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Summary

In this paperwe presenta theory how, using Rayleigh’s reci-
procity theorem,anacousticmediumwith velocity contrastsin
thehorizontalandverticaldirectioncansuccessivelybehomog-
enizedto the constantbackgroundvelocity. The resultingex-
pressionsareformulatedin termsof pseudo-differentialopera-
tors that act on the original wavefield. The actualreplacement
is achievedby solvingan integral equationof thesecondkind.
The solutionof the latter is obtainedby meansof a Neumann
solution. In this way primariesaswell asinternalmultiplesare
dealtwith. Theproposedreplacementtechniquecanbeusedin
imagingproceduresto obtainon eachlevel agenuinedecompo-
sition into up- anddowngoingwavefields.Furthermoreon each
level the reflectionfunctioncanthenbe evaluatedwith respect
to thesamebackgroundmedium.

Intr oduction

In the following analysiswe considerthe action of a point
sourceof the injection type in an acousticmedium. The seis-
mic mediumresponseis recordedwith a setof point receivers.
Weassumethattheseismicpreprocessinghasresultedin acon-
figurationmodelwherebythe semi-infiniteupperhalf-spaceis
homogeneousin naturecharacterizedby theacousticwavespeed��� . In this halfspacethe point sourcesandreceiversareposi-
tioned. The lower semi-infinitehalfspaceis our domainof in-
terestandis occupiedwith an inhomogeneousmediumcharac-
terizedby thewavespeed������� . We furtherassumethat thereis
nocontrastin massdensityandhenceis constantthroughoutour
wholeconfigurationandconsequently immaterialin our further
analysis. In this paperit is our aim startingfrom the original
configurationto successively replacetheinhomogeneouslower
halfspacein smallstepswith thehomogeneousbackgroundma-
terial (velocity replacement)andsubsequentlydeterminethere-
sultingwavefieldin themodifiedconfiguration.

Contrast formulation

Our startingpoint is Rayleigh’s reciprocitytheoremformulated
in the space-frequency domainwith frequency parameter	�
��


(FokkemaandvandenBerg [1]). Thespatialdomainof con-
siderationis depictedin Figure1. The left-handsideshows the
startingconfiguration,which is denotedby state0. The inho-
mogeneousmediumis divided in the ��� -directionin thin slabs
of width ����� in which thewavespeedhasonly variationin the
lateraldirection. We indicatethe wavespeedin the first layer
with ����������� , where ��� is the transversepositionvector in the� ��� ��� -direction.Ontheright-handsideof Figure1weshow the
situationin state1wheretheinhomogeneouswavespeed� � ��� � �
in thefirst layerhasbeenreplacedby thewavespeedof theupper
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Fig. 1: Modelconfiguration.

halfspace� � . Thenapplicationof thereciprocitytheoremto ��� � ,
consideringthestates0 and1, andreversingthepositionsof the
sourcesandreceiversin state1 with respectto state0 leadsto
thefollowing interactionrelationbetweenthewavefieldsin the
two states �

����� ��� 	 ��� ��� � ���� � ����� �������� � ����� ���������

 �� � �� � �����¡� �����£¢ �� � �����¤� �����¦¥ � (1)

wherewehaveomittedtheexplicit dependenceon 	 in thewave-
fields.Thecontrastfunction

�
is givenby� ��� � � 
¨§� �� ¢ §� � � �������ª© (2)

Thewavefield in state0, �� � , canfor ���¬«­� �� bedecomposed
into a downgoing incident wavefield �� ��® ¯ and an upgoingre-
flectedwavefield �� ��® ° accordingto�� � �����±� ����� 
 �� ��® ¯ ���£�¡� �����³² �� ��® ° �����±� ����� � for � �� «´� �� �

(3)

in which �� ��® ¯ is givenby

�� ��® ¯ �����±� ����� 
 ��¶µ�·�¸º¹ ¢¼»½ � � � � ¢¾� � � ¿À�Á � � � ¢Â� � � (4)

andwhere �� denotesthe spectrumof the sourcewavelet. In
a similar way the wavefield in state1, �� � , allows for sucha
decompositionin thedomain� � «Ã� �� . Wewrite�� � �����Ä� �£��� 
 �� � ® ¯ �����£� �����Ä²Å�� � ® ° �����Ä� ����� � for � �� «Ã� �� ©

(5)

Of coursetheincidentwavefieldin state1 is thesameasin state
0, only activatedandrecordedin reversedpositionsasin state0.
Wehave �� � ® ¯ ������� ����� 
 �� ��® ¯ ���£�±� ����� © (6)



Velocity replacementtechniquesin inhomogeneousmedia

Whenwe useParseval’s theoremequation(1) canbe rewritten
as

§��Æ Á � �
�
»�ÇÇ�È �É� Ê�Ë �ªÌ

�ÎÍ�ÏÐÍ �ÐÒÑ� � �Ó¢ � 	�ÔÔ ��� ��� � �����ÖÕ	 ��× � � 	ØÔÔ ��� Ñ� � � � 	�ÔÔ � � � � � � � ��� � �
 �� � �� � ���£�¡� ������¢ �� � ������� ����� ¥ © (7)

In equation(7) thespatialFourier transformationsof thewave-
fieldsaredefinedas

Ñ� � � � 	ØÔÔ ��� ��� � ����� 

�
� È ��� Ê�Ë µ�·�¸ � � 	�ÔÔ �ÚÙ � � ����

� ����� ��������Ì
(8)

and

Ñ� � �Ó¢ � 	�ÔÔ ��� ��� � �£��� 

�
� È �É� Ê�Ëµ�·�¸ �Ó¢ � 	�ÔÔ �ÚÙ � � � ��

� ����� ��������Ì ©
(9)

Theoperatorexpression
× Ñ� � is acompactnotationfor thecon-

volution in thetransformeddomaingivenby× � � 	�ÔÔ � � Ñ� � � � 	�ÔÔ ��� ��� � ����� 
 (10)

§��Æ Á � �
�
»�ÇÇÉÛÈ �É� Ê Ë Ñ� � � 	�ÔÔ �Ü¢ � 	�ÔÔÞÝ� � Ñ�

� � � 	�ÔÔÞÝ� � � � � ��������Ì
and

Ñ� � � 	ØÔÔ � � 

�
� È ��� Ê�Ë µ�·�¸ � � 	�ÔÔ �ÜÙ � � � � ��� � ���ªÌ © (11)

Next weapplytheoperator�
��ßÈ �É� Ê Ë µ�·�¸ � � 	�ÔÔ �� Ù ���� �

�
��àÈ �É� Ê Ë µ�·�¸ �Ó¢ � 	�ÔÔ �� Ù ���� � Ù�Ù�Ù ��Ìá��Ì

(12)

to bothsidesof equation(7), yielding

§��Æ Á � �
�
»�ÇÇâÈ ��� Ê�Ë ��Ì

� Í ÏÐÍ �Ð ÑÑ�
� �Ó¢ � 	�ÔÔ ��� ��� � � 	�ÔÔ �� � � �� �ÖÕ

	 � × � � 	�ÔÔ �£� ÑÑ�
� � � 	�ÔÔ � � � � �â¢ � 	ØÔÔ �� � � �� ��� � � 
 (13)�� � ÑÑ�

� � � 	�ÔÔ �� � � �� �ã¢ � 	ØÔÔ �� � � �� �£¢ ÑÑ�
� �Ó¢ � 	�ÔÔ �� � � �� � � 	�ÔÔ �� � � �� �¦¥

wherethe doubleoverbarindicatesthe doublespatialFourier
transformationof therelevantquantitywith respectto thesource
andreceiver coordinates.Note that exponentialtransformation
kernelsfor the sourceand receiver coordinateshave opposite
signs.Next usingthephysicalreciprocitypropertyin thetrans-
formeddomainfor thewavefieldin state1

ÑÑ�
� �Ó¢ � 	�ÔÔ �� � � �� � � 	�ÔÔ �� � � �� � 
 ÑÑ�

� � � 	ØÔÔ �� � � �� ��¢ � 	ØÔÔ �� � � �� � �
(14)

wecanrewrite equation(13) as

§��Æ Á � �
�
»�ÇÇ�È ��� Ê�Ë ��Ì

� Í ÏÐÍ �Ð ÑÑ�
� � � 	�ÔÔ �� � � �� ��¢ � 	�ÔÔ � � � � �ÖÕ

	 � × � � 	�ÔÔ � � ÑÑ�
� � � 	�ÔÔ ��� ��� �â¢ � 	�ÔÔ �� � � �� ��� ���ä
 (15)��å� ÑÑ�

� � � 	�ÔÔ �� � � �� �ã¢ � 	�ÔÔ �� � � �� �£¢ ÑÑ�
� � � 	�ÔÔ �� � � �� �ã¢ � 	�ÔÔ �� � � �� �¦¥ ©

Equation(15) constitutesthe integral equationthatcanbe used

to obtainthewavefieldin state1 ( ÑÑ�
�
) from thewavefieldin state

0 ( ÑÑ�
�
). However, to achievethis,wehave to know ÑÑ�

�
in thein-

homogeneousslab � �� «æ���ç«Ö� �� . To achieve this we evaluate
equation(15) at � � 
è� �� and � � 
é� �� . Next we decompose
the total wavefieldsinto incidentand reflectedwavefield con-
stituents.Thencomparingthetwo resultsof our evaluationand
noting that any level � � in the homogeneousslabsuffices,we
readilyarrive at thefollowing result

ÑÑ�
� � � 	ØÔÔ �� � � � �â¢ � 	�ÔÔ �� � � �� � 
 (16)

ÑÑ�
��® ¯ � � 	ØÔÔ �� � � �� ��¢ � 	�ÔÔ �� � � �� � µ�·�¸¡¹ ¢ 	Øê �� � � � ¢ � �� �Ó�² ÑÑ�
��® ° � � 	�ÔÔ �� � � �� ��¢ � 	�ÔÔ �� � � �� � µë·�¸¡¹ 	�ê �� � ��� ¢ � �� �Ó�

² � Í ÐÍ �Ðèì�í�î�ï
¹ 	�ê �� ��ðñ¢ ��� ��¿	�ê �� 	 �â× � � 	ØÔÔ �� �ÖÕ

ÑÑ�
� � � 	ØÔÔ �� � ðÄ��¢ � 	�ÔÔ �� � � �� ����ð � for � �� «´���ò«Ã� �� �

where

ÑÑ�
��® ¯ � � 	�ÔÔ �� � � �� �â¢ � 	�ÔÔ �� � � �� � 
 (17)��Æ Á � � ��Æ 	�ê ��Âó � 	�ÔÔ �� ¢ 	�ÔÔ �� � µ�·�¸õô ¢ 	�ê �� � � �� ¢ � �� � ö �

with theverticalwavenumberê ��
ê �� 
 ô §� �� ² ÔÔ �� Ù ÔÔ �� ö �Ó÷ � � Reøâê ��úùñû´ü © (18)

We observe that in equation(16) the contribution of thewave-
field in state1 doesnot play any role. Thereforein the next
sectionwe proposeto employ this equationto determinethe
wavefield in state0 in the inhomogeneousslab, the so-called
wavefield extrapolationof the wavefield in state0. Note that
whentheslabhasno contrast,i.e.

× 
 ü , thefirst two termson
the right-handsiderepresentthe standardwavefield extrapola-
tion in homogeneousdomainsrealizedby exponentialincident
andreflectedwavefieldoperators.

Wavefieldextrapolation

In orderto cometo therequiredresultof extrapolationwe em-

ploy aTaylorexpansionof ÑÑ�
� � � 	�ÔÔ �� � ��� ��¢ � 	�ÔÔ �� � � �� � in terms

of � ��� ¢ � �� � . Then substitutionof this expansioninto equa-
tion (16), carryingout theintegrationin theright-handsideand
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comparingthe resultin a consistentway concerningtheorders
of � � � ¢ � �� � with theoriginalexpansionyields

ÑÑ�
� � � 	�ÔÔ �� � � � �â¢ � 	�ÔÔ �� � � �� � 
 (19)� § ² 	 �Æ � � � ¢ � �� � � ø � ê �� � � ¢ × � � 	�ÔÔ �� � ù ²	ØýÆ À � � � ¢ � �� � ý ø � ê �� � � ¢ × � � 	�ÔÔ �� � ù � ÙÉÙþÙ ¥ Õ
ÑÑ�
� � � 	�ÔÔ �� � � �� �â¢ � 	�ÔÔ �� � � �� �Ä²� � � � ¢ � �� ��² 	 �ÿ � � � ¢ � �� � � ø � ê �� � � ¢ × � � 	ØÔÔ �� � ù ²	 ý
§ Æ ü � ��� ¢ �

�� ��� ø � ê �� � � ¢ × � � 	�ÔÔ �� � ù � Ù�ÙþÙ ¥ Õ� � ÑÑ� � � � 	�ÔÔ �� � � �� ��¢ � 	�ÔÔ �� � � �� � � for � �� «´� � «´� �� ©
Observe that ø � ê �� � � ¢ × ù � ÑÑ�

�
equalsø � ê �� � ý ¢ÖÆÉ� ê �� � � × ²× � ù ÑÑ�

�
, signifyingthat

×
and

× � solelyoperateon ÑÑ�
�
. Inspec-

tion of the right-handsideof equation(19) learnsus that the
expansioncanbe readily extendedto includeall orders. Next
we introducethesquare-rootoperator� accordingto� � � 	ØÔÔ �� � 
 � � ê �� � � ¢ × � � 	ØÔÔ �� � © (20)

In fact � constitutesa pseudo-differentialoperatorin thetrans-
formed domain. This allows us to write equation(19) in the
compactnotation

ÑÑ�
� � � 	�ÔÔ �� � ��� �â¢ � 	ØÔÔ �� � � �� � 
 (21)���
ì�ï
� 	�� � � 	�ÔÔ �� � � ��� ¢ � �� �Ó� ÑÑ� � � � 	�ÔÔ �� � � �� �â¢ � 	ØÔÔ �� � � �� �Ä²

ì�í�î�ï
� 		� � � 	�ÔÔ �� � � � � ¢ � �� �Ó�		� � � 	�ÔÔ �� � � � ÑÑ� � � � 	�ÔÔ �� � � �� ��¢ � 	�ÔÔ �� � � �� � ©

The expressionof equation(21) is usedin the next sectionto
carryout thevelocity replacement.
Velocity replacement
To operationalizethevelocity replacementwe rewrite equation
(15), usingthe representationof the wavefieldsat ��� 
è� �� in
thefollowing form
 � � 	ØÔÔ �� � � 	ØÔÔ �� �£² §��Æ Á � �

�
»�ÇÇâÈ ��� Ê�Ë�� � � 	�ÔÔ ��� � 	�ÔÔ �� �ÖÕ
 � � 	ØÔÔ �� � � 	ØÔÔ �����ªÌ 
�
 � � 	ØÔÔ �� � � 	�ÔÔ �� � � (22)

with theunknown term
 � � 	ØÔÔ �� � � 	�ÔÔ �� � 
 ÑÑ�
� � � 	�ÔÔ �� � � �� �â¢ � 	ØÔÔ �� � � �� � � (23)

theknown term
 � � 	ØÔÔ �� � � 	�ÔÔ �� � 
 ÑÑ�
� � � 	�ÔÔ �� � � �� �â¢ � 	�ÔÔ �� � � �� �£² (24)����Í Ð� ì�í�î�ï

¹ 	Øê �� � � ¿	Øê �� 	 � × � � 	ØÔÔ �� � ÑÑ�
� � � 	�ÔÔ �� � ��� �ã¢ � 	�ÔÔ �� � � �� ��� ���

andthekernelfunction

� � � 	�ÔÔ ��� � 	�ÔÔ �� � 
 µ�·�¸¡¹ 	�ê ��� � �� ¢ � �� ��¿ Õ (25)� ��Í Ð� µ�·�¸ ¹ 	�ê � � � ¿ 	 � × � � 	ØÔÔ ��� ÑÑ�
� � � 	ØÔÔ � � � � �ã¢ � 	�ÔÔ �� � � �� ��� � � � ©

In equations(24) and(25) ÑÑ�
� � � 	ØÔÔ � � � � �É¢ � 	ØÔÔ �� � � �� � follows

from equation(21). Equation(22) constitutesour final result
yielding the total wavefield at ��� 
é� �� in state1. As is clear
fromourrepresentation,theprocedureoutlinedsofaris recursive
in natureandcanbe continuedat the level � � 
 � �� . To solve
equation(22) we proposeto usea Neumannexpansionof the
solution.To thatendwerewrite equation(22)as
 � � 	�ÔÔ �� � � 	�ÔÔ �� � 
�
 � � 	�ÔÔ �� � � 	ØÔÔ �� �Þ¢ (26)

§��Æ Á � �
�
»�ÇÇâÈ ��� Ê�Ë�� � � 	�ÔÔ ��� � 	�ÔÔ �� � 
 � � 	ØÔÔ �� � � 	ØÔÔ � ���ªÌ �

whichadmitsthefollowing Neumanniterative solution
������ � � 	ØÔÔ �� � � 	�ÔÔ �� � 
�
 � � 	�ÔÔ �� � � 	�ÔÔ �� ��¢ (27)

§��Æ Á � �
�
»�ÇÇ�È ��� Ê�Ë�� � � 	�ÔÔ ��� � 	�ÔÔ �� � 
 ����� � � � � 	ØÔÔ �� � � 	�ÔÔ � ����Ì� 
 § � Æ ��Ù�Ù�Ù

and 
 � � � � � 	ØÔÔ �� � � 	ØÔÔ �� � 
�
 � � 	ØÔÔ �� � � 	�ÔÔ �� � � (28)

where

 �����

denotestheapproximatesolutionafter � iterations.
We observe that equation(26) hasa similar form asthe oper-
ationalexpressionthat is usedin theremoval of surface-related
multiplesfor marineseismicdata[Verschuuretal. [3], Fokkema
andvan denBerg [1], van Borselen[2]]. From the correspon-
dencewith thesolutionof thesurface-relatedmultiple problem
we concludethat the iterative termsin our solution constitute
the removal of the internalmultiples in the slabfrom the data
in state0. Elsewherewe argued[1] that theconvergenceof the
Neumannseriesexpansionis guaranteedby thecausalnaturein
time of the multiples. Furthermore,as in the surface-multiple
problemthekernelhasto bedeconvolvedfor thewavelet. This
allowsusto estimatethewaveletaftereveryrecursionstepusing
theminimumenergy normintroducedby [3]. Thisre-estimation
of the wavelet after every recursionstepcould be profitableto
stabilizeour replacementprocess.
In the casewe aredealingwith horizontallylayeredmediathe
pertinentequationsaresimplifiedusingthefollowing relations


 � � 	�ÔÔ �� � � 	�ÔÔ �� � 
 ��Æ Á � � ó � 	�ÔÔ �� ¢ 	ØÔÔ �� � 
 � � 	�ÔÔ �� � � (29)
 � � 	�ÔÔ �� � � 	�ÔÔ �� � 
 ��Æ Á � � ó � 	�ÔÔ �� ¢ 	�ÔÔ �� � 
 � � 	ØÔÔ �� � � (30)� � � 	�ÔÔ ��� � 	�ÔÔ �� � 
 ��Æ Á � � ó � 	ØÔÔ � ¢ 	�ÔÔ �� � � � � 	�ÔÔ � � (31)
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andtheoperator
×

andthepseudo-differentialoperator� sim-
plify to simplealgebraicoperationsaccordingto× � � 	�ÔÔ � ��� � � (32)� � � 	�ÔÔ ����� � ê �� ¢ � 
 � §� � � ² ÔÔ � Ù ÔÔ � � (33)

where
�

is theoriginalcontrastfunctionintroducedin equation
(2). Consequentlyfor thisclassof simplemediaequation(26)is
writtenas
 � � 	�ÔÔ �� � 
 
 � � 	ØÔÔ �� ��¢ � � � 	�ÔÔ �� � 
 � � 	ØÔÔ �� � © (34)

Now a straightforwardalgebraicsolutionof



from equation
(34) is possible,however, to consistentlytreat the solutionwe
proposealsoin thiscaseto approximatethefinalanswerthrough
theiteration
������ � � 	�ÔÔ �� � 
�
 � � 	�ÔÔ �� ��¢ � � � 	ØÔÔ �� � 
����!� � � � � 	�ÔÔ �� � �� 
 § � Æ ��ÙÉÙ�Ù (35)

and 
 � � � � � 	�ÔÔ �� � 
�
 � � 	�ÔÔ �� � © (36)

Figure2 illustratesour procedurefor a simplehorizontallylay-
eredacousticmedium. In Figure2a we show the2-D acoustic
responseof threelayersembeddedin the backgroundmedium.
Figure2bshowstheresultafterreplacingthevelocityof thefirst
layer by that of the backgroundmedium. With this result we
concludeourdiscussionon thereplacementof velocitiesfor lat-
eralinhomogeneousandhomogeneousmedia.
Conclusions
In thispaperwehaveshownhow Rayleigh’sreciprocitytheorem
aidsthevelocity replacementin thin slabsof aninhomogeneous
acousticmedium.Thisprocessisdividedinto twosteps:first the
extrapolationof theoriginal wavefield into the inhomogeneous
thin slabis carriedout(equation21). Theresultingexpressionis
formulatedin termsof pseudo-differentialoperatorsthatacton
theoriginal wavefield. Thesecondstepencompassestheactual
removal of the influenceof the thin slabon the original wave-
field. This operationis furnishedby anintegral equationof the
secondkind (equation26) andis in naturecloselyrelatedto the
processof surface-relatedmultiple removal in marineseismic
dataprocessing.Therethe solution of the removal processis
achievedby aniterative Neumannseriesexpansion.Also in the
caseof velocityreplacementweproposetousesuchanapproach
(equation27). In a similar way thesuccessive termsin theve-
locity replacementNeumannseriescorrespondwith theinternal
multiplesin thethin slab. We havedemonstratedthattheproce-
durecanbe donein an iterative fashionso that we cansucces-
sively peeloff the inhomogeneousmediumandin doingso re-
placeit with thehomogeneousbackground.Finally we showed
that for the caseof the horizontallylayeredmediumthis leads
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Fig. 2: (a) Acousticresponseof three acousticlayers embeddedin a
homogeneousbackground. (b) Sameconfiguration, but velocityin first
layerreplacedbybackgroundvelocity.

to a simplealgebraicoperation.Our futurework will focuson
thenumericalstabilizationof theprocessandapplicationof the
resultin seismicimagingtechniques.
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