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Summary
Angle-dependentreflectionfunctionsaregenerallyderived for
step-functionsof the medium parameters. However, outliers
in well-logs, responsiblefor the main reflections,often behave
quitedifferentfrom step-functions.Unlike step-functions,these
singularitiesaregenerallyscale-variant. As a consequence,the
AVA-behaviourof thereflectionresponseof thesesingularitiesis
scale-variantaswell. In thispaperwediscussamulti-scaleAVA
analysisprocedurefor the reflectionresponseof scale-variant
singularities. In particularwe show that the proposedmethod
yields informationon the local singularityexponent � , which
mayprove to beausefulindicatorin seismiccharacterization.

Intr oduction
Amplitude-versus-angle(AVA) analysisis generallybasedon a
model consistingof two homogeneouslayers,separatedby a
horizontalinterface(seeCastagnaandBackus[1], ChapterI, for
an extensive list of references).This implies that the medium
parametersareassumedto behaveasstep-functionsof thedepth
coordinate� , atleastin afinite regionaroundtheinterface.Since
astep-functiondoesnotalterwhenits scaleis changed,theAVA
behaviour of thereflectionresponseof a step-functioninterface
is scale-invariantaswell.
Looking at well-logs of, for example,the compressionalwave
velocity � � ��� , it appearsthat the main outliers,responsiblefor
the main reflections,often behave quite different from step-
functions,seeFigure1. This motivatesthe investigationof the
AVA behaviour of the reflectionresponseof singularitiesother
than the step-function. In this paperwe will investigatethe
multi-scaleAVA behaviour of scale-variantsingularities.

A model for a scale-variantsingularity
In this paperweconsidersingularitiesof theform

� � ����� � �
	�� �����	�� � for ���������� �������� � for ������� (1)

seeFigure2. Note that for � ��� this function reducesto the
step-function.For ������ this functionnicely capturesthesin-
gular behaviour of the type of outlier, observed in Figure1 at��� ����� m. Moreover, thepower spectrumof thederivative of� � ��� appearsto beproportionalto � !�"��$# � � ; WaldenandHosken
[5] have observeda similar power-law behaviour for well-logs.
Last,but not least,thissingularityis self-similar, accordingto� �&% ����� % � � � ��� for

% �'��� (2)

seeFigure2. This propertywill be exploitedin theanalysisof
themulti-scaleAVA behaviour of thereflectionresponseof this
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Fig. 1: Well-log of 2 -wavevelocity 35476�8 .
singularity. Beforewe cometo that,we first analyzethemulti-
scalebehaviour of thesingularityitself.
Multi-scale analysisof the singularity
Thefollowing analysisis dueto Mallat andHwang[4] andhas
beenappliedto well-logs by Herrmann[3]. Let the wavelet
transform 9� �;: �<��� of � � ��� bedefinedas9� �;: �=�����?>:A@CBED# D � � ��FG�<HJI � F�K �: L�M ��F&� �;: ���N�5� (3)

with H � ��� beingaproperanalyzingwavelet,
:

thescaleparam-
eterand O anormalizationcoefficientthatwill bespecifiedlater.
Replacing� F by

: � F , M � F by
: M � F andsubstitutingequation(2)

yields 9� �;: �<����� : ��P 	 # @ B D# D � � ��FG�<H � ��F K �� : � M ��F&� (4)
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Fig. 2: Theself-similarsingularity 35476�8 ofequation(1),with \^]`_�a�b c ,3 	 ]�dea�a�a m/s, 3 � ]gf�a�a�a m/s, 6 	 ]g6 � ]ih5a m. The“zoom-factor”
is chosenas j�]ka�b d , hence,thescalingfactor j � equals1.904.

or, comparingtheright-handsidewith thatof equation(3),9� �;: �<����� : ��P 	 # @ 9� � > �<�� : �5l (5)

Let �^�m��npo<q denotethe � -valuefor which �&9� �;: �<����� reachesits
maximumfor a fixed scale

:
. Mallat andHwang[4] definea

modulusmaximaline asthe curve in the
�;: �=��� -planethat con-

nectsthelocalmaxima �&9� �;: �=� nro<q ��� for all
:

. ChoosingOs� > ,
it follows from equation(5) thatthe logarithmof theamplitude
alongthemodulusmaximaline is givenbytGu�v �&9� �;: �=� nro<q ���
� � tGu
v :Cw tGu�v �&9� � > �=� nro<q  : ���x� (6)

sig
654321

13

12.5

12

11.5

11

10.5

10 y z { |

} ~ � � �� � � � � � � � � �

Fig. 3: Amplitudealong a modulusmaximaline of �3547���;6�8 . Theslope\C]`_�a�b c is equalto thesingularityexponentof 354&6�8 in Figure2.

seeFigure3. It appearsthat theslopeof this modulusmaxima
function is equalto the singularityexponent � . Herrmann[3]
hasappliedthis type of multi-scaleanalysisto well-logs. His
resultsshow thatthemodulusmaximafunctionsof many singu-
laritiesin well-logsexhibit a constant� behaviour (asin Figure
3) over awide rangeof scales.
Multi-scale AVA analysisof the reflectionresponse:
numerical approach
Before we analytically derive the multi-scaleAVA behaviour
of the reflectionresponse,we first discussa numericalexperi-
mentandmakesomeobservations.For thisexperimentwecon-
sidera mediumwith its velocity definedby equation(1), with� � K ��l � , ��	��E�����
� m/s, ���������
��� m/sand ��	�������� > �
m. We approximatethis mediumby a layeredmediumwith ho-
mogeneouslayerswith a layerthicknessof 1 m andweemploy
the standard‘reflectivity method’ to model the plane-wave re-
flectionandtransmissionresponses.Figure4 showstheincident
andreflectedwavesin the

�x� ����� -domainat500m abovethesin-
gularity, Figure5 thetransmittedwavesat 500m below thesin-
gularity. For displaypurposesthe impulseresponseshavebeen
convolvedwith aRickerwaveletwith a centralfrequency of 32
Herz.
Let thewavelettransformof

�x� ����� -databedefinedas9� �x� � : ��������>: @CB D# D � �x� ����F��<HCI � F�K �: L�M ��F�l (7)

The normalizationcoefficient O will now be chosensuchthat
for the specialcaseof a step-functioninterface( � ��� ) the
amplitudesof the transformedimpulseresponse9� �x� � : ����� are
scale-invariant.For thissituationthereflectionresponseisof the
form � �x� ������� �5¡ �x� �£¢ � � K ��¡�� and,consequently, 9� �x� � : �����r�: # @ � ¡ �x� �<H �
¤£¥ # ¤¦ � . Hence,if wechooseO§�i� , theamplitudes
in 9� �x� � : �¨��� arescale-invariantfor thissituation.
We appliedthe transformdefinedin equation(7) (with O�� � )
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Fig. 4: Numericalreflectionresponse,\C]`_«a�b c .
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Fig. 5: Numericaltransmissionresponse,\�]`_�a�b c .

to thereflectionimpulseresponse(Figure4, without theRicker
wavelet). The maximumamplitudesof the modulusof each
tracein 9� �x� � : ����� areshown in the

�x� � : � -planein Figure6. It
is interestingto note that for

� �®� the amplitudesarescale-
invariant(i.e., independentof

:
), just aswe derived above for

the specialcaseof a step-functioninterface. For
� ���� , how-

ever, theamplitudesclearlyshow ascale-variantbehaviour. This
is alsoseenin Figure7, whichcontainsthecontoursof constant
amplitudein Figure6. Notethatthesecontourswouldhavebeen
vertical linesif we hadappliedthesamemulti-scaleanalysisto
thereflectionresponseof astep-functioninterface.

Multi-scale AVA analysisof the reflectionresponse:
analytical approach

In this sectionwe will explain theresultsobservedin theprevi-
oussectionin ananalyticalway. At lastyear’s SEGweshowed
alreadythattheanalyticalnormalincidencereflectionandtrans-
missioncoefficientsarefrequency-independent (Wapenaar[6]).

0
0.2

0.4
0.6

0.8
1

x 10
-3

5

10

15

20
0

0.2

0.4

0.6

0.8

1

¯°
Fig. 6: Maximumamplitudesof thewavelettransformof the reflection
responsein Figure4.
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Fig. 7: Contoursof constantamplitudein Figure6.

Thisexplainsthescale-invariantamplitudebehaviour for
� �³�

in Figure6. For obliqueincidencewe will not derive explicit
expressionsfor the reflectioncoefficient, but we will derive its
multi-scaleAVA behaviour directly from the self-similarity re-
lation (2). Our startingpoint is thewave equationin the

�x� �¨��� -
domain: ´�µ �µ � � K I¶>� � � ��� K � � L

µ �µ � �¸· � � �¸� � �����r�i��l (8)

Replacing� by
% � , substitutingequation(2) andmultiplying the

resultby
% � gives´¹µ �µ � � K I >� � � ��� K �&% � � � � L

µ �� µ % � # 	 ��� ��· � �&% �¸� � �����p�i��l(9)

The term betweenthe squarebracketsis the sameas in equa-
tion (8), with

�
replacedby

% � � and � replacedby
% � # 	 � .

Hence,equation(9) is satisfiedby � � �¸� % � � � % � # 	 ��� aswell as



Multi-scale AVA analysis� �&% �¸� � ����� . Consequently,� � �¸� % � � � % � # 	 ���p�³º � � � � �&% �¸� � �����5� (10)

whereº � � � is anundetermined� -dependentfactor. In theupper
half-space�k�»� we definean ‘incident’ wave field ��¼ ½�¾ (with
positivepowerflux) anda ‘reflected’wavefield ��¿&ÀÂÁ (with neg-
ative power flux), bothobeying equation(10) with oneandthe
samefactor º � � � . For our analysiswe do not needto specify
this ‘decomposition’any further. We relatetheseincidentand
reflectedwavefieldsvia areflectionkernel � �x� ����� , accordingto� ¿&ÀÂÁ � KÄÃ � � �����r� B D# D � �x� ��� K ��F�� � ¼ ½�¾ � KÄÃ � � ����F�� M ��FÂ� (11)

with ÃCÅ � . ReplacingÃ by
% Ã , substitutingequation(10) for��¼ ½�¾ and � ¿&ÀÂÁ andcomparingtheresultwith equation(11)learns

thatthereflectionkernelobeys thefollowing similarity relation� �x� �����p� % � # 	 � �&% � � � % � # 	 ���5l (12)

Analogousto equation(7) (with OÆ�Ç� ), we introducethe
wavelettransformof � �x� ����� by9� �x� � : �����r� B D# D � �x� ����FG�<HJI � F K �: LÈM ��F�l (13)

Substitutingequation(12), replacing � F by
% 	 # � � F and M � F by% 	 # � M � F yields9� �x� � : �����p� B D# D � �&% � � ����FG�<HJI � F K
% � # 	 �% � # 	 : L�M ��F&�

(14)

or, comparingtheright-handsidewith thatof equation(13),9� �x� � : �����p�É9� �&% � � � % � # 	 : � % � # 	 ���5l (15)

Let �Ê�»� npo<q denotethe � -valuefor which �Â9� �x� � : ������� reaches
its maximumfor fixed

�
and
:

. We definea modulusmaxima
planeastheplanein the

�x� � : ����� -spacethat connectsthe local
maxima �Â9� �x� � : ���5nro<q���� for all

�
and
:

. It follows from equation
(15) that the reflectionamplitudein a modulusmaximaplane
behavesas�Â9� �x� � : ��� nro<q ���
���Â9� �&% � � � % � # 	 : � % � # 	 � nro<q ���$l (16)

The latter equationimplies that contoursof constantreflection
amplitudein amodulusmaximaplanearedescribedby� 	 # � : � �iË u�ÌÎÍ<Ï<Ð�Ì�Ï � (17)

seeFigure8. Note that for � � K ��l � thesecurvesexplain the
numericallyobtainedcontoursin Figure7. For � �Ñ� these
curvesreduceto

� �mË u�Ì¸Í<Ï<Ð�Ì�Ï , indicatingagainthatthereflec-
tion responseof astep-functioninterfaceis scale-invariant.
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Fig. 8: Curvesof constantamplitudein the modulusmaximaplaneof
the wavelettransformedreflectionkernel �Ò 4GÓ��Â���£Ô�8 , for \Õ]E_�a�b c , a
and a�b d , respectively.

Conclusionand discussion
TheAVA-behaviour of thereflectionresponseof ascale-variant
singularityis scale-variantaswell. It hasbeenshown that the
singularityexponent� governsthe amplitudebehaviour in the
modulusmaximaplanesof the wavelet transformedreflection
response(Figure8). It is importantto notethattheanalysiswas
basedonly on the similarity relation � �&% ����� % � � � ��� (equa-
tion 2) ratherthanon thedefinitionof thesingularity(equation
1). This impliesthat theresults(in particularequation17) hold
truefor any singularitythatapproximatelyobeys thesimilarity
relation(2) over a certainrangeof scales.In a companionpa-
per(GoudswaardandWapenaar[2]) we analyzethemulti-scale
AVA behaviour of the reflectionresponseof real well-log sin-
gularitiesthat approximatelyobey equation(2) in the seismic
scale-range.It appearsthattheamplitudesin themodulusmax-
imaplanesapproximatelyobey equation(17),whichmeansthat
the singularityexponents� of thesereal well-log singularities
canberesolvedfrom theseismicdata.
The exponent � may prove to be a useful indicator in seismic
characterization,in addition to the other parametersthat are
commonlyresolvedby AVA inversion.
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