Homogenizationhroughvelocity replacemenin inhomogeneous
acoustiomedia

JacobFokkemd, RereéeSmit*, KeesWapenadr
Delft University of Technology
Centrefor TechnicalGeoscience
* Sectionof Applied GeophysicsRO. Box 5028,2600GA Delft,
T Lah of SeismicsandAcoustics,PO. Box 5046,2600GA Delft,
TheNetherlands

Januaryl4,1998



Intr oduction. In thefollowing analysiswe considerthe actionof a point sourceof the injectiontypein anacoustic
medium.The seismicmediumresponsés recordedvith a setof pointrecevers. We assumehatthe seismicprepro-
cessinghasresultedin a configurationmodelwherebythe semi-infiniteupperhalf-spacds homogeneous nature
characterizedby the acousticwavespeed:,. In this halfspacehe point sourcesandreceversare positioned. The
lower semi-infinitehalfspaces ourdomainof interestandis occupiedwvith aninhomogeneousiediumcharacterized
by thewavespeed:(x). We furtherassumehatthereis no contrastn massdensityandhenceis constanthroughout
our whole configuration.In this paperit is our aim startingfrom the original configurationto successiely replace
theinhomogeneoumwerhalfspacen smallstepswith thehomogeneousackgroundnaterial(velocity replacement)
andsubsequentlgetermineheresultingwavefieldin the modifiedconfiguration.

Contrast formulation. Our startingpoint is Rayleighs reciprocitytheoremformulatedin the space-frequencdo-

main with frequeny parameters = jw (FokkemaandvandenBery, 1993, Seismicapplicationsof acousticreci-

procity, Elsevier). The spatialdomainof considerations depictedn Figurel. Theleft-handsideshows thestarting
configurationwhichis denotedy state0. Theinhomogeneoumediumis dividedin thezz-directionin thin slabsof

width Azz = z1 — 23 in whichthewavespeedasonly variationin thelateraldirection.Weindicatethewavespeedn

thefirst layerwith ¢; (x7), wherexr is thetrans\ersepositionvectorin the z,, z,-direction. On theright-handside
of Figure 1 we shav thesituationin statel wheretheinhomogeneousavespeed: (xr) in thefirst layerhasbeen
replacedby thewavespeedf theupperhalfspace:. Thenapplicationof thereciprocitytheoremto R?, considering
thestated) and1, andreversingthe positionsof thesourcesandreceversin statel with respecto state0 leadsto the
following interactionrelationbetweerthewave fields P° in state0 and P* in statel
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wherewe have omittedthe explicit dependencen s in thewavefields. ¥ denoteshe spectrunof the sourcewavelet
andthe contrastfunction K is givenby K (x7) = ¢;* — ¢7?(xr). Thenapplicationof the spatialFourier trans-
formation with respectto the horizontalrecever and sourcecoordinatesand exponentialtransformationkernels
exp(jsaft - xf) andexp(—jsaj - x7) leadsto thefollowing integral equatiorequivalentof equation(1)

1
1 T = . . . =0, . .
—9/ dA/ Pl(—jsaT,x3|]3a¥,x?)szh(jsaT)PO(jsaT,:vﬂ —jsa%,l‘g)dxg
(27".)‘ ar€R2 z9
1 D . R _R . S S D . S S R _R
= W[PO(JsaT,r3 | - jsap,x3) — Pl(—JsaTafs ljsar,23)|, 2)
Point source  Point receiver Point receiver ~ Point source
X v v X
x3 xT x5 xf
Co Co
3 A
1 C1 (XT) ]D() 1 Co ]DO
T3 T3
> ca(x) > ca(xr)
T3 T3

Figurel: Model configuration. ;
STATE 0 STATE 1



wherewe alsousedParseal’s theorem Theconvolution operatork operatingon P° is definedthrough
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Wavefield extrapolation. Next we evaluateequation(2) attwo levels,viz. z3 = 2§ andxzs = =4. Theresultingtwo
expressionganbe usedto eliminateP! andleadsto thefollowing extrapolationresultfor P° in thethin slab
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whereF is thesquare-roobperatordefinedas

F(jsakl) = \/(TF)? — K(jsal). (5)

In fact F constitutesa pseudo-diferentialoperatorin the transformeddomain. Theresultof equation(4) hasbeen
achivedthroughconsistentiseof Taylor expansionsin ouranalysiswve obtainthe additionalresult:
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Theoperatorsﬁ and5)§ denotethenormalderivativesfor z3 1 23 andz; | =3, respectrely. Thefirstidentity learns
thatat the discontinuityboundaryz3 the pressuravavefieldis continuous.This is not a new result, but the standard
boundarycondition. Becausdghe massdensitydoesnot vary in our configurationthe seconddentity representshe
continuity of the particle velocity at the discontinuitylevel. Finally thethird identity stateshat the secondnormal
partialderivative of the pressuravavefieldjumpsacrosghelevel of the discontinuityto anamountthatcorresponds
to thecontrastin wavespeedsindertheassumptiorthatthe massdensitydoesnot vary.

Velocity replacement.In our furtheranalysiswe substituteheresultof equation(4) into equation(3), leadingto the
following integral equationof the seconckind for 2! (symbolizedby X) atthelevel 28
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In this integral equationthe known termY" andthe kernelfunction /. arerelatedto theresultof pseudo-diferential
operation®n PY andP? /W , respectiely. We obsere thatequation(7) hasa similarform astheoperationakxpres-
sionthatis usedin theremoval of surface-relatedhultiplesfor marineseismicdata[Verschuuetal., 1992 ,Adaptive
surface-relatednultiple elimination, Geophysic$7, 1166-1177;Fokkemaandvan den Berg, 1993, Elsevier; van
Borselen,1995,Remwal of surface-relatedhultiplesfrom marineseismicdata,Ph.D.thesis,Delft Univ. of Techn.;
vanBorselenetal., 1996,Remwal of surface-relateavave phenomenathe marinecase Geophysic$1, 202-210].
To solwe thisintegral equationwe alsousein this casea Neumanriterative solution. Fromthe correspondenceith
the solutionof the surface-relatednultiple problemwe concludethat the iterative termsin our solution constitute
theremoval of theinternalmultiplesin the slabfrom the datain stateO. It is obviousthatthewhole processanbe
usedin a recursve fashionto homogenizehe inhomogeneouacousticmedium. Furthermorethe kernelhasto be
decowolvedfor the wavelet. This allows usto estimatethe wavelet after every recursionstepusing the minimum
enegy norm. This re-estimatiorof thewaveletcouldbe profitableto stabilizeour replacemenprocess.

Conclusions. In this paperwe have shavn how Rayleighs reciprocity theoremaids the velocity replacementn

thin slabsof aninhomogeneouacoustionedium.This processs dividedinto two stepsfirst the extrapolationof the
originalwavefieldinto theinhomogeneouthin slabis carriedout (equatiord). Theresultingexpressioris formulated
in termsof pseudo-diferentialoperatorghatacton the original wavefield. The secondstepencompassebe actual
removal of theinfluenceof thethin slabon the original wavefield. This operationis furnishedby anintegral equation
of the secondkind (equation?7) andis in naturecloselyrelatedto the processof surface-relatednultiple removal

in marineseismicdataprocessing.Therethe solutionof the removal procesds achiered by aniteratve Neumann
seriesexpansion. Also in the caseof velocity replacementve proposeto usesuchanapproach.In a similar way

the successie termsin the velocity replacemenNeumannseriescorrespondvith the internalmultiplesin thethin

slab We have obseredthatthe procedurecanbe donein aniterative fashionsothatwe cansuccessiely peeloff the

inhomogeneousmediumandin doingsoreplacet with the homogeneoubkackgroundOur futurework will focuson

thenumericalstabilizationof the processandapplicationof theresultin seismicimagingtechniques.



