
Characterization of reflectorsby multi-scaleamplitude and phaseanalysisof seismicdata
JeroenGoudswaard and KeesWapenaar, Centre for Technical Geoscience, Laboratory of Seismicsand Acoustics,
Delft Universityof Technology

Summary
Strongreflectionsin seismicdatacan often be matchedwith
sharpoutliers in the velocity function of the subsurface. This
velocity function is generallyknown by meansof the sonicP-
velocity log. Theusualdescriptionof layeringin theearthis by
meansof stepfunctions,by whichonly anapproximatedversion
of theoutlierscanbeconstructed.Theseoutliershave different
phaseandamplitudeeffects on the angledependentreflection
response,comparedwith stepfunctions.
We proposean effective parameterizationfor theseoutliers,
which is a generalizationof stepfunctions,for which we have
closed-formimplicit expressionsfor theireffecton thereflected
wavefield. Usingthismodel,wewantto extractbothasingular-
ity parameter, which characterizesthesingularity“strength”of
theoutlier, aswell asthecontrastof theP-wavevelocitiesabove
andbelow the singularpoint. For this characterizationwe use
theamplitudesin thecontinuouswavelettransformof theangle
dependentreflectivity aswell as the angledependentinstanta-
neousphaseof thereflectedwavefield.
It is shown that it is possibleto derive a consistentsingularity
parameterfrom both thewell-log andtheseismicreflectionre-
sponse,makinguseof theamplitudesin thecontinuouswavelet
transformof theangledependentreflectivity. Secondly, aninver-
sion schemeis proposed,which makesuseof both the former
analysisand instantaneousphaseinformationof the reflection
event. With this schemeit is possibleto derive the singularity
parameterandthe contrastof the P-wave velocitiesabove and
below thesingularpoint from seismicreflectionresponses.

Intr oduction
In [2] weproposedamethodto deriveasingularityparameter�
from seismicdatamakinguseof thefollowing representationof
outliersin thevelocity,�������	� 
 ���� �������� ��� for ��������� ����� �  ��� for ������� (1)

in which � ��� � arethesingularityparameters,and � ��� � arefactors
thatdefinethe velocity contrast.The densityprofile wastaken
constantthroughoutthewholedepthinterval.
In thecasethatwe have � �!�"� � �"� , a functionthatcanbe

seenin Figure1a, thesefunctionssatisfya relationshipof self-
similarity ���$#%�����&#'�(�������)� so we will refer to velocity func-
tions as in eq.(1)asself similar singularities. Using this rela-
tion, simplerelationshipsfor theextractionof parameter� from
both the well-log and the seismicreflectionresponsemodeled
in thewell-log, canbederived. We make useof thecontinuous
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Fig. 1: (a) well-log with singularityaccording to eq.(1)for which C �EDC � D C D�FEG�H I , and J �ED J � D�K)LMGMG m/s
(b) continuouswavelettransformof (a)
(c) modulusmaximarepresentationof (b)
(d) amplitudealong modulusmaximalines: the crossedand the solid
linesoverlapcompletely, their slope( C ) is -0.393

wavelettransformNPO�Q �=RTS��VUW�-���E�YXQ �VUZ�=���[�]\U'^`_ Q ����a��bRc� � a�d �U �be���a�� (2)

in which
Q ����� is the function to be transformed,U the scale,R!����� theanalyzingwaveletand f aparameterthatis dependent

on the actualuseof the wavelet transform. Whenwe are ex-
aminingwell-logs, we take f � \ ; on the otherhandfor the
analysisof reflectionresponses,discussedbelow, we will takef �g� . Figure1b shows the continuouswavelet transformof
thewell-log; a very clearamplitudedecayin thescaledirection
is visible. Mallat andHwang[4] have shown that estimations
of local regularity canbe found by meansof a modulusmax-
ima representation.This is essentiallytheamplitudealonglines
which connectthemaximain theabsolutevalueof thewavelet
transformedsection,for whichanexampleis shown in figure1c.
Thefirst applicationof this theoryon well-logswasperformed
by Herrmann,seee.g. [3]. As the analyzingwavelet, we use
thefirst derivative of theGaussianfunction(whichhasonly one
vanishingmoment)becauseit givesriseto thesmallestamount
of modulusmaximalines.
The solid modulusmaximaline we canseein figure 1c, is the
oneconnectedto themaximumof thewavelet transformedsec-
tion, thecrossedline is theoneconnectedto theminimum.If we
now definethepositionsof themodulusmaximalinesby �MhEikj ,
thefollowing relationholds,lnm�o  X���VUW�-U'� hEikj �p��q� lnm�o Usr lnm�o  X��� \ �)� htikj �p � (3)

whichshows thatwecanfind thevalueof theparameter� from
the slopeof a log-log plot of the amplitudealongthe modulus
maximalines versusthe scale U . This hasbeenperformedin
figure1d,andwe canseethattheslopealongboththemodulus
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maximalines is almostidenticalto the � with which we mod-
eled the velocity function ������� . In [2], we presentedalso the
examplesfor a step-function( �u�v� ) anda positive � . In [2],
we showed that the sameparameter� canalsobe found from
theangle-dependentseismicreflectionresponsew �yx%�-z{� . It can
beproven that thesameanalysiscanbeperformedon w �yx%�k��� ,
i.e. the datamigratedto the rayparameter-depth(x%�-� )-domain.
The reasonwhy we will give the preferenceto this domainis
thatwhenweperformthewavelettransformto themigratedre-
flection response,| �yx'�-���~} X| �yx%�kUW�=��� , theautomationof the
trackingof thereflectionsin the x -directionwill bemucheasier,
as they will be at constantdepth. The reasonthat we want to
trackthereflections,is thatwe have to constructmodulusmax-
ima planesin the cube X| �yx%�-UZ�=��� , in the sameway as in the
well-log, but now alsoin the x -direction,seefigure2. Themod-
ulusmaximaplanesarecreatedby connectingthemaximain the
scaleandrayparameterdirection.Referringto [7], wecanprove
thattheamplitudeof  X| �yx%�kUW�=���p in a modulusmaximaplaneis
constantalongcontoursdescribedbyx �-� � U � � constant� (4)

After wehavecreatedthecontours,wewantto estimate� mak-
ing useof theanalyticalcontoursdescribedby eq. (4). We use
thefollowing 3-stepinversionschemefor thispurpose:
– Computeanalyticalcontoursusingequation(4) for a relevant� -range.Normally thiswill bebetween��� d \ and ���u� � � .
– Along thesecontours,measurethevalueof  X| �yx%�kUZ�)���p in the
modulusmaximaplane,andcomputeits standarddeviation.
– Thevalueof � wewantto find is theonefor which thesmall-
eststandarddeviation is found.
Thisinversionschemehasthebenefitthatwhenthecontoursde-
rived from the reflectionresponsearenot exactly equalto the
analyticalones,we canstill find a unique‘bestfit’ for a certain
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Fig. 2: 3-dimensionaldata cube, representingthe continuouswavelet
transform ��~� �(�b���k��� of themigratedreflectionresponse

�T� �(�����
, corre-

spondingto thesingularityin figure1a,(but shiftedto a depthof 60m).

� . An exampleof thisanalysisonthecontoursin figure2 canbe
seenin figure3, whichshows thatanuniqueminimumis found
at about d � � � . An exampleof this procedureon a reflectionin
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Fig. 3: Standard deviation along analytical contours
� �-� � � � D

constant, asa functionof C for thecontours in figure2b.

arealwell-log is shown in figure4. Figure4 shows thewell-log
andthe cube X| �yx%�kUZ�)��� . At a depthof 1265mthe reflectorin
thewell-log wasanalyzed,having an � = d � � � � . Analysisof the
contoursin this figureshowed an optimumvalueof � = d � � ��� .
Moreexamplesonrealwell-logscanbefoundin [2] andin [7].

0

0.5

1.0

1.5

p x 10 [s/m]-4

8

64

σ

 128
0

1600

800

400

1200

z [m]

Fig. 4: Well-log and its wavelet transformedreflectionsresponse��;� �{�k���k��� . Thearrow pointsat the reflectorand the analyzedreflec-
tion.

The analysisof reflectionresponsesby amplitude and phase
analysis

Until now we have only taken the amplitudealong the con-
toursin the(x - U )-planeinto account.However, singularitieslike
equation(1) inducealsoa phaseeffect in the reflection,which
canbeeasilyderivedfrom [6], eq.2(if we take � � � � � ).|�� �����p� �� ¢¡�£ � � ¡� r �  ¢¡p£ � � ¡�� � ¡� r¤� � ¡� ¥ � (5)
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in which | � is the reflection coefficient for the downgoing
wavefield and ¦ � \ ���¨§ d §©�E� . For clarification, this equa-
tion is decomposedinto a realandanimaginarypart,sowe can
analyzethe effect of theparameters���M�ª� � and � on thephase
of w �|�� �q«-¬n ¦�® ��\ d°¯ � ¡\ r ¯ � ¡ ¥ r��[± m « ¦²® with ¯ � ���� � � (6)

It is clearthatthereflectioncoefficient is only dependenton the
parameter� andtheratio ¯ . It is evident thatwhen ¯ � \ and�u³�u� , wehaveaphaseshift of exactly ´�� � degrees,dependent
on the signof � ( | � is totally imaginary). In the case�µ�v�
and ¯ arbitrarywegetthenormalreflectioncoefficient of astep
function: �V�M� d � � �k�/�V���²r¶� � � . In thecasethat �·³�u� and ¯ ³� \ ,
wewill have ‘non-standard’phaseshifts.
Furthermorewe canseethat theamplitudesalsoaredependent
on � . In Figure5 wecanseetheeffect for normalincidencere-
flectionfor differentvaluesof ¯ , in therange� =[-1,0.5]. In fig-
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Fig. 5: (a) absolutevalueof reflectioncoefficient

� � usingequation
(6). Thelineswhich represenţ D¹G�H ºMº � º and ¸ D°G�H »©¼ � KMH ¼�º overlap
(b) phaseof thereflectioncoefficient

� � usingequation(6)

ure5a,bwehaverespectively theabsolutevalueandthephaseof
thereflectioncoefficient | � , usingequation(6). Usingonly the | �  , we cannotdistinguishbetween̄ and \ � ¯ , but thephase
of theeventgivesusthe‘final verdict’.
Becausewedonothaveclosedform explicit expressionsfor the
instantaneousphase½ asa functionof rayparameterx , � and ¯ ,
analyzingthiseffecthasto bedonebymodelingangledependent
reflectiondatain a synthetic‘well-log’ asin equation(1). The
instantaneousphasewill be extractedby the methoddescribed
in [1]. Theresultsfor � = d � � ¾ , � = � and � = r�� � ¾ canbefound
in figure6. Thefigureshows thatthephaseof thereflectionre-
sponseis (almost)constantalongthe x -values,for each � and¯ . Note that in figure6b thephasefor ¯ =

�� is only constantup
to the critical reflectionangle,which is about ¿�À \ � �{Á [s/m].
Beyondthis point thephasewill graduallychangeto a valueof
180degrees.
As hasbeenshown by the examplesin this section,it should
bepossibleto usetheinstantaneousphase½ asa tool for deriv-
ing theparameters� and ¯ from theseismicreflectionresponse.
Verhelst[5] on the contrary, usesthe instantaneousphaseasa
tool in detectinglateraldifferencesin faciesoncertainhorizons,
which is partof hisgeologicalcharacterization.
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Fig. 6: PhaseÂ asa functionof rayparameter
�

, for different ¸ , at
(a) C D·FEG�H º , (b) C DÃG and C DÃG�H º . For ¸ = H » and K , J � hasbeen
chosen1200m/s,for ¸ = L , J � waschosen600m/s.

Estimation of � and ¯ by inversion on the angle dependent
reflectionresponse

Beforewe canusethephaseeffect togetherwith theamplitude
in the wavelet transformdomain,for purposesof characteriza-
tion of ¯ and � , wewill have to:
–createandanalyzeapenaltyfunction,whichwill yield anerror
surfacewith auniqueminimum.
– make a choicefor an inversionprocedure,andtestits perfor-
mance.

Creationof thepenaltyfunctionin inversion. For theamplitude
effectwechooseapenaltyfunctionthatdoesnotemphasizeout-
liers in thedata.Thereforea stablechoicewould be taking theÄ � - normof thedifferencebetweendataandmodeleddataÅEÆ � \ÇÉÈÊ ËÍÌ �  ÎcÏË d Î 9Ë  � (7)

in which Î Ï representstheamplitudesmeasuredin demodulus
maximaplaneof the dataand

Ç � Ç . À ÇcÐ the numberof
samplepointsin theplanes.Î 9 is foundby creatingasynthetic
velocity model,modelingreflectiondatain it andcreatingthe
modulusmaximaplanesin the dataset. This cane.g. be done
duringtheinversionprocess.
For theinstantaneousphase½ , it hasbeenshown, thatthephase
is constantfor all rayparameter-values,aslong aswe arein the
sub-criticalreflectiondomain. So for this reflectionfunctiona
suitablecriterionwould be theabsolutedifferencebetweenthe
phaseof thedataandthemodeleddata,Å[Ñ �ÒbÓ½ Ï d Ó½ 9 y� (8)

in which Ó½ is the meanof the instantaneousphasesfor all ray-
parametervalues. If we take the meanof the phases,any mis-
extractionof the instantaneousphasein oneof the traceswill
be (partially) cancelled,and will have no disastrouseffect on
the penalty function. Togetherthesetwo measureshave to
form the penaltyfunction

Å
, with a uniqueoptimumsolution.

Thepenaltyfunctions
Å[Ñ

and
ÅEÆ

have to be summedin some
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Fig. 7: contourplotof the penaltyfunction(a) Ö Æ , (b) Ö Ñ and(c) Ö for the reflectionon a singularitywith ¸©× DPK and C(× D"FEG�H º , thecross
showsthedesiredminimum.

weightedmanner, sothatin
Å

, definedasÅ �Ø\Ù Å Ñ r Å Æ � (9)Å[Ñ
and

ÅEÆ
have a weight,accordingto their sensitivity to the

parameters� and ¯ . For thisreasonthefactor
Ù

in equation(9)
hasbeenintroduced.This factorhasto befoundempirically, us-
ing aninversionproblemon reflectiondata,for whichwe know
thesolution � × and ¯ × .
For this purposewe will computetheerrorsurfaces

Å Æ � Ñ �V� � ¯ �
for syntheticreflectiondata,modeledin avelocityfunctionasin
eq. (1), with ¯ × = \ and � × = d � � ¾ . For this datathemeanphaseÓ½ is computed( � � � degrees)andthe (x - U )-contoursarecon-
structed.For � in therange[-1,0.2]and ¯ in therange[

�Ú ,3] the
errorsurfacesarecomputedfor thepenaltyfunctions

ÅtÆ
and

ÅEÑ
.

Figure7ashows thecontoursof thepenaltyfunctionconnected
to the amplitudeinformation

ÅEÆ
. The rangearound ¯ = \ and� = d � � ¾ containsa minimum,but it is elongated.However, the

most importantfeatureof this plot is that the penaltyfunctionÅEÆ
is primarily sensitive to changesin � andvery insensitive

to changesin ¯ . Soinversionfor ¯ and � cannot beperformed
stabily by meansof the penaltyfunction

ÅEÆ
alone. Figure7b

shows the sametypeof plot for the penaltyfunction
Å[Ñ

. This
penaltyfunction is primarily sensitive to changesin ¯ , so the
penaltyfunction

Å
might have a well definedminimum. In fig-

ure 7c we canseethe sumof the two penaltyfunctions,using
a weightingfactor

Ù
=1. It is clearthat theerrorsurfacehasa

pronouncedminimumat theoptimalparametervalues.

Inversion for � and ¯ i. An inversionon � and ¯ was per-
formed,with the dataof the foregoing subsection,makinguse
of thequasi-Newton method.Choosingquitearbitrarilystarting
valuesof � = d � � Û and ¯ = \ � Ü , theinversionmethodconvergedto
theoptimalsolutionin 6 iterations.

Conclusions

It hasbeenshown that it is possibleto derive a consistentsin-
gularity parameter� from boththewell-log andtheseismicre-
flectionresponse,makinguseof theinformationfrom theampli-
tudealongmodulusmaximaplanesin thecube Xw �yx%��UW�)��� . The

resultsobtainedfrom seismicdatamodeledin a real well-log,
makesusto expectthat thesingularityexponent� might prove
to beausefulseismicindicator.
Further, we have shown thatin anextendedparameterizationof
theselfsimilarinterfaces,with parameters̄ and� , theseparam-
eterscanbothberesolvedfrom thereflectionresponse.For this
purposeaninversionschemehasbeendeveloped,which makes
useof both amplitudeand instantaneousphaseinformationof
thereflectionevent.A synthetictestshowedthattheinversionis
stable.
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