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Summary

In this paperwe presenta theory how, using Rayleighs reci-
procity theorem,an acousticmediumwith velocity contrastsn
thehorizontalandvertical directioncansuccessiely behomog-
enizedto the constantbackgroundvelocity. The resultingex-
pressionsare formulatedin termsof pseudo-diferentialopera-
torsthatact on the original wavefield. The actualreplacement
is achieved by solving anintegral equationof the secondkind.
The solution of the latter is obtainedby meansof a Neumann
solution. In this way primariesaswell asinternalmultiplesare
dealtwith. The proposedeplacementechniquecanbeusedin
imagingprocedureso obtainon eachlevel agenuinedecompo-
sition into up- anddowngoingwavefields.Furthermoreon each
level the reflectionfunction canthenbe evaluatedwith respect
to the samebackgroundnedium.

Intr oduction

In the following analysiswe considerthe action of a point
sourceof the injection type in an acousticmedium. The seis-
mic mediumresponsas recordedwith a setof point recevers.
We assumehatthe seismicpreprocessinasresultedn acon-
figurationmodelwherebythe semi-infiniteupperhalf-spaces
homogeneous naturecharacterizetdy theacoustiovavespeed
co. In this halfspacethe point sourcesandrecevers are posi-
tioned. The lower semi-infinitehalfspacds our domainof in-
terestandis occupiedwith aninhomogeneoumediumcharac-
terizedby the wavespeed:(x). We furtherassumehatthereis
no contrasin massdensityandhencds constanthroughoubur
whole configurationandconsequetly immaterialin our further
analysis. In this paperit is our aim startingfrom the original
configurationto successiely replacetheinhomogeneoubwer
halfspacén smallstepswith thehomogeneoubBackgroundna-
terial (velocity replacementandsubsequentlgeterminghere-
sultingwavefieldin themodifiedconfiguration.

Contrast formulation

Our startingpoint is Rayleighs reciprocitytheoremformulated
in the space-frequencdomainwith frequeny parametes
jw (FokkemaandvandenBer [1]). Thespatialdomainof con-
siderationis depictedn Figurel. Theleft-handsideshavsthe
startingconfiguration,which is denotedby state0. The inho-
mogeneousnediumis divided in the z3-directionin thin slabs
of width Az in which the wavespeedasonly variationin the
lateral direction. We indicatethe wavespeedn the first layer
with ¢; (x7), wherexr is the trans\ersepositionvectorin the
x1, zo-direction.Ontheright-handsideof Figurel we shaw the
situationin statel wheretheinhomogeneouwavespeed; (xr)

in thefirstlayerhasbeenreplacedy thewavespeeaf theupper
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Fig. 1: Modelconfiguraion.

halfspace:o. Thenapplicationof thereciprocitytheoremnto R?,
consideringhe state) and1, andreversingthe positionsof the
sourcesandreceversin statel with respecto state0 leadsto
thefollowing interactionrelationbetweerthewave fieldsin the
two states

/ s* K (x7) PO (x|x%) P! (x|x™)dV
xen?

@
wherewe have omittedtheexplicit dependencen s in thewave-
fields. Thecontrasfunction K is givenby

1 1

@ lxr)

= W[P(x"x%) - P (x"Ix™),

K (xr) = @

2
Co

Thewavefieldin state0, £°, canfor =5 < z9 bedecomposed
into a downgoingincident wavefield P°* and an upgoingre-
flectedwavefield P°'" accordingo

PO (xM|x®) = PO (x®|x%) + PO (xTx®), for z < &3,

3)
in which P°* is givenby

W exp(— %h\cR - x7|)

4w |xF — x9|

PO,i(XR XS) — (4)
andwhere W denoteshe spectrumof the sourcewavelet. In
a similar way the wavefield in state1, P!, allows for sucha
decompositiorin thedomainzs < z3. We write

P (x%|x™) = P (x%|xT) + PV (xP|xT),  for 5 < i,

(5)
Of coursetheincidentwavefieldin statel is the sameasin state
0, only activatedandrecordedn reversedoositionsasin state0.
We have

]’jl,i(XS|xR) — ]’jO,i(XR|XS).
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Whenwe useParseal’'s theoremequation(1) canbe rewritten
as

1

=3 51, R:
)’ dA/ZD P (—jsar,zs|x™) x

SQT€R2 3
24 50/ - s
s K(jsar)P (jsar, rs|x”)dzs

= WP (x"x%) - P (x"[x™)|. @)

In equation(7) the spatialFouriertransformation®f the wave-
fieldsaredefinedas

p° (7sar, x3|xs) = /

x7 ER2

exp(jsar ~xT)150(x|xS:)dA
(8)
and
P'(—jsar, z3)x™) = / exp(—jsar - x7) P! (x|x™)dA.
x7 ER2
9)

Theoperatorexpression P° is acompaciotationfor the con-
volutionin thetransformediomaingiven by

K(jsaT)PO(jsaT,:l:3|xS) = (20)

;2‘/ K(ysar — jsa/T)PO(jsa/T,:l:dxs)dA
(27‘-) sa’Ten2 ’
and
R'(jsaT) = / exp(jsar - x7)K(x7)dA. (11)
x7 €R2
Next we applythe operator

/ exp(jsa? x5 exp(—jsa? x;) -..dAdA
xR er? :
T

x5 ER2
(12)
to bothsidesof equation(7), yielding
1 73
=1
— dA/ P —jsaT,:l:3|jsaR,a:R X
(27T)2 sap €R? a:g ( ’ : )
2 . =0, . . S s
s“K(jsar)P (jsar,zs| — jsap, z3)dzs = (13)

W[]:)O(jsa¥7 $§|—]5a§“7 $§) - ﬁl(_jsa§“7x§|jsa¥7 ‘/L‘i’l)%)]

wherethe double overbarindicatesthe double spatial Fourier
transformatiorof therelevantquantitywith respecto thesource
andrecever coordinates.Note that exponentialtransformation
kernelsfor the sourceand recever coordinateshave opposite
signs. Next usingthe physicalreciprocitypropertyin thetrans-
formeddomainfor thewavefieldin statel

5, . s S/ . R Ry sl.. R R . S 5
P (—]SQT7$3|]SQT71’,‘3 )=P (JSQT7$3 _J'SQT7‘Z‘3)7

(14)

we canrewrite equation(13) as

1

1 3
(2m)? 2 dA/
sar ER x

. V50, . .
52IC(]sozT')P (ysar,zs| — jsas, x?)dxg =

=1, . .
P (jsat, o3| — jsar,za) x

wo

(15)
~ =0, . . N =1, . . 3
W[ (Gsaf, o f|jsod, o5) — P (jsot, 25 ~jsaf, o).

Equation(15) constituteghe integral equationthat canbe used
to obtainthewavefieldin statel (151) from thewavefieldin state
0(P"). However, to achievethis, we have to know P’ in thein-
homogeneouslabs? < z2 < z3. To achieve this we evaluate
equation(15) at zz = xJ andzs; = 3. Next we decompose
the total wavefieldsinto incidentand reflectedwavefield con-
stituents.Thencomparingthe two resultsof our evaluationand
noting thatary level z; in the homogeneouslab sufiices,we
readilyarrive atthefollowing result
P’ jsaf}T%,:c3| — jsa%:ﬂg)s) = (16)
Isoyl(jsa%x& — jsa?,xf)exp (—sréz(xg — :l:g))

=0,r , . R . s = R N
+P (]50T7$g| — JsQr, T3 )eXp(SFO (933 _l"g))

N /Ef’ sinh (sf‘é%(z — 1:3))

R
0 sy

s2K(jsa¥) X
lso(jsa};,ﬂ — jsa%xg)s)dz, for z3 < z3 < z3,
where
f’oyi(jsaIT{,:cg| — jsa%x?) = a7)

(27r:)2

w
25T 5(50’? — sa?)exp(—sFORMg — :c§|)7

with theverticalwavenumbei;

= (L takaf)” Rerfyzo )
0

We obsene thatin equation(16) the contritution of the wave-
field in statel doesnot play ary role. Thereforein the next
sectionwe proposeto employ this equationto determinethe
wavefield in stateO in the inhomogeneouslab, the so-called
wavefield extrapolationof the wavefield in state0. Note that
whentheslabhasno contrastj.e. X = 0, thefirst two termson
the right-handsiderepresenthe standardvavefield extrapola-
tion in homogeneoudomainsrealizedby exponentialincident
andreflectedwavefieldoperators.

Wavefield extrapolation

In orderto cometo the requiredresultof extrapolationwe em-
ploy a Taylorexpansiorof P’ (ysaf, z3| — jsaZ, z3) interms
of (zs — 23). Thensubstitutionof this expansioninto equa-
tion (16), carryingout theintegrationin the right-handsideand
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comparingthe resultin a consistentvay concerningthe orders
of (z3 — «3) with the original expansioryields

13 (jsaT,:l:3| — ]saT,:cg) = (29)
2
s . R

[14 S(@a = ad){(TF)° — K(jsad)} +

e

—(zs — :l:3) {(F(? 2 /C(jsaT)}

0

-] %

e

R .5 Sy
(JSOITJ?g| — jsar,x3) +

%(1?3 - xg)s{(F§)2 - K(jsa?)} +

]

for £3 < z3 < x3.

(zs — :l:g) +

4
S

120
9. P (jsa}T%, x|

—

o (@ = a3){(T5)” = K(jsar)}” - -
.S S\
— Jsar, T3 ,)7

Obsere that {(TF)? — K}2P° equals{(T®)* — 2(FR)2IC +
}C2}P signifyingthat X and K> solelyoperata)nP Inspec-
tion of the right-handside of equation(19) learnsus that the
expansioncan be readily extendedto includeall orders. Next
we introducethe square-roobperatorF accordingto

F(jsar) =/ (TF)? (20)

— K(jsaf).

In fact F constitutesa pseudo-diferentialoperatorin thetrans-
formed domain. This allows us to write equation(19) in the
compacmotation

=0, . . R

P (]sazp{, z3| — ]sa%xg) = (21)
cosh(sf'(jsarp)(:lsg — x3))]:3 (jsa]T{, zs| — jsas, :433?) +
sinh(sF(jsaf)(zs — 1‘3))8

sF(jsal)

}5 (]SCV?,(L‘&-]SQ;,(L‘&?)
The expressionof equation(21) is usedin the next sectionto
carryoutthevelocity replacement.

Velocity replacement

To operationalizehe velocity replacementve rewrite equation .

(15), usingthe representationf the wavefieldsat z; = =3 in
thefollowing form

L(jsar, jsag) X
SQT€R2

. . \ 1
X(]sa%]sa?} + W

X(jsa?,jsaT)dA = Y(jsa?,jsa?), (22)
with theunknovnterm
X(jsaf, jsa?) = P' (jsof, 23] - jsa?,of),  (29)
theknown term
Y(jsar, jsap) = P (jsaf, o8| - jsag, a5) + (24)

/Amf’ sinh (sréaxg) 5
0

. L 50, .
TR s K(]sa?)P (]sa?,xﬂ—]sa%x?)dxg
0

andthekernelfunction

L(jsar, jsat) = exp(slo(z) — 25)) (25)
Ats P°(s iS5

] eXP(SFOSEs)S K(jsar) (JSQT’J:;TL JsaTvﬂfs)de
0

In equationg(24) and(25) P° (jsar, za| — jsai, z3) follows
from equation(21). Equation(22) constitutesour final result
yielding the total wavefieldat z; = z3 in statel. Asis clear
from ourrepresentationtheprocedureutlinedsofaris recursve
in natureandcanbe continuedat the level z; = 1. To solve
equation(22) we proposeto usea Neumannexpansionof the
solution.To thatendwe rewrite equation(22) as

(26)

X(jsa?,jsari) = Y(jSa?,jSa;) —

1
(27)

which admitsthefollowing Neumanriterative solution

L(jsar, jsaré})X(jsaTR, jsar)dA,

sap ER?

x (jsa?,jsa;) = Y(jsa?,jsa%) — 27)

1 . . Svxr(n—=1),- R - \
W [aTeﬁ L(]saT,]saT)X( )(jsaT,]saT)dA
n=12---
and
xX© (jsa?,jsa?) = Y(jsoz?,jsa%), (28)
whereX ") denoteghe approximatesolutionaftern iterations.

We obsenre that equation(26) hasa similar form asthe oper
ationalexpressiorthatis usedin theremoval of surface-related
multiplesfor marineseismicdatalVVerschuuetal. [3], Fokkema
andvandenBem [1], van Borselen[2]]. Fromthe correspon-
dencewith the solutionof the surface-relatedhultiple problem
we concludethat the iteratve termsin our solution constitute
the removal of the internal multiplesin the slabfrom the data
in state0. Elsevherewe argued[1] thatthe corvemgenceof the
Neumanrseriesexpansions guaranteetby the causahaturein
time of the multiples. Furthermoreasin the surface-multiple
problemthekernelhasto be decorvolvedfor the wavelet. This
allowsusto estimatehewaveletaftereveryrecursiorstepusing
theminimumenegy normintroducedy [3]. Thisre-estimation
of the wavelet after every recursionstepcould be profitableto
stabilizeour replacemenprocess.

In the casewe are dealingwith horizontallylayeredmediathe
pertinentequationsaresimplifiedusingthefollowing relations

X(jsoz]T%,jsa;) = (271')25(501]; — sa;)X(jsa?), (29)
Y(jsa?,jsari) = (27r:)25(501§t — sa%)Y(jsa}Ta), (30)
L(jsaT,jsai) = (2#)25(501T — saré})L(jsaT) (31)
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andthe operatorC andthe pseudo-diferentialoperatorF sim-
plify to simplealgebraicoperationsaccordingo

K(jsar) — K, (32)

F(ysar) — JT:-K= 1/ 2+01T ar, (33)

whereK is theoriginal contrasfunctionintroducedn equation
(2). Consequentlyor this classof simplemediaequation(26)is
writtenas

(34)

X(jsa?) = Y(jsa?) — L(jsa?)X(jsa?).

Now a straightforwardalgebraicsolutionof X from equation
(34) is possible however, to consistentlytreatthe solutionwe
proposealsoin this caseto approximatehefinal answetthrough
theiteration
x™ (jsa}T{) = Y(jsa?) — L(jsa}T{:)X(n_l)(jsa}T{),
n=1,2,--- (35)

and

X O (jsar) =Y (jsar). (36)

Figure2 illustratesour proceduregor a simplehorizontallylay-

eredacousticmedium. In Figure 2awe show the 2-D acoustic
responsef threelayersembeddedn the backgroundnedium.
Figure2bshawvstheresultafterreplacingthevelocity of thefirst

layer by that of the backgroundmedium. With this resultwe

concludeour discussioron thereplacemenof velocitiesfor lat-

eralinhomogeneouandhomogeneousedia.

Conclusions

In thispapemwe have shovn how Rayleighsreciprocitytheorem

aidsthevelocity replacemeninh thin slabsof aninhomogeneous

acoustianedium.Thisprocesss dividedinto two stepsfirstthe

extrapolationof the original wavefield into the inhomogeneous

thin slabis carriedout (equation21). Theresultingexpressioris
formulatedin termsof pseudo-diferentialoperatorghatacton
the original wavefield. The secondstepencompasssthe actual
removal of the influenceof the thin slabon the original wave-
field. This operationis furnishedby anintegral equationof the
secondkind (equatiorn26) andis in naturecloselyrelatedto the
processof surface-relateanultiple removal in marine seismic
dataprocessing. Therethe solution of the removal processs
achievedby aniteratve Neumanrseriesexpansion.Also in the
caseof velocity replacemenive proposeo usesuchanapproach
(equation27). In a similar way the successie termsin the ve-
locity replacemeniNeumanrseriescorrespondvith theinternal
multiplesin thethin slab We have demonstratethatthe proce-
durecanbe donein aniteratve fashionso thatwe cansucces-
sively peeloff theinhomogeneoumediumandin doingso re-
placeit with the homogeneoubackgroundFinally we shaved
thatfor the caseof the horizontallylayeredmediumthis leads
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Fig. 2. (a) Acousticresponseof three acousticlayers embeddedn a
homogeneonsbadkground (b) Sameconfiguration but velocityin first
layerreplacedby badkgroundvelocity

600

to a simple algebraicoperation.Our future work will focuson
the numericalstabilizationof the processandapplicationof the
resultin seismicdmagingtechniques.
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