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Summary

Wavefield depthextrapolationoperatorsretypically appliedre-

cursively to thedatawhich makesoperatorstability anissue.In

mostextrapolationalgorithmstheoperatorareimplementeds
comple-valuedmatrices.In this paper we investigatethe sta-
bility propertiesof comple-valuedmatricesaswell asthe va-

lidity of eigervalueandsingularvalueanalysigto evaluatethese
properties.

We specificallyaddresghe casewherethe extrapolationoper

atorshave beenconstructedby a modal decompositiorof the
Helmholtzoperator It is shavn that,whetheror not appliedre-

cursiely, theseoperatorareunconditionallystable.

Intr oduction

In the pasttwo decadesnuchresearcthasbeendoneon theop-
timizationof one-wayoperatorgor recursve wave field extrap-
olation. For 2-D extrapolationwe mentionBerkhout[1], vander
Schootet al. [12] andHolbeg [10]; for 3-D extrapolationsome
representate referencesireBlacquiereetal. [2] andHale[9].
In all the referencesamentionedabore it is assumedhat the
mediumparametersire constantwithin the lateralextent of the
operator Lateralvariationsareapproximatelyakeninto account
by selectingfor eachgridpointan operatorrelatedto the local
mediumparametersit thatgridpoint. In this paperwe will call
thisthe‘local explicit method'.

In the frequeny domainwe canthink of the extrapolationpro-
cessasa matrix-vectorproduct[1], accordingo

P(znt1) = W(znt1,20)P(2n), @

where P(z,) is a vector containingthe spatially discretized
wave field at depthlevel z, and W (z,+1, z,) is the extrapo-
lation matrix. In the local explicit approachthe operatorsgde-
scribedabove, arestoredin the rows of W(zn41, zn). There-
fore, unlessthe mediumbetweenz,, andz,+: is laterally in-
variant,this matrix is notsymmetric,i.e., W # VyT, whereT
denotedranspositionThis is clearlya shortcomingf thelocal
explicit method,becausen basisof reciprocityconsiderations
this matrix shouldbe symmetric' [13]. A morerigorouswayto
derive theextrapolatiormatrixis basecbn modaldecomposition
of theHelmholtzoperator[14], [8]), leadingto asymmetricWV .
Whatever approachis chosento accomodatdateralvariations,
W is appliedrecursvely in practiceto accounfor verticalvari-

tActually reciprocity for flux-normalized one-way wave fields implies
W (znt1,2n) = vyT(zn, Zn41)- In this paperwe assumehatthe medium
parametersare depth-indegncent betweenz,, and z,41, So we also have
W(Zn+1;zn) = WT(Zn+1; Zn)'

ations. This imposesconditionson the stability of the extrapo-
lation matrix. It hasbeenobsened by Etgen[6] thatin certain
situationsthe local explicit methodleadsto unstableresults,in

spite of the fact that the individual rows of W containstable
operatorsTheinstability hasbeencorrectlyattributedto singu-
lar valuesexceedingunity dueto the lateralvelocity variations.
Whenthe matrix W is constructedby meansof modaldecom-
position, it is unconditionallystable: none of the eigervalues
exceedunity ([14], [8]).

Dellinger and Etgen[5] discussfor real-valued matrix opera-
tors, the differencebetweeneigervalueand singularvalue de-
compositionastoolsfor stability analysis. They shav thatthe
merefactthatall eigervaluesaresmalleror equalto unity does
notguarantestability of thematrix. In thefollowing we extend
the discussioron singularvalue and eigervalueanalysisin re-

lation to stability. Amongstothers,we addressomple-valued
matrices sinceW is comple. Furthermorave will shaw that,
in casethe extrapolationoperatorshave beenconstructedby

modaldecompositiongigervalueanalysiss decisve for stabil-
ity asmuchassingularvalueanalysis.

Somedefinitions

Throughouthispapemwewill consideisquaranatricegshatmay
or may not be complex-valued.We will call a matrix symmetric
whenit obeysthe property

A=AT, @
whereT' denotegtransposition.Matrix A is called Hermitian
when

A=A", ©)
whereH denotedranspositiorandcomplex conjugation A ma-
trix U is unitary whenit obeysthe property

v'u=1 @)
where] is theidentity matrix. Notethat||Uf|| = ||f|| for ary
vectorf. A matrix operatotis saidto be unconditionallystable
when

[[AL]] < [If]], ()
for ary vectorf. Notethat
[[A Ay A, - ATl < IF], (6)

for ary f whenall matricesA ,, obey equation(5).
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Eigenvalue decompositionand stability analysis
Weintroduceeigervaluesk andeigervectorse of matrix A via

Ae = Je. ©)
Theeigervalues\ arefoundby solving
det(A — AI) = 0. 8)

WhenA hasacompletesetof linearlyindependengigervectors
e, thenthe eigervaluedecompositiorf A reads®

A=LAL™, ©

wherethe columnsof matrix L areformedby the eigervectors
e and A is a diagonalmatrix, containingthe eigervaluesi on

its diagonal. For a matrix A that allows the decompositiorof

equation(9), ary power canbewrittenas

AY =LAYLT. (10)

Hence,when |A| < 1 for all ), then||A"Nf|| remainsfinite

for N — oo. However, ashasbeencorrectly pointedout by

DellingerandEtgen[5], for asymmetricmatrices,||A™Nf|| can
becomearbitrarily large for finite valuesof N. Thereforethe
criterion|\| < 1 aloneis not a sufiicient conditionfor stability.

Hence for an extrapolationmatrix constructediccordingo the
localexplicit method eigervalueanalysisdoesnotgive thefinal

verdictaboutstability.

A fundamentatheorenof matrix algebrastateghata Hermitian
matrix alwayshasa completesetof orthogonakigervectorsand
real-aluedeigervalueq[7], [3]). Hence for Hermitianmatrices
thedecompositiomlefinedn equation(9) is alwayspossibleand
canberewritten (afteranormalizationof the eigervectors)as

A =LAL' =LAL". (11)

SinceL is unitary, in this casethe criterion|A| < 1 (for all X)
impliesunconditionaktability.

Singular value decompositionand stability analysis

The singularvaluess of an arbitrary matrix A are definedas
the non-n@ative square-rootsf the eigervaluesof matrixB =
AAF . They arefoundby solving

det(B — s°’I) = 0. (12)
Thesingularvaluedecompositiorof A reads®
A=UsV", (13)

whereS§ is adiagonalmatrix,containingthesingularvaluess on
its diagonalin decreasingrder FurthermorelU andV areuni-
tary matrices.Thereforethe conditions < 1 (for all s) implies
unconditionaktability.

2Wewill seein alatersectionthatevenfor symmetricmatriceqin thesenseof
equation(2)] the decompositiomlefinedin equation(9) is not alwayspossible.

3A discussioron the existenceof this decompositiorfor complex-\aluedma-
tricesis beyondthe scopeof this paper

Somenumerical examples

DellingerandEtgen[5] extensively analyzedhe stability prop-
ertiesof asymmetricdeal-\alued2 x 2 matrices.Herewe show
with someexampleswhat can happento symmetricmatrices
whenthey arecomple-valued.

Considetthefollowing comple-valuedsymmetric2 x 2 matrix

(140 1
a=("1 L)

Its eigervaluesarefoundby solvingequation(8), accordingo

(14)

(T+i—M2)(1—1—X32)—1=0, (15)
yielding
=1 and Ao = 1. (16)

Despitethe symmetryof A andits unitaryeigervaluesthis ma-
trix is unstableasis easilyseerfrom thefollowing result

w00 _ {1+1
A _<100

100

1—1/°
Thereasonis thatthe eigervectorsarelinearly dependentsoa
decompositiorin the form of equation(9) is not possible. A

squarematrix A canalwaysbe written in the Jordancanonical
form

7

A=Crc, (18)

wherel is a block-diagonaimatrix with ‘Jordanblocks’ along
its diagonal([11], [7], [4]). For thesituationathandI' consists
of asingle2 x 2 Jordanblock, with the eigervaluesi; andX,
onits diagonalandanextra ‘diagonal’ containinga singlel:
14+: 1 i 2 11\ /-
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19)
Analogougo equation(10) we obtainfor the N'th power of A

AY =cr¢.

N _ 1 N
o= (o 7).

whichexplainstheunstableesultin equation(17). Thesituation
is evenworsethanbefore,sincehere|| AV f|| is unboundedor
N = .

Thesingularvaluesof A definedin equation(14) arefound by
solvingequation(12), with

w3 2+42i
B=24 _<2—2i 3)’

(20)

Notethat

(1)

(22)
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yielding
51:\/54—1 and 52:\/5—1.

Sinces; > 1, this analysisshovs immediatelythat A defined
in equation(14)is unstable.

Fortunatelynot all symmetriccomplex-valuedmatricesareun-
stable.Considetthefollowing 2 x 2 matrix

761

(23)

A= (24)

Notethat A is symmetricbut not Hermitian. Its eigervaluede-
compositiorreads

A=LAL™' =LAL" = (25)

I 1—i 0 4 L

V2 V2 V2 2 Vo)

N U 0 14 4

V2 V2 V2 V22
SinceL is unitaryand|A:| = |A2] = 1, matrix A definedin

equation(24) is unconditionallystable. This alsofollows from
its singularvaluedecompositionwhichyieldss; = s = 1.
Stability analysisof the extrapolation operator, constructed
with the modal decompositionmethod

As we mentionedn theintroduction the exactextrapolationop-
eratorVV shouldbe symmetricon basisof reciprocityconsider
ations. Fromthe discussiorandexamplesabove it follows that
symmetryalonedoesnot guaranteghat an eigervaluedecom-
positionof W exists. In this sectionwe review the construction
of W accordingto the modaldecompositiorapproactanddis-
cussits stability propertiesn termsof its eigervalues. In [14]
and[8] we definethe extrapolationmatrix VW asa solution of
the one-waywave equation

OW(z,2n)
Oz -
for z > z,, with W(z,, 2,) = I. The squae-root operator

H, (zx) isrelatedto theHelmholtzoperatorH, (2. ), according
to

—iH,(z,)W(z, zn), (26)

H,(2n) = Hi(22)H, (20)- (27)

The Helmholtzoperatoris Hermitianandreal-\alued,soit can
bewrittenas

H, (2n) = L(zn) A (zn)L 7 (20) = L(zn) A(z) L (20),
(28)
with
A(zn) = diag (Ma(za) -+ Anlza) - Ana(2a)), (29)
wheretheeigervaluesh,, (z») arereal-\valuedandL(z, ) is uni-
tary andreal-\alued.For H, (z») we maythuswrite

H, (2n) = L(22)A"? (20)L7 (20). (30)
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Fig. 1: Thelocationoftheeigervaluesk,l,,,{2 of thesquae-root operator
in the comple plane. (a) Homogeneosimedium.(b) Laterally variant
medium.(c) Eigervaluesfor homogeneasmedium.(d) Eigervaluesfor
laterally variantmedium.

Fig. 22 Schematicatepresentatiorof the eigervaluedecompositiorof
the squate-rootoperatorfor thehomogeneasmedium(top) andfor the
laterally variant medium(bottom).

Fromequation(29) we obtain

A2 (z) = diag (N (20) -+ A2 (zn) -+ AN (2) )
(31)

Notethatthe square-roobperatorH], (z») is Ssymmetricbut not
Hermitian, sincenot all eigen/alues)\}?{r‘)(zn) are real-\alued.
Thesignof A/ (2n) is chosersuchthatwhen,, (z,) is posi-
tive, then

RO (2n)} > 0, (32)
andwhen),, (zy,) is negative, then
S (@)} <0, (33)

seeFigurel. Equation(30)is visualizedin Figure2.
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Usinga Taylor seriesexpansionwe obtainfrom equation(26)

> —z,)" . .
W) =3 E ol e, @)
k=0 '
where,accordingo equation(30),
H} (2n) = L(20) A"/ (20) L7 (20). (35)

Substitutionin equation(34) gives

(2= 2n)"

(20 A () | LT (o).

W(z,22) = L(za) | )
k=0
The term betweenthe bracketsis recognizedas the Taylor ex-

pansionof anexponentiafunction. Hence

W(znt1,2n) = L(zn)W(zn41,20)L7 (20),  (36)

where
W (zns1,2n) = exp{—j(znt1 — 20)A % (22)}.  (37)

The latter matrix is a diagonalmatrix containingthe eigerval-

uesexp{—j(zn41 — zn))\in/Q (zn)} of W(zn41, 25 ). Notethat
W(zn41,2n) issSymmetricout notHermitian sinceits eigerval-

uesare comple-valued. Due to the propertiesof Al (zn), @s
describedy equationg32)and(33),themoduliof all eigerval-

uesof W(z,41, 2z ) areequalto or smallerthanunity, seeFig-

ure 3. Togethewith thefactthatL(z») is unitary, this implies
that W (zn41, 2z» ), asdefinedin equation(36), is uncondition-
ally stable. In recursve applications,W (zn41, z») is usually
modified after eachrecursionstep. Accordingto equation(6),

this hasno negative effect on the stability.

We concludethis sectionby deriving the singular values of

W(zn+1,2n). They aredefinedas the non-ngative square-
rootsof the eigervaluesof B = WW?# (equation12). From

equation(36) we obtain

B=WW" =L(WWL". (38)

Apparentlytheeigervaluesof B areequalto thesquareanoduli
of theeigervaluesof W (z,41, z»). Hence thesingularvalues
of W(zn41, 2») areequalto themoduli of its eigervalues.
Conclusions

Extrapolationoperatorsbasedon the ‘local explicit’ approach
arenotsymmetricwhenthe mediumis laterallyvariant. As has
beenpointedout by DellingerandEtgen([5], the stability anal-
ysis of theseoperatorscanbestbe donewith a singularvalue
decompositionWhenoneor moresingularvaluesexceedunity,
the operatoris notunconditionallystable.
Extrapolatioroperatordasednthe‘modaldecompositionap-
proachare symmetric,evenwhenthe mediumis laterally vari-
ant. Moreover, sincethey are constructedrom unitary eigen-
vector matricesand an eigervaluematrix with eigervaluesnot
exceedingunity, they are alwaysunconditionallystable([14],
[8]). For theseoperatorssingularvalueanalysisdoesnot give
additionalinformation.
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Fig. 3: Themoduliof the eigervaluesof the extrapolationmatrix, con-
structedwith the modal decompositiorapproach, see equation(36).
Sincethe eigervectormatrix is unitary and noneof the eigervaluesex-
ceedaunity, the extrapolationmatrix definedin equation(36) is uncon-
ditionally stable.
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