is the number of locations xðcÞj for which a DC is esti-
mated (i.e., j ¼ 1; 2; : : : ; Nx). Data point dij is the phase velocity
at discrete frequency fi and location xðcÞj . Inserting this likelihood
function in equation A-1 gives

pðajd;mÞ∝
YNf

i¼1

YNx

j¼1

�
1

σij
ffiffiffiffiffi
2π

p exp

�
−
ðgijðmÞ−dijÞ2

2σ2ij

��
pðaÞ:

(A-3)

By substituting σij ¼ aσ 0
ij from equation 14 and some algebraic

manipulation, equation A-3 can be rewritten as

pðajd;mÞ ¼
�YNf

i¼1

YNx

j¼1

1

σ 0
ij

ffiffiffiffiffi
2π

p
��

1

a2

�NxNf
2

× exp

�
−

1

a2
XNf

i¼1

XNx

j¼1

ðgijðmÞ − dijÞ2
2σ 02

ij

�
pðaÞ: (A-4)

This equation can be rewritten as

pðajd;mÞ ¼ Lτα−1 expð−βτÞ; (A-5)

where
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τ ¼ 1

a2
; α ¼ NxNf

2
þ 1; β ¼

XNf

i¼1

XNx

j¼1

ðgijðmÞ − dijÞ2
2σ 02

ij
; and

L ¼ pðaÞ
�YNf

i¼1

YNx

j¼1

1ffiffiffiffiffi
2π

p
σ 0
ij

�
: (A-6)

Assuming an (uninformative) uniform prior to the noise hyperpara-
meter, pðaÞ is a constant. Therefore, L in equation A-5 also is inde-
pendent of a. By having the exact formulation for the conditional
posterior distribution of the noise hyperparameter, a ¼ ffiffiffiffiffiffiffi

1=τ
p

, we
can sample the parameter posterior using a Gibbs sampler.
The Gibbs sampler is a special case of the MH algorithm: instead

of accepting/rejecting a sample that is drawn from a proposal prob-
ability distribution, the Gibbs sampler draws a sample from the con-
ditional posterior distribution of the desired parameter, equation A-5
in our case. Because of this, the proposed sample is always accepted
(Geman and Geman, 1984). This makes the Gibbs sampler an effi-
cient sampling algorithm for the introduced noise hyperparameter.
We draw samples of the noise hyperparameter a using a Gibbs step
after each iteration of the RJMCMC sampler. Equation A-5 has the
form of a gamma distribution. The Gibbs sampler then becomes the
generation of random samples from a gamma distribution with the
parameters given in equation A-5.
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