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Summary

Angle-dependentreflection functions are generallyde-
rived for step-functionsof the medium parameters.A
step-functionis aspecialcaseof aself-scalingsingularity.
In this paperwe investigatetheAVA reflectionbehaviour
of self-scalinginterfaces.It appearsthat for

��� �
the

self-scalinginterfaceactsasa stepfunction,whereasfor�����
theAVA reflectionbehaviouris dominatedby the

scalingparametersof theinterface.

Intr oduction

Angle-dependentreflection functions are generallyde-
rived by solving the boundaryconditionsat an interface
betweentwo homogeneoushalf-spaces.For two elastic
half-spacesthis yields the well-known Zoeppritzequa-
tionswhich, in turn,areoftenusedasthebasisfor AVA-
inversion(Ostrander, 1984;SmithandGidlow, 1987).

By consideringtwo homogeneoushalf-spacesit is implic-
itly assumedthat themediumparametersasa functionof
deptharedescribedby step-functions.Obviouslya step-
function is just onespecificexampleof a more general
classof functions that describethe transition from one
constantvalueto another. Recentlytherehasbeenmuch
interestin theanalysisof “self-scaling”singularities(i.e.,
singularfunctionsthathavethesameappearanceatdiffer-
entscales;Mallat andHwang,1992;Herrmann,1994).

Theaim of thispaperis to investigatetheAVA behaviour
of interfacesthatarecharacterizedby self-scalingsingu-
larities. For conveniencewe considerthe acousticcase.
For normal incidencewe consideranalytical solutions.
Theseserveasacheckfor thenumericalcodethatis used
to modeltheresponsesfor obliqueincidence.

A self-scalingmedium

First we consider the rather academicsituation of a
mediumthatis self-scalingfrom �	��
 � to ��� � . Let
thecompressibility������ bedefinedaccordingto

�������������� ��� ��� (1)

where� is aparameterthatdescribesthe“strength”of the
singularity(with ��� 
�! ). The massdensityis chosen
constant,accordingto "#����$�%" � , hence,thepropagation
velocity reads

& ��'�(� & ��� ���*),+ -�� (2)
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Fig. 1: Theself-scalingfunction A�BDC�E�FGA#HJI CKI L , with A#HMFGNPOQSR'T�UVU
and WXF R'Y N . The“zoom-factor” is chosenas Z[F Y]\ ,

hence,theverticalscalingfactor is Z L F Y ^_\`^ .
with & �$��aJ���_"J�Jb )dc- . Theself-scalingbehaviourof ����'�
and & ���� canbemathematicallyexpressedas

��De������fe�������'� and & ge����(�hei) + - & ����j� (3)

for eX� � . This propertyis visualizedin Figure1, where
it becomesclearthatthemedium“looks thesame”atdif-
ferentscales.For verticalwavepropagationthroughthe
mediumdefinedby equations(1) and(2) thewaveequa-
tion canbesolvedanalytically(Wapenaar, 1996).Its solu-
tion canbeexpressedin termsof Hankelfunctionsk	lDmSn oqpr
of fractionalorder st�u�vMwx�y� ) m , accordingtoz ��K�|{P�i}�~ � ���Vk lDmSn oSpr g����� for ���� � � (4)

etc.,where ����v�s�{�� ��� c-��K� & � . Throughoutthis paperwe
choose{X� � . Notethat

z ����V{P� obeysthefollowing scal-
ing property z De����V{P�(� ~ e z ��K��e c-���{P��� (5)

for e�� � . Apparentlya scalingof the depthimplies a
scalingof thefrequencyandvice versa.

Reflectionand transmissioncoefficients

For thehalf-space��� � we expressthe total wavefield
asthesumof an“incident” and“reflected”wavefield,ac-
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Fig. 2: Modulusof reflectioncoefficientasa functionof W .
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Fig. 3: Phaseof reflectioncoefficientasa functionof W .
cordingtoz ��K�|{P�i� ~ � ����k lgm|pr g����
�� ~ � ���|k l�oqpr D�#� (6)

andfor ��� � asa“transmitted”wavefield, accordingtoz ��K�|{P�i��
M� ~ � ����k l�oSpr g����  (7)

Thesolutionsfor �¡� � and �¡� � areconnectedby as-
sumingcontinuityof

z ��K�|{P� and ¢_£ l¥¤_n ¦�p¢ ¤ at �t� � . This
yields

�X��!(wx� with �f� §(¨�©'ª �s�«��ª¬�® �s�«���
 §i¨�©�ª �s�«�� � (8)

seeFigures2 and3. Note that thesecoefficientsare in-
dependentof the frequency{ ! For small � equation(8)
maybe approximatedby � ¯±° �² § . This meansthat in
the time domainthereflectionresponseis approximately
proportionalto theHilbert transformof theincidentfield.

Normal incidenceexample(analytical)

For �³� �  ]´ and & � �¶µ ���'� m/s, therealpartof the to-
tal pressure(equations6,7 and8) is shownin Figure4 for
frequenciesrangingfrom 5 to 75Hz. Fromthisfigurethe
scalingbehaviourexpressedby equation(5)canclearlybe
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Fig. 4: Realpart of total pressure ¾ .
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Fig. 5: Timedomainsolutionin a VSP-likepresentation.

observed.Time domainsolutionswereobtainedby mul-
tiplying thesedatafor eachdepthlevel � with the spec-
trumof a Rickerwavelet(with centralfrequency

� � = 20
Hz) andby applyingan inverseFouriertransformto the
time domain(to this enda muchdenserfrequencysam-
pling wasusedthan is shownin Figure4). The result
is shownin Figure5. Note that the scatteredwavesap-
pearto originatefrom thesingularityat �î� � andthatthe
reflectionresponseis indeedapproximatelyproportional
to theHilbert transformof the incidentfield. This result
servedasareferencefor evaluatingthevalidity of “layer-
code”modelingfor self-scalingmedia.Forthecentralfre-
quencyof theRickerwavelet(

� � = 20Hz) andthelowest
velocity ( & �����ï ��� �î��ï#µ � m/s)thewavelengthis 22.5
m. For the numericalmodelingwe chosea layer thick-
nessof ðt�î�u! m, which is significantlysmallerthanthe
wavelength.For normalincidence,thenumericalresults
appearedto benearlyindistinguishablefrom theanalyti-
cal results.This confirmsthat it is allowedto modelthe
responseof a self-scalingmediumnumerically, provided
thatthediscretizationintervalis sufficiently smallin com-
parisonwith theseismicwavelength.
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Oblique incidenceexample(numerical)

We performednumericalmodelingfor a rangeof raypa-
rametersñ (i.e., for a rangeof propagationangles).The
resultsat ���ò
,ï ��� m (the“reflection” response)andat���óï �'� m (the “transmission”response)areshownin
Figure6 (thetracesat ñ�� � arethesameasthefirst and
lasttracein Figure5).

Thedepth-dependentpropagationangle ô#���� is relatedto
therayparameterñ andthepropagationvelocity & ���� , ac-
cordingto ñ[�öõ ª�¬�® ô#��'��÷ � & ���� . Hence,abovethesingu-
larity, ô#���� increaseswith depthfor anyfixed ñ¡�� � . Since
thevelocity at thesingularityis infinite, ô#��'� becomes90
degreesbeforethesingularityis reached.Hence,for anyñu�� � thereis a turningpoint abovethesingularity. For
low ñ -valuesthis turningpointis in thevicinity of thesin-
gularity and“tunneling” occurs(that is, wavesaretrans-
mitted to the lower half-space,despitethe turning point,
seeFigure6). Forlargerñ -valuestheturningpointissuffi-
cientlyfarabovethesingularity(in termsof wavelengths),
so thatno wavespenetrateinto the lower half-spaceand
total reflectionoccurs.

From the reasoningabove it follows that the angle-
dependentcoefficientsmustbea functionof frequencyas
well. Figure7 showsthereflectioncoefficient asa func-
tion of therayparameterñ andthefrequency

�
(obtained

from the Fouriertransformedreflectionresponsein Fig-
ure 6). For ñu� � this numericallyobtainedcoefficient
appearsto befrequency-independent(asit shouldbe). Its
numericalvaluereads� �t�_� �   ï#ø�ø (for comparison,from
equation(8) we obtain � �t�î� �   ï�øùï ). For increasingñ
the reflectioncoefficient becomesindeedfrequencyde-
pendent.Forsufficiently high ñ and

�
it approachesunity,

dueto theabovementionedturningpointeffects.

A self-scalinginterface

Next we considera self-scalinginterface, i.e., a self-
scalingsingularityembeddedbetweentwo homogeneous
half-spaces.Let thevelocity functionbedefinedby

& ��'�(�
úûûûûü ûûûûý
& � for ���f�`�& m � �$
�� m � )�� c�þ o for �`�ÿ� ���f� m& o � �$
�� m � )�� - þ o for � m � ���f� o& � for � o � �

(9)

andlet this functionbecontinuousat � � and � o . For this
situationthenormalincidencereflectionandtransmission
coefficientscanagainbecalculatedanalytically. There-
sultingexpressionsarequite involved(Wapenaar, 1996).
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Fig. 6: Angle-dependent“r eflection” and “transmission” re-
sponseobtainedwith numericalmodeling.

0
0.5

1
1.5

2

x 10
-320

40

60

0

0.2

0.4

0.6

0.8

1 � � �

�	
Fig. 7: Angle-dependentI 
dI for differentfrequencies.

As can be understoodthe coefficients appearto be fre-
quencydependent.For

� � �
we obtain � �  & � 
& ��� �  & � w & ��� , hence,theinterfaceactsasastepfunction.

For
��� �

the reflectionandtransmissioncoefficients
aredominatedbythescalingbehaviourbetween�_� and� o ;
for thespecialcasethat � m ��� o weobtain

� �
�� -��- ) � -��c� -��-�� � -��c

�
ª�¬�® �s�«���w §y¨�©'ª �s�«��ª�¬�® �s�«���
 §(¨�©�ª �s�«��   (10)
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Fig. 8: Velocityfunctionfor a self-scalinginterface
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Fig. 9: Reflectioncoefficientof a self-scalinginterface

Normal incidenceexample(analytical)

We considera self-scalinginterfacedescribedby eqn(9),
with a � � �S� m �S� o b¶� a�
�! � � � �`! � b m, a & � � & m � & o � & � b¶�a ´ ��� �qv ����� �qø �J��� ��!`v ��� b m/sand a � m �S� o b��óa �  ]´K� �  ]´#b ,
see Figure 8. The analytically obtained frequency-
dependentreflectioncoefficientisshownin Figure9. Note
the limiting behaviourfor

� � �
( � �t� � �  ]v ) andfor�����

( � �t� � �   ï#µ�ø ).
Oblique incidenceexample(numerical)

For theself-scalinginterfacedefinedin theprevioussub-
sectionwe modeledthe reflectionresponsenumerically
for a rangeof anglesandfrequencies.Thereflectionco-
efficientderivedfrom thisresponseis shownin Figure10.
For ô � � andvariablefrequencywe recognizethefunc-
tion of Figure9. For

� � �
andvariableanglewe recog-

nizethewell knownangle-dependentreflectioncoefficient
of a stepfunction.

Conclusions

We haveanalyzedthe seismicresponsesof self-scaling
singularities.For normalincidencetheseresponseshave
been modeledanalytically as well as numerically. It
appearedthat the numericallyobtainedresponsesmatch
theanalyticalresponsesvery well, providedthat thedis-

0
0.2

0.4
0.6

0.8
1

20

40

60

80

0

0.2

0.4

0.6

0.8

1

� � � � � � �

 !  

Fig. 10: Angle-dependentI 
dI for differentfrequencies.

cretizationof themediumis chosensufficiently fine in re-
lationwith theseismicwavelength.

For a mediumthat is self-scalingfrom �G� 
 � to �G��
, accordingto equations(1) and(2), it appearedthatthe

normalincidencereflectioncoefficient is independentof
thefrequency;theangle-dependentreflectioncoefficient,
however, is differentfor differentfrequencies.

For a self-scalinginterface(i.e., a self-scalingsingular-
ity embeddedbetweenhomogeneoushalf-spaces)there-
flectioncoefficient is frequency-dependentfor normalin-
cidenceaswell asfor obliqueincidence.For

�X� �
the

angle-dependentreflectionbehaviouris fully determined
bytheparametersof theembedding;for

� � �
theangle-

dependenteffectsaredominatedby thescalingbehaviour
of thesingularity. It seemsworthwhile to investigatethe
potentialof reflectionfunctionsof self-scalinginterfaces
in AVA-inversion.
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