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Summary

Angle-dependenteflectionfunctionsare generallyderived for

step-functionsof the medium parameters. However, outliers
in well-logs, responsibldor the main reflections often behave
quitedifferentfrom step-functionsUnlike step-functionsthese
singularitiesaregenerallyscale-ariant. As a consequeng, the
AVA-behaviour of thereflectionresponsef thesesingularitieds

scale-ariantaswell. In this papemwe discussa multi-scaleAVA

analysisprocedurefor the reflectionresponseof scale-ariant
singularities. In particularwe shaov that the proposednethod
yields information on the local singularity exponent«, which

may prove to be a usefulindicatorin seismiccharacterization.

Intr oduction

Amplitude-\ersus-angléAVA) analysisis generallybasedon a
model consistingof two homogeneoutayers, separatedy a
horizontalinterface(seeCastagnandBackusg[1], Chaptet, for

an extensvie list of references).This implies that the medium
parameterareassumedo behae asstep-function®f thedepth
coordinatez, atleastin afinite regionaroundheinterface.Since
astep-functiordoesnotalterwhenits scaleis changedthe AVA

behaviour of thereflectionresponsef a step-functiorinterface
is scale-ivariantaswell.

Looking at well-logs of, for example,the compressionalvave
velocity ¢(z), it appearghat the main outliers, responsiblefor

the main reflections, often behase quite different from step-
functions,seeFigure 1. This motivatesthe investigationof the
AVA behaviour of the reflectionresponsef singularitiesother
than the step-function. In this paperwe will investigatethe
multi-scaleAVA behaviour of scale-ariantsingularities.

A modelfor a scale-variantsingularity

In this papemwe considersingularitiesof theform

o(x) = {cl|z/zl|

forz <0

1
forz > 0, @

ca|z /22|

seeFigure2. Notethatfor « = 0 this functionreducedo the
step-function.For @ # 0 this function nicely captureghe sin-
gular behaviour of the type of outlier, obsenedin Figure1 at
z = 550 m. Moreover, the power spectrunof the derivative of
¢(z) appearso beproportionalo |k.|~2*; WaldenandHosken
[5] have obseneda similar powerlaw behaiour for well-logs.
Last,but notleast,this singularityis self-similar accordingo

c(Bz) = B%(z) for B >0, 2)

seeFigure2. This propertywill be exploitedin the analysisof
the multi-scaleAVA behaviour of thereflectionresponsef this
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Fig. 1: Well-log of P-wavevelocityc(z).

singularity Beforewe cometo that, we first analyzethe multi-
scalebehaviour of the singularityitself.
Multi-scale analysisof the singularity
Thefollowing analysisis dueto Mallat andHwang[4] andhas
beenappliedto well-logs by Herrmann[3]. Let the wavelet
transformé(o, z) of ¢(z) bedefinedas

Ho,2) = ;7/_2 c(z/)w(Z/ _Z)dz’, (0> 0),

a

©)
with ¥ (z) beinga properanalyzingwavelet, o thescaleparam-
eterandy anormalizatiorcoeficientthatwill be specifiedater
Replacing:’ by o2’, dz’ by odz’ andsubstitutingequation(2)
yields

é(o,2z) = aa+1_“/ c(2"YV(z' — z/a)dz,
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Fig. 2: Theself-similarsingularityc(z) of equation(1), witha = —0.4,
c1 = 2000 m/s,co = 3000 m/s,z; = zo = 10 m. The“zoom-factor”
ischoseras3 = 0.2, hencethescalingfactor 3% equals1.904.

or, comparingheright-handsidewith thatof equation(3),

&o,2) = o', 2/ o). 5)
Let z = zmax denotethe z-valuefor which |é(e, z)| reachests
maximumfor a fixed scales. Mallat and Hwang[4] definea
modulusmaximaline asthe curve in the (o, z)-planethat con-
nectsthelocal maxima|é(e, zmax)| for all . Choosingu = 1,
it follows from equation(5) thatthe logarithmof the amplitude
alongthe modulusmaximaline is givenby

log|é(o, zmax)| = alogo +1og|é(1, zmax /)], (6)

log|&(o, Zmax)|

2 3 4 5 6

— logo

Fig. 3: Amplitudealong a modulusmaximaline of (o, z). Theslope
o = —0.4 is equalto thesingularityexponentf ¢(z) in Figure 2.

seeFigure3. It appearshatthe slopeof this modulusmaxima
functionis equalto the singularityexponente. Herrmann[3]
hasappliedthis type of multi-scaleanalysisto well-logs. His
resultsshow thatthemodulusmaximafunctionsof mary singu-
laritiesin well-logs exhibit a constanty behaviour (asin Figure
3) over awide rangeof scales.

Multi-scale AVA analysisof the reflectionresponse:
numerical approach

Before we analytically derive the multi-scale AVA behaviour
of the reflectionresponseyve first discussa numericalexperi-
mentandmakesomeobsenations.For this experimentwe con-
sidera mediumwith its velocity definedby equation(1), with
a = —0.4, c; = 2000 m/s,cz = 3000 m/sandz; = z2 = 10
m. We approximatehis mediumby alayeredmediumwith ho-
mogeneoufayerswith alayerthicknessof 1 m andwe employ
the standardreflectivity method’to modelthe plane-wae re-
flectionandtransmissiomesponsedgrigure4 shavstheincident
andreflectedvavesin the (p, 7)-domainat500m abovethesin-
gularity, Figure5 thetransmittedvavesat 500m below the sin-
gularity. For displaypurposesheimpulseresponsebave been
cornvolvedwith a Rickerwaveletwith a centralfrequeny of 32
Herz.

Let thewavelettransformof (p, 7)-databe definedas

1 [~ =
i(p,o,7) = o'_l‘/ u(p, 7")'1;’1(7 pn T)dTI.

The normalizationcoeficient  will now be chosensuchthat
for the specialcaseof a step-functioninterface(a = 0) the
amplitudesof the transformedmpulseresponsei(p, o, 7) are
scale-ivariant.For this situationthereflectionresponsés of the
formu(p, 7) = ro(p)d(7 — 1) and,consequentlyii(p, o, 7) =

o *ro(p)y(™>"). Hencejf we chooseu = 0, theamplitudes

in a(p, o, 7) arescale-ivariantfor this situation.
We appliedthe transformdefinedin equation(7) (with 4 = 0)

)
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Fig. 4: Numericalreflectionresponseq = —0.4.
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Fig. 5: Numericaltransmissiorresponsey = —0.4.

to thereflectionimpulseresponséFigure4, without the Ricker
wavelet). The maximumamplitudesof the modulusof each
tracein u(p, o, 7) areshown in the (p, o)-planein Figure®6. It
is interestingto notethatfor p = 0 the amplitudesare scale-
invariant(i.e., independenbf ), just aswe derived above for
the specialcaseof a step-functiorinterface. For p # 0, how-
ever, theamplitudestlearlyshowv ascale-wariantbehaviour. This
is alsoseerin Figure7, which containghe contoursof constant
amplitudein Figure6. Notethatthesecontouravould have been
verticallinesif we hadappliedthe samemulti-scaleanalysisto
thereflectionresponsef a step-functiorinterface.

Multi-scale AVA analysisof the reflectionresponse:
analytical approach

In this sectionwe will explain theresultsobseredin the previ-
oussectionin ananalyticalway. At lastyears SEGwe shaved
alreadythattheanalyticalnormalincidencereflectionandtrans-
missioncoeficientsarefrequeng-independen(Wapenaaf6]).

Fig. 6: Maximumamplitudesof the wavelettransformof the reflection
responsén Figure4.
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Fig. 7: Contoursof constantamplitudein Figure 6.

This explainsthe scale-ivariantamplitudebehaviour for p = 0
in Figure6. For obliqueincidencewe will not derive explicit
expressiondor the reflectioncoeficient, but we will derive its
multi-scaleAVA behaviour directly from the self-similarity re-
lation (2). Our startingpoint is the wave equationin the (p, 7)-

domain:
[88?_ (02(%)—}72) 88?] u(z,p, ) =0. (8)

Replacing: by 8z, substitutingequation(2) andmultiplying the
resultby 32 gives
? 1 o 2 ?
[@ - (m —(8p) )W] u(Bz,p, ) = 0(~9)

The term betweenthe squarebracketsis the sameasin equa-
tion (8), with p replacedby 8%p and = replacedby g°~'r.
Hence equation(9) is satisfiedby u(z, 3%p, 3~ r) aswell as
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u(Bz,p, 7). Consequently
u(z,8%p, 87" ) = f(a)u(Bz,p, 7),

wheref(«) is anundetermined-dependenfactor In theupper
half-spacez < 0 we definean ‘incident’ wave field »™° (with
positive power flux) anda ‘reflected’wave field «"? (with neg-
ative power flux), both obeying equation(10) with oneandthe
samefactor f(«). For our analysiswe do not needto specify
this ‘decomposition’ary further We relatetheseincidentand
reflectedvave fieldsvia areflectionkernelr(p, ), accordingo

0
ureﬂ(_67p7 T) = /
—o0

with e — 0. Replacinge by Be, substitutingequation(10) for
u'" andu™ andcomparingheresultwith equation(11)learns
thatthereflectionkernelobeys thefollowing similarity relation

r(p,7) = 87711 (8P, 8771 7).

Analogousto equation(7) (with p
wavelettransformof r(p, 7) by

F(p,o,7) = /_OO r(p, T’)w<TI;T)dT'~

Substitutingequation(12), replacingr’ by 8' =7’ anddr’ by
B'=>dr' yields
)d‘r'7

F(p,o,7) = /
—oo (14)

or, comparingheright-handsidewith thatof equation(13),

(10)

T(p, _— TI)Uinc(—Qp, T,)dT’7
11)

(12)

0), we introducethe

(13)

7_/ _ ﬁa—lT

r(ﬁa}% T/)l/i(w

#(p,o,7) = #(8%p, 810,877 7).

Let T = mmax denotethe r-valuefor which |7(p, o, 7)| reaches
its maximumfor fixedp ands. We definea modulusmaxima
planeasthe planein the (p, o, T)-spacethat connectghelocal

maxima|7(p, o, Tmax )| for all p ande. It follows from equation
(15) that the reflectionamplitudein a modulusmaximaplane

behaesas

(15)

|7F(P7 a, TmaX)| = |’x(ﬁapvﬂa_lavﬁa_17max.)|~ (16)

The latter equationimplies that contoursof constantreflection
amplitudein amodulusmaximaplanearedescribedy

p' "% = constant, a7
seeFigure8. Notethatfor « = —0.4 thesecurvesexplain the
numericallyobtainedcontoursin Figure7. For « = 0 these
curvesreduceto p = constant, indicatingagainthatthereflec-

tion responsef a step-functiorinterfaceis scale-ivariant.
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Fig. 8: Curvesof constantamplitudein the modulusmaximaplane of

the wavelettransformedreflectionkernel7(p, o, 7), fora = —0.4, 0

and0.2, respectively

Conclusionand discussion

The AVA-behaviour of the reflectionresponsef a scale-ariant
singularityis scale-ariantaswell. It hasbeenshovn thatthe
singularity exponenta governsthe amplitudebehaviour in the
modulusmaximaplanesof the wavelet transformedreflection
responséFigure8). It is importantto notethattheanalysisvas
basedonly on the similarity relationc(8z) = 8%(z) (equa-
tion 2) ratherthanon the definition of the singularity (equation
1). Thisimpliesthattheresults(in particularequation17) hold
truefor ary singularitythatapproximatelyobeys the similarity
relation(2) over a certainrangeof scales.In a companionpa-
per(GoudswaaréndWapenaaf2]) we analyzethe multi-scale
AVA behaiour of the reflectionresponsef real well-log sin-
gularitiesthat approximatelyobey equation(2) in the seismic
scale-rangelt appearshatthe amplitudesn the modulusmax-
imaplanesapproximatelyobey equation(17),which meanghat
the singularity exponentswy of thesereal well-log singularities
canberesohedfrom the seismicdata.

The exponenta may prove to be a usefulindicatorin seismic
characterizationjn addition to the other parameterghat are
commonlyresohedby AVA inversion.
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