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Summary
Wavefielddepthextrapolationoperatorsaretypicallyappliedre-
cursively to thedatawhichmakesoperatorstabilityanissue.In
mostextrapolationalgorithms,theoperatorsareimplementedas
complex-valuedmatrices.In this paper, we investigatethesta-
bility propertiesof complex-valuedmatricesaswell as theva-
lidity of eigenvalueandsingularvalueanalysisto evaluatethese
properties.
We specificallyaddressthe casewherethe extrapolationoper-
atorshave beenconstructedby a modal decompositionof the
Helmholtzoperator. It is shown that,whetheror not appliedre-
cursively, theseoperatorsareunconditionallystable.

Intr oduction
In thepasttwo decadesmuchresearchhasbeendoneon theop-
timizationof one-wayoperatorsfor recursivewavefield extrap-
olation.For 2-D extrapolationwementionBerkhout[1], vander
Schootet al. [12] andHolberg [10]; for 3-D extrapolationsome
representativereferencesareBlacquiereet al. [2] andHale[9].
In all the referencesmentionedabove it is assumedthat the
mediumparametersareconstantwithin thelateralextentof the
operator. Lateralvariationsareapproximatelytakenintoaccount
by selectingfor eachgridpointan operatorrelatedto the local
mediumparametersat thatgridpoint. In this paperwe will call
this the‘local explicit method’.
In the frequency domainwe canthink of theextrapolationpro-
cessasamatrix-vectorproduct[1], accordingto���������
	�����

˜

�������
	��������������������
(1)

where
����� � �

is a vector containingthe spatially discretized
wave field at depthlevel

���
and

�
˜

�������
	��������
is the extrapo-

lation matrix. In the local explicit approach,the operatorsde-
scribedabove, arestoredin the rows of

�
˜

�������
	��������
. There-

fore, unlessthe mediumbetween
� �

and
� ���
	

is laterally in-
variant,this matrix is not symmetric,i.e.,

�
˜

���
˜

�
, where �

denotestransposition.This is clearlyashortcomingof thelocal
explicit method,becauseon basisof reciprocityconsiderations
thismatrixshouldbesymmetric1 [13]. A morerigorouswayto
derivetheextrapolationmatrix isbasedonmodaldecomposition
of theHelmholtzoperator([14], [8]), leadingto asymmetric

�
˜

.
Whatever approachis chosento accomodatelateralvariations,�
˜

is appliedrecursively in practiceto accountfor verticalvari-

1Actually reciprocity for flux-normalized one-way wave fields implies�
˜ �! �"$#&%�'� �"�(�) � ˜ * �! �"+', �"�#-%�( . In this paperwe assumethat themedium

parametersare depth-independent between  �" and  �"$#&% , so we also have�
˜ �! "$#&% '� " (.) � ˜ * �! "$#-% ', " ( .

ations. This imposesconditionson thestability of theextrapo-
lation matrix. It hasbeenobservedby Etgen[6] that in certain
situationsthe local explicit methodleadsto unstableresults,in
spiteof the fact that the individual rows of

�
˜

containstable
operators.Theinstability hasbeencorrectlyattributedto singu-
lar valuesexceedingunity dueto thelateralvelocity variations.
Whenthematrix

�
˜

is constructedby meansof modaldecom-
position, it is unconditionallystable: noneof the eigenvalues
exceedunity ([14], [8]).
Dellinger andEtgen[5] discuss,for real-valuedmatrix opera-
tors, the differencebetweeneigenvalueandsingularvaluede-
compositionastools for stability analysis.They show that the
merefact thatall eigenvaluesaresmalleror equalto unity does
notguaranteestabilityof thematrix. In thefollowing weextend
the discussionon singularvalueandeigenvalueanalysisin re-
lation to stability. Amongstothers,we addresscomplex-valued
matrices,since

�
˜

is complex. Furthermorewe will show that,
in casethe extrapolationoperatorshave beenconstructedby
modaldecomposition,eigenvalueanalysisis decisive for stabil-
ity asmuchassingularvalueanalysis.

Somedefinitions
Throughoutthispaperwewill considersquarematricesthatmay
or maynot becomplex-valued.We will call amatrixsymmetric
whenit obeys theproperty/

˜

0/
˜

� �
(2)

where � denotestransposition.Matrix
/
˜

is calledHermitian
when /

˜

0/
˜

1 �
(3)

where2 denotestranspositionandcomplex conjugation.A ma-
trix 3

˜
is unitarywhenit obeys theproperty3

˜

1 3
˜

54
˜

�
(4)

where
4
˜

is the identity matrix. Notethat 676 3
˜

8 676  6!6 8 6!6 for any
vector

8
. A matrix operatoris saidto beunconditionallystable

when 6!6 /
˜

8 6!6+9:6!6 8 676 � (5)

for any vector
8
. Notethat676 /
˜
	 /

˜ ;=<+<�< / ˜ � <�<�< / ˜ > 8 676+956!6 8 6!6 � (6)

for any
8

whenall matrices
/
˜
� obey equation(5).
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Eigenvaluedecompositionand stability analysis
Weintroduceeigenvalues? andeigenvectors@ of matrix

/
˜

via/
˜
@  ?A@.B (7)

Theeigenvalues? arefoundby solvingC�D�E���/
˜ F ? 4˜ �G�H B (8)

When
/
˜

hasacompletesetof linearlyindependenteigenvectors@ , thentheeigenvaluedecompositionof
/
˜

reads2/
˜

0I
˜

J
˜

I
˜
K 	 �

(9)

wherethecolumnsof matrix
I
˜

areformedby theeigenvectors@ and
J
˜

is a diagonalmatrix, containingthe eigenvalues? on
its diagonal. For a matrix

/
˜

that allows the decompositionof
equation(9), any powercanbewrittenas/

˜
> 0I

˜

J
˜
> I

˜

K 	 B (10)

Hence,when 6 ?
6�9ML for all ? , then 676 /
˜
> 8 676 remainsfinite

for NPORQ . However, ashasbeencorrectlypointedout by
DellingerandEtgen[5], for asymmetricmatrices,6!6 /

˜
> 8 6!6 can

becomearbitrarily large for finite valuesof N . Thereforethe
criterion 6 ?
6A9:L aloneis not a sufficient conditionfor stability.
Hence,for anextrapolationmatrix constructedaccordingto the
localexplicit method,eigenvalueanalysisdoesnotgive thefinal
verdictaboutstability.
A fundamentaltheoremof matrixalgebrastatesthataHermitian
matrixalwayshasacompletesetof orthogonaleigenvectorsand
real-valuedeigenvalues([7], [3]). Hence,for Hermitianmatrices
thedecompositiondefinedin equation(9) is alwayspossibleand
canberewritten(afteranormalizationof theeigenvectors)as/

˜

0I
˜

J
˜

I
˜
K 	 5I

˜

J
˜

I
˜

1 B (11)

Since
I
˜

is unitary, in this casethecriterion 6 ?
6
9SL (for all ? )
impliesunconditionalstability.
Singular valuedecompositionand stability analysis
The singularvalues T of an arbitrary matrix

/
˜

aredefinedas
thenon-negativesquare-rootsof theeigenvaluesof matrix U

˜

/
˜

/
˜

1
. They arefoundby solvingC�D�E�� U

˜ F T ; 4˜ �G�H B (12)

Thesingularvaluedecompositionof
/
˜

reads3/
˜

 3
˜

V
˜

W
˜

1 �
(13)

where
V
˜

is adiagonalmatrix,containingthesingularvaluesT on
its diagonalin decreasingorder. Furthermore,3

˜
and
W
˜

areuni-
tary matrices.Thereforethecondition TX9YL (for all T ) implies
unconditionalstability.

2Wewill seein a latersectionthatevenfor symmetricmatrices[in thesenseof
equation(2)] thedecompositiondefinedin equation(9) is not alwayspossible.

3A discussionon theexistenceof this decompositionfor complex-valuedma-
tricesis beyondthescopeof thispaper.

Somenumerical examples
DellingerandEtgen[5] extensively analyzedthestabilityprop-
ertiesof asymmetricreal-valued ZX[\Z matrices.Herewe show
with someexampleswhat can happento symmetricmatrices
whenthey arecomplex-valued.
Considerthefollowing complex-valuedsymmetricZ][XZ matrix/

˜

_^ L�`ba LL L F adc B (14)

Its eigenvaluesarefoundby solvingequation(8), accordingto� L�`�a F ? 	�e ; ��� L F a F ? 	�e ; � F L fH�� (15)

yielding ? 	  L and ? ;  L�B (16)

Despitethesymmetryof
/
˜

andits unitaryeigenvalues,thisma-
trix is unstable,asis easilyseenfrom thefollowing result/

˜

	�g�g  ^ Lh`�a L H�HL H�H L F a c B (17)

Thereasonis that theeigenvectorsarelinearly dependent,soa
decompositionin the form of equation(9) is not possible. A
squarematrix

/
˜

canalwaysbe written in theJordancanonical
form /

˜

5i
˜ j ˜ i ˜ K 	 � (18)

where j ˜ is a block-diagonalmatrix with ‘Jordanblocks’ along
its diagonal([11], [7], [4]). For thesituationat hand j ˜ consists
of a single Zk[lZ Jordanblock, with theeigenvalues? 	 and ? ;
onits diagonalandanextra ‘diagonal’ containingasingle1:mn Lh`oa LL L F a

pq  mn a 	;L r;
pqsmn LtLH L

pqsmn F r; 	;L F a
pq B

(19)

Analogousto equation(10) weobtainfor the N ’th powerof
/
˜/

˜
> ui

˜ j ˜ > i ˜ K 	 B (20)

Notethat

j ˜ >  ^ LvNH L c � (21)

whichexplainstheunstableresultin equation(17). Thesituation
is evenworsethanbefore,sincehere 6!6 /

˜
> 8 676 is unboundedforNSOwQ .

Thesingularvaluesof
/
˜

definedin equation(14) arefoundby
solvingequation(12),withU

˜

f/
˜

/
˜

1  ^yx Z=`bZ�aZ F Z�a x c � (22)
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yielding T 	h0z Z{`�L and T ; 5z Z F L�B (23)

Since T 	X| L , this analysisshows immediatelythat
/
˜

defined
in equation(14) is unstable.
Fortunatelynot all symmetriccomplex-valuedmatricesareun-
stable.Considerthefollowing Z�[}Z matrix/

˜

 Lz Z ^ L~aa�L�c B (24)

Notethat
/
˜

is symmetricbut not Hermitian. Its eigenvaluede-
compositionreads/

˜

0I
˜

J
˜

I
˜

K 	 uI
˜

J
˜

I
˜

� 
(25)m�n 	� ; 	� ;F 	� ; 	� ;

p$�q m�n 	 K r� ; HH 	,� r� ;
p$�q m�n 	� ; F 	� ;	� ; 	� ;

p$�q B
Since

I
˜

is unitary and 6 ? 	 6  6 ? ; 6  L , matrix
/
˜

definedin
equation(24) is unconditionallystable.This alsofollows from
its singularvaluedecomposition,whichyields T 	� T ;  L .
Stability analysisof the extrapolation operator, constructed
with the modal decompositionmethod
As wementionedin theintroduction,theexactextrapolationop-
erator

�
˜

shouldbesymmetricon basisof reciprocityconsider-
ations.Fromthediscussionandexamplesabove it follows that
symmetryalonedoesnot guaranteethat an eigenvaluedecom-
positionof

�
˜

exists. In this sectionwereview theconstruction
of
�
˜

accordingto themodaldecompositionapproachanddis-
cussits stability propertiesin termsof its eigenvalues. In [14]
and[8] we definethe extrapolationmatrix

�
˜

asa solutionof
theone-waywaveequation�-�

˜

���-��� � ����  F=��� ˜ 	 ��������� ˜ ���-��������� (26)

for
�������

, with
�
˜

�����-�������k�4
˜
. The square-root operator� ˜ 	 ��� � � is relatedto theHelmholtzoperator� ˜ ; ��� � � , according

to � ˜ ; �������� � ˜ 	 ������� � ˜ 	 �����A� B (27)

TheHelmholtzoperatoris Hermitianandreal-valued,so it can
bewrittenas� ˜ ; ��� � ��0I ˜ ��� � ��J ˜ ��� � ��I ˜ K 	 ��� � ��uI ˜ ��� � ��J ˜ ��� � ��I ˜ � ��� � ���(28)

with J
˜

��� � ��0C+�!���h� ? 	 ��� � � <$<�< ?-� ��� � � <�<$< ?-� ��� � ����� (29)

wheretheeigenvalues? � �����A� arereal-valuedand
I
˜

�����A�
is uni-

taryandreal-valued.For � ˜ 	 ��� � � wemaythuswrite� ˜ 	 ��������5I ˜ �����A��J ˜ 	�� ; ��������I ˜ � ������� B (30)
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Fig. 1: Thelocationof theeigenvalues� 	�� ;� of thesquare-root operator
in the complex plane. (a) Homogeneousmedium.(b) Laterally variant
medium.(c) Eigenvaluesfor homogeneousmedium.(d) Eigenvaluesfor
laterally variantmedium.

=

=

Fig. 2: Schematicalrepresentationof the eigenvaluedecompositionof
thesquare-rootoperatorfor thehomogeneousmedium(top)andfor the
laterally variantmedium(bottom).

Fromequation(29) weobtainJ
˜

	�� ; ��������fC+�!��� � ? 	�� ;	 ������� <�<$< ? 	�� ;� ������� <$<�< ? 	�� ;� ������� � B
(31)

Notethatthesquare-rootoperator� ˜ 	 ��� � � is symmetricbut not
Hermitian,sincenot all eigenvalues? 	�� ;� �������

are real-valued.
Thesignof ? 	�� ;� ��� � �

is chosensuchthatwhen ?-� ��� � � is posi-
tive, then ��� ? 	�� ;� ��� � �����oHA�

(32)

andwhen ?�� ��� � � is negative, then� � ? 	�� ;� ��� � ��� 9 HA� (33)

seeFigure1. Equation(30) is visualizedin Figure2.
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UsingaTaylorseriesexpansion,weobtainfrom equation(26)�
˜

���-�������G������ g ��� F �����
�

�¡  � F=� �
�
� ˜
� 	 ��������� (34)

where,accordingto equation(30),� ˜
� 	 ��������5I

˜

�����A��J
˜

� � ; �����A��I
˜

� ������� B (35)

Substitutionin equation(34) gives�
˜

���-�,������uI
˜

�����A�-¢ ����� g ��� F ���A�
�

�¡  � F=� �
� J

˜

� � ; �������¤£¥I
˜

� ������� B
The termbetweenthe bracketsis recognizedasthe Taylor ex-
pansionof anexponentialfunction.Hence�

˜

�������
	���������uI
˜

�����A�]¦�
˜

�������
	������A��I
˜

� �����A���
(36)

where¦�
˜

�������
	������A��0D�§�¨ � F=� �������©	 F ���A��J ˜ 	�� ; ��������� B (37)

The latter matrix is a diagonalmatrix containingthe eigenval-
ues
D$§�¨ � F=� ��� ���
	 F � � � ? 	�� ;� ��� � ���

of
�
˜

��� ���
	 ��� � �
. Notethat�

˜

�������
	��������
is symmetricbutnotHermitian,sinceits eigenval-

uesarecomplex-valued. Due to thepropertiesof ? 	�� ;� �����A�
, as

describedby equations(32)and(33),themoduliof all eigenval-
uesof

�
˜

��� ���
	 ��� � �
areequalto or smallerthanunity, seeFig-

ure3. Togetherwith the fact that
I
˜

��� � �
is unitary, this implies

that
�
˜

�������©	$�����A�
, asdefinedin equation(36), is uncondition-

ally stable. In recursive applications,
�
˜

�������
	��������
is usually

modifiedafter eachrecursionstep. Accordingto equation(6),
thishasno negativeeffecton thestability.
We concludethis sectionby deriving the singular valuesof�
˜

�������
	��������
. They are definedas the non-negative square-

rootsof theeigenvaluesof U
˜

ª�
˜

�
˜

1
(equation12). From

equation(36) weobtainU
˜

��
˜

�
˜

1 0I
˜

� ¦�
˜

¦�
˜

1 ��I
˜

� B (38)

Apparentlytheeigenvaluesof U
˜

areequalto thesquaredmoduli
of theeigenvaluesof

�
˜

��� ���
	 ��� � �
. Hence,thesingularvalues

of
�
˜

�������
	��������
areequalto themoduli of its eigenvalues.

Conclusions
Extrapolationoperatorsbasedon the ‘local explicit’ approach
arenotsymmetricwhenthemediumis laterallyvariant.As has
beenpointedout by DellingerandEtgen[5], thestability anal-
ysis of theseoperatorscanbestbe donewith a singularvalue
decomposition.Whenoneor moresingularvaluesexceedunity,
theoperatoris notunconditionallystable.
Extrapolationoperatorsbasedonthe‘modaldecomposition’ap-
proacharesymmetric,evenwhenthemediumis laterallyvari-
ant. Moreover, sincethey areconstructedfrom unitary eigen-
vectormatricesandan eigenvaluematrix with eigenvaluesnot
exceedingunity, they are alwaysunconditionallystable([14],
[8]). For theseoperators,singularvalueanalysisdoesnot give
additionalinformation.
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Fig. 3: Themoduliof theeigenvaluesof the extrapolationmatrix, con-
structedwith the modal decompositionapproach, seeequation(36).
Sincethe eigenvectormatrix is unitary andnoneof theeigenvaluesex-
ceedsunity, theextrapolationmatrix definedin equation(36) is uncon-
ditionally stable.
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