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Intr oduction

Reciprocitytheoremsplay an importantrole in formulating true amplitudeoperationson seismicwave
fields,suchasmultipleelimination,migrationandcharacterization.In general,a reciprocitytheoreminter-
relatesthequantitiesthatcharacterizetwo admissiblephysicalstatesthatcouldoccurin oneandthesame
domain(de Hoop, 1988). Onestateis identifiedwith an actualmeasurement,while the otherstatecan
eitherbe a computationalstate(e.g. migrationoperators),a desiredstate(e.g. multiple-freedata)or an
othermeasurement(characterizingtime-lapsedifferencesin thereservoir).

In the usualpracticeof seismicdataanalysistwo classesof wave equationsareused,viz. the full wave
equationexpressedin termsof theacousticpressureandparticlevelocity andtheone-waywave equations
expressedin termsof down andup goingwaves.Accordingly, reciprocitytheoremscanbeformulatedfor
bothclassesof waveequations.In thispaperwepresentreciprocitytheoremsfor thefull wavefield aswell
asfor its down andupgoingconstituentsandwe discusssomeof their applications.

Reciprocity theorem for the full wavefield

In this sectionwe review thescalarform of theacousticreciprocitytheoremof theconvolution type. We
closelyfollow de Hoop (1988)andFokkemaandvan denBerg (1993). The former authorderivesreci-
procity theoremsin the time domain;the latter authorsin the time domain,the Laplacedomainandthe
frequency domain.Hereweonly considerthefrequency domain.

Basicacousticequations

In thespace-frequency
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domain,theequationsthatgovernlinearacousticwavemotionread	�
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where
�

is the acousticpressure,
� 


is the particlevelocity,
�

is the volumedensityof mass,
�

is the
compressibility,

� 

is the volumesourcedensityof volumeforce and

�
is the volumesourcedensityof

volumeinjectionrate.TheLatin subscriptstakeon thevalues1 to 3 andthesummationconventionapplies
to repeatedsubscripts.

Reciprocity theoremof theconvolutiontypefor thefull wavefield

We introducetwo acousticstates(i.e., wave fields,mediumparametersandsources),that will be distin-
guishedby thesubscripts and ! . For thesetwo statesweconsidertheinteractionquantity
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. Applying the productrule for differentiation,substituting equations(1) and (2) for states 

and ! , integrating the result over a volume / with boundary
	 / and outwardpointing normal vector0 � �21&3(�4165�4187(�

(seeFigure1) andapplyingthetheoremof Gaussyields
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Figure1: Configurationfor Rayleigh’sreciprocity theorem.C �ED$F(G "$�&% � 
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Equation(3) is Rayleigh’sreciprocitytheorem(Rayleigh,1878).

We concludethissectionby consideringsomespecialcases.

Unboundedmedia
*

Considerthe situationin which the mediumat and outside
	 / is homogeneous,

unboundedandsource-freein bothstates.Assumethatthewavefieldsin bothstatesarecausallyrelatedto
thesourcesin / . Then,if

� %X� � )
and

� %T� � )
atandoutside

	 / , theboundaryintegralontheleft-hand
sideof equation(3) vanishes(Bleistein,1984;FokkemaandvandenBerg, 1993).

Physicalreciprocity
*

Assumethat the above mentionedconditionsarefulfilled andthat
� %Y� � )

and� %Z� � )
in / aswell. Thenthe first volume integral on the right-handsideof equation(3) vanishes.

Furthermore,considerpoint sourcesin states and ! at
� %\[ / and

� )][ / , respectively, accordingto�U% ��������� �_^`% �a���ObL��� * � % �
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. Equation(3) thusyieldsthewell-known result�&% ��� ) ����� ���,) ��� % �d��� V
(4)

Reciprocity theorem for one-waywavefields

In thissectionwereview thematrix-vectorformof theacousticreciprocitytheoremfor one-waywavefields
(WapenaarandGrimbergen,1996).

One-waywaveequationin matrix-vectorform

We introducea systemof coupledequationsfor theone-waywave fields
�fe

and
�Rg

, propagatingin the
positiveandnegativedepthdirection,respectively, originatingfrom sourcesh e and h g :	 7Mi �kjl

˜

i �nm
(5)

(thehatdenotesa pseudo-differentialoperator),withi �po � e� g,q and
mX�po h eh g6q V (6)

Theone-wayoperatormatrix
jl
˜

is definedasjl
˜

�po *��+jr 3 cc �+jr 3 q �so jt *�ju*�ju jt q � (7)

where
jr 3

is thewell-knownsquare-rootoperator, and
ju

and
jt

arethereflectionandtransmissionoperators,
respectively.



v wx y z{ | }~ � ��interaction

no interaction

interaction

Figure2: Bothtermsof theinteractionquantityfor theone-wayreciprocitytheoremof theconvolutiontype
containwavesthatpropagatein oppositedirections.

Reciprocity theoremof theconvolutiontypefor theone-waywavefields

We introducetwo differentstatesthatwill bedistinguishedby thesubscripts and ! . For thesetwo states
weconsidertheinteractionquantity

	 7 " i��%��
˜

i ).-
, with

�
˜

����� �� ���2� or, writtenalternatively,
	 7 "$� e% � g) *� g% � e) -

. Apparently, we considertheinteractionbetweenoppositelypropagatingwaves(seeFigure2).

Applying theproductrule for differentiation,substituting theone-waywave equation(5) for states and! , integratingthe resultover a cylindrical volume / with boundary
	 /���� 	 / 3 (seeFigure3), applying

the theoremof Gaussandusingthe symmetryrelation
jl
˜ � ��* �

˜

jl
˜ � � ˜ g 3 , yields the following one-way
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wherethecontrastoperator
j�
˜

is givenby j�
˜

� jl
˜
) * jl

˜
% V

(9)

Note that the boundaryintegral over
	 / 3 vanished. For bounded

	 / 3 this occurswhen
i %

and
i )

satisfyhomogeneousDirichlet or Neumannboundaryconditionson
	 / 3 . On theotherhand,when

	 / 3 is
unboundedthis boundarycontribution alsovanishesunderthe conditionthat

i %
and

i )
have sufficient

decayat infinity.

We concludethissubsectionby analyzingreciprocitytheorem(8) for somespecialcases.

Unboundedmedia
*

Considerthe situationin which the mediumat and outside
	 /6� is homogeneous,

unboundedandsource-freein bothstates.Assumethatthewavefieldsin bothstatesarecausallyrelatedto
thesourcesin / . Thenin bothstatesthewave fieldsareoutgoingat

	 / � (i.e.,
� e% ��� e) �Yc

at theupper
surfaceand

� g% ��� g) ��c
at thelowersurface)andit is easilyseenthat

if�% �
˜

i )���� e% � g) *�� g% � e) ��c
at
	 / � , sotheboundaryintegralontheleft-handsideof equation(8) vanishes.Apparentlyit is not required

that the mediumparametersat andoutside
	 /6� areidentical in both states,unlike the conditionsfor the

vanishingof theboundaryintegral in reciprocitytheorem(3).
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Figure3: Modifiedconfiguration for theone-wayreciprocity theorem.Thecombinationof thetwo planar
surfacesis denotedby

	 / � ; thecylindrical surfaceis denotedby
	 / 3 .
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Figure4: Physicalreciprocity for one-waysourcesandreceivers.

Physicalreciprocity
*

Assumethat the above mentionedconditionsarefulfilled andthat
� % � � )

and� %]� � )
insideaswell asoutside / . Thenthe first volumeintegral on the right-handsideof equation

(8) vanishes.Furthermore,considerpoint sourcesin states and ! at
� %\[ / and

� )�[ / , respectively,
accordingto
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For thespecialcasethat
�(%+� ��� e% c � �

and
�()S� ��� e) c � �

, with
� e% � � e)

, this reducesto� g% ��� ) ����� ��� g) ��� % �����(�
(11)

seeFigure4.

Discussionand conclusions

In this paperwe have presentedtwo formulationsof the reciprocity theorem. Both theoremsshow how
the acousticstatesat the surfaceof someboundeddomainare relatedto contrastfunctionsandsource
distributions in this domain. In the reciprocity theoremfor the full wave field the contrastfunction is
expressedin materialdifferences( � � , � � ), while in thereciprocitytheoremfor theone-waywavefieldsit
is expressedin scatteringoperators(

ju
,
jt
).

The reciprocity theoremfor the full wave field hasproven its functionality for examplein the removal
of multiple reflections(van Borselenet al., 1996)and in velocity replacement(Smit et al., 1998). The
reciprocitytheoremfor theone-waywavefieldshasbeenthepointof departurefor thederivationof seismic
imaging techniquesfor finely layeredmedia(Wapenaar, 1996). The currentinvestigationsare directed
towardstheapplicationof bothreciprocitytheoremsin 4-D seismicimaging(Fokkemaetal., 1997).
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