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Summary
In well-logswe oftenencountersharpoutliers,or singularities,
that are responsiblefor strongreflections. However, thesere-
flectorsaredifferent from step-functions,in a sensethat step-
functionsarescaleinvariantandthesesingularitiesarenot. In
this papera scaleanalysishasbeenperformedon syntheticand
realwell-logs,aswell ason their reflectionresponses,in order
to testamethodthatcandistinguishbetweenscaleinvariantand
scalevariantreflectors.We will show that it is possibleto ex-
tracta stablelocal singularityexponent� from a well-log, and
wecancharacterizethesameexponentoutof seismicreflection
data.
Introduction
Multi-scaleanalysisis usuallyperformedon well-logs,only re-
cently this analysisis beingappliedto seismicdata[1]. In this
paperwewill investigatemediathatcontainsingularities.If sin-
gularitiesaredescribedin a self-similarway, it canbe proven
that, except for the step-function,they arescalevariant. This
shouldimply [4] thattheangle-dependentseismicreflectionre-
sponseis scalevariantaswell, in a way that is directly linked
to thescalingbehavior of thewell-log. In thispaperwe will try
to extracta local singularityexponentbothfrom thewell-log as
well asfrom theseismicreflectiondataandwe will investigate
its stability. In thefirst exampleweconsiderasyntheticwell-log
with well-definedself-similarsingularities,in thesecondexam-
ple thesingularitieswill betakenfrom realwell-logs.
Example on a synthetic velocity well-log
We considerself-similar singularitiesin the velocity function������� of theform

�������	� 
 ���� �������� � for ��������� �������� � for ������� (1)

Thesyntheticwell-log in Figure1(a)consistsof two shiftedver-
sionsof thissingularity, whicharecharacterizedby asingularity
exponent� of � ��� � and ��� � respectively, and � � ��� � for both
singularities.Thestepfunctionin betweenthe two singularities
canalsobe seenasa singularity, but its singularityexponent�
mustthenbechosenas � , but in this case���! �"��� . Thedensity
will bechosenconstantthroughoutthecompletedepth-interval
atavalueof 1000kg/m# .
Themulti-scaleanalysiswill bedoneby meansof thewavelet-

transform.MallatandHwang[3] haveshownthatestimationsof
local regularityarepossiblewith themodulusmaximarepresen-
tation. As proposedandinvestigatedby Herrmann[2], we will
usethistransformto analyzethescale-propertiesof thewell-log.
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Fig. 1: (a) Syntheticwell-logasusedin this examle, (b) wavelettrans-
form of the well-log, (c) positionof modulus-maximalines in wavelet
transform,(d) log-logplot of amplitudealongmodulus-maximalinesvs.
scale(top) $&%('	)�* + , (middle) $,%-) , (bottom) $&%.)�* /
Thewavelet-transformmaps0 ����� to 10 �32546��� , accordingto

798 0 4;:=<>�32546���	� 10 �3254?���	�9@ 0 ����AB�DC2 :E� � A � �2 �GF���A
(2)

in which 2 is the scaledilatationparameter, 0 ����� the function
to betransformedand :H����� theanalyzingwavelet. In this study: has beenchosento be the first derivative of the Gaussian
window.

Figure1(b) shows the resultof this transformfor differentval-
uesof 2 , in the rangeof I �>4KJ��ML , hence

�DNPO�Q �32R�GS I C 4GJ�L . For the
analysisof this transformwe first takethemodulusof thedata
andthenweconnectthelocalmaximaof theneighboringtraces.
The lines that connectthe local maximaarecommonlyknown
asmodulusmaxima-lines.Weshouldbeableto retrieve thescal-
ing parameter� from alog-logplot of theamplitudealongthese
linesversusthescale,becauseby (see[4]):NPO�Q  1���32T4?��U=V?W�����X� NPO�Q 2,Y NPO�Q  1��� C 4 � UZV?W2 �� (3)

it follows that � is given by the slopeof this graph. We will
further on refer to this methodas the methodof WTMML’s
(WaveletTransformModulusMaximaLines).In Figure1(d)the
resultsof thisanalysisaregiven,for eachof thesingularitiessep-
arately. Thesefiguresshow clearlythatthewavelet-transformis
apowerful tool for theanalysisof scalingeffectsin well-logs.It
retrievesquiteaccuratelythevalueof thesingularityexponent.
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However, aswe hopethat � is a reliableseismicindicator, we
would like to retrieve � from seismicdata.
For normalincidencethis hasbeeninvestigatedby Dessinget.
al. [1]. In this analysiswe will incorporatealsoobliqueinci-
dentwaves,in orderto getmorestabelresults.For this purpose
seismicdatahasbeenmodeledin theabovementionedsynthetic
well-log, makinguseof a “reflectivity method”.
Figure2a shows the planewave responsein the ray-parameter
intercept-time([ 4]\ ) domainas well as an image in the ray-
parameterdepth([ 4;� ) domain. Note that for Figure2 the re-
flectionresponsê�_a`cb ����4 [ 4;\�� , which is modeledby a reflectiv-
ity method,hasbeenconvolvedwith a(symmetrical)wavelet,to
representthedatain amorecomfortableway.
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Fig. 2: (a), ( h5i�j )- and(b), ( h5i�k )- reflectionresponseof syntheticwell-
log

Theimageddataset l ([ 4;� )(Figure2bwill now begivena third
dimension,asvisiblein Figure3, by awavelettransformaccord-
ing to:

1l � [ 4;254?���	� 7m8 l 4�:Z<�� [ 4�254?���6� (4)

Thewavelet-transformwill betakenof theimagedimpulsere-
sponse,insteadof thereflectedwavefield.This is done,because
otherwisewewill beanalyzingthecombinedeffectof thereflec-
tivity andtheseismicwavelet,whichwill giveresultsthatarenot
easilyinterpretable.Notethatif thewaveletis nearerto aspike,
this effect becomeslessdeteriorative. For realseismicdatathis
implies that if we want to performthis scalinganalysison the
data,we have to deconvolve with the seismicwaveletasaccu-
ratelyaspossible,in orderto preventa falsecharacterizationof
its scalingbehavior.
Fromthe3-dimensionalcube 1l � [ 4;254?��� of Figure3, we select
cross-sectionsalongmodulusmaximumplaneswhichwill bede-
noted 1l � [ 4;254?��nEo6p�� , andwe will analyzecontoursof constant
amplitudesin theseplanes.Accordingto Wapenaar[4] we can
expect to find curvesof constantamplitude  1l � [ 4;254;��nqo6p��� in
themodulusmaximumplanes:

[ � e � 2 � � constant� (5)
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Fig. 3: 3-D representationof thescaleanalysison imagedseismicdatawxzy h5i�{�iGk�|
In figure4 we canseetheanalyticalcurvesfor thethreevalues
of � in the([ 4�2 )-plane,aswell astheresultsobtainedfrom the
numericalanalysiswe justdiscussed.
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Fig. 4: Analyticalcontoursalongwhichp
� e � { � % constant(a) $�%'	)�* + , (b) $"%}) , (c) $"%})�* / and the correspondingresults

obtainedfromtheimagein Figure2(b): (d), (e)and(f)

We canclearlyseethat the curvesin figure4d,e,f follow quite
accuratelythepredictedcurvesof 4a,b,c.

Examples on a real velocity well-log
The forementionedmethod has been performed on certain
strong reflectors in an actual sonic P-velocity log. In the
first examplea pieceof a log (Figure 5a) hasbeenchosenof
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Fig. 5: (a) Velocity functionasusedin this example(b) log-log plot of
amplitudealongmodulus-maximalines vs. scaleat a depthof around
160m (slope= $�~"'	)�* ��/ ) (c) Imagedreflectionresponseof this ve-
locity function(d) � wx�y h5i�{�i?k nEo6p |;� in a modulusmaximaplaneat the
samedepthastheanalysisin (b)

1500 samples(i.e. 250 m.) in which the acousticreflection
responsewas modeled. Making use of the methodof WT-
MML’s a reflectorwasfound at a depthof around160mwith
a constantsingularityexponent� =-0.32(seeFigure5b), in the�DNPO�Q 2 -range[2,5]. This scalerangeis approximatelyequalto
a wavelengthof 8 to 60 m, which correspondsto the higher
frequenciesin the seismicspectrum. The imagedreflection
responseis visible in Figure 5c. As we have usedthe same
samplingfor the velocity function as for the imaging,we can
statethat thescalesin all picturesaredirectly comparable.We
can seethat thereis a strongreflectorwhich conformsto the
onealreadypointedout. At thisdepthlevel awavelettransform
hasbeenperformedandwehavemeasuredtheamplitudeof the
envelopeof thereflectivity alongmodulusmaximaplanes.The
result of this analysisis given in Figure 5d. We can seethat
the overall trend of the curves is consistentwith the fact that
the local singularityexponentin the log is negative (compare
Figure4a)
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Fig. 6: (a) Velocity functionasusedin this example(b) log-log plot of
amplitudealong modulus-maximalinesvs. scaleat a depthof around
90 m (slope= $X~�) ) (c) Imagedreflectionresponseof this velocity
function(d) � wxzy h5i�{�iGk nEo6p |;� in a modulusmaximaplaneat the same
depthastheanalysisin (b)

We have alsoperformedthe methodon a log in which a step-
functionwaspresent( ����� ). Thislog whichis visiblein Figure
6a,containsthis step-functionat a depthof about90 m. At this
depththemethodof WTMML’s wasperformed.Theresultsof
thisanalysisarein Figure6b. Wecanclearlyseethatthesingu-
larity exponentis approximatelyequalto 0 for the logarithmic
scalerange[2,5]. Justas in the foregoing case,the (imaged)
reflectionresponseis given in Figure6c, andthe valueof the
reflectivity alongthemodulusmaximaplaneshasbeengivenin
Figure6d. In this picturewe canclearly seethat the patternis
differentfrom Figure5d. If we comparethesecurveswith the
analyticalcurvesin Figure4a,b,c,we canseethat the trendof
thecurvesis bestrepresentedby avalueof ����� .
Conclusion and discussion

We have shown that it is possibleto retrieve a scaleparameter
from thereflectionresponseof a medium,which is alsoconsis-
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tentwith theonederivedfrom a sonicvelocity log, in thesame
scalerange.Up till now, themethodhasnotbeentestedon real
reflectiondata.
Note that we only usedlocal amplitudeinformation(retrieved
from modulusmaximaplanes),to estimatethesingularityexpo-
nent. We will investigatethe possibility to includelocal phase
informationaswell, in orderto obtainmorestableestimatesof
thelocalsingularityexponent.
Whenlookingat theresultsobtainedfrom seismicdatamodeled
in the realwell-logs,we expectthat thesingularityexponent�
mayprove to bea usefulseismicindicator, in additionto other
parametersin AVA inversion.
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