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Intr oduction. In thefollowing analysiswe considertheactionof a point sourceof the injectiontypein anacoustic
medium.Theseismicmediumresponseis recordedwith a setof point receivers.We assumethattheseismicprepro-
cessinghasresultedin a configurationmodelwherebythesemi-infiniteupperhalf-spaceis homogeneousin nature
characterizedby the acousticwavespeed��� . In this halfspacethe point sourcesandreceiversarepositioned.The
lowersemi-infinitehalfspaceis ourdomainof interestandis occupiedwith aninhomogeneousmediumcharacterized
by thewavespeed�����
	 . We furtherassumethatthereis nocontrastin massdensityandhenceis constantthroughout
our whole configuration.In this paperit is our aim startingfrom theoriginal configurationto successively replace
theinhomogeneouslowerhalfspacein smallstepswith thehomogeneousbackgroundmaterial(velocityreplacement)
andsubsequentlydeterminetheresultingwavefieldin themodifiedconfiguration.

Contrast formulation. Our startingpoint is Rayleigh’s reciprocitytheoremformulatedin the space-frequency do-
main with frequency parameter�
����� (FokkemaandvandenBerg, 1993,Seismicapplicationsof acousticreci-
procity, Elsevier). Thespatialdomainof considerationis depictedin Figure1. Theleft-handsideshows thestarting
configuration,whichis denotedby state0. Theinhomogeneousmediumis dividedin the ��� -directionin thin slabsof
width �������������� � �� in whichthewavespeedhasonlyvariationin thelateraldirection.Weindicatethewavespeedin
thefirst layerwith � � ������	 , where��� is thetransversepositionvectorin the � �! ��" -direction.On theright-handside
of Figure1 we show thesituationin state1 wheretheinhomogeneouswavespeed� � �#���$	 in thefirst layerhasbeen
replacedby thewavespeedof theupperhalfspace��� . Thenapplicationof thereciprocitytheoremto %'& � , considering
thestates0 and1, andreversingthepositionsof thesourcesandreceiversin state1 with respectto state0 leadsto the
following interactionrelationbetweenthewave fields () � in state0 and () � in state1*,+,-,. /10 � "!2 �#����	 () � �#��3 �
45	 () � ����3 �76�	987:�� (;=< () � ���76>3 �
4�	 � () � �#�
4?3 �76@	9A  (1)

wherewehave omittedtheexplicit dependenceon � in thewavefields. (; denotesthespectrumof thesourcewavelet
andthe contrastfunction 2 is givenby 2 �#����	B�C��D "� � �ED "� �#���$	 . Thenapplicationof the spatialFourier trans-
formation with respectto the horizontal receiver and sourcecoordinatesand exponentialtransformationkernelsF�G,H �I�J��K K 6�ML � 6� 	 and F�G,H � � �J��K K 4�NL � 4� 	 leadsto thefollowing integralequationequivalentof equation(1)O�QPSR7	 " *�TVU U�W -X. Y[Z 8�\ *^]S_`] 0`baa) � � � �J��K Kc�  ���,3 �d��K K 6�  � 6� 	V� "�e �I�J��K K���	 aa) � �f�d�!K K��  ���X3 � �J��K K 4�  � 4� 	985���� (;=< aa) � �f�d��K Kc6�  ��6� 3 � �J��K K
4�  �54� 	 � aa) � � � �J��K Kg4�  �54� 3 �J��K K76�  ��6� 	hA  (2)
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Figure1: Modelconfiguration.



wherewealsousedParseval’s theorem.Theconvolution operator
e

operatingon aa) � is definedthroughe �f�d�!K K��@	 aa) � �f�d��K K��  ���X3 � �J��K Kg4�  �54� 	$� O�ÓPdR7	 " *�TVU U�ÔW -,. Y1Z a2 �f�d��K K�� � �d�!K KcÕ� 	 aa) � �f�d��K KcÕ�  ���X3 � �J��K Kg4�  �54� 	h8�\×Ö (3)

Wavefieldextrapolation. Next weevaluateequation(2) at two levels,viz. ������� �� and ���������� . Theresultingtwo
expressionscanbeusedto eliminate aa) � andleadsto thefollowing extrapolationresultfor aa) � in thethin slab

aa) � �f�d�!K Kg6�  ���,3 � �d��K Kg4�  ��4� 	?� (4)<fØÚÙdÛVÜ �Q�ÚÝ
�f�d�!K Kc6� 	��Ó��� � � �� 	V	cÞ ÛVßfà�Ü �Q�ÚÝá�I�J��K K 6� 	��Q��� � � �� 	V	��Ý
�f�d��K K 6� 	 â�ã� A aa) � �I�J��K K
6�  � �� 3 � �J��K Kg4�  �54� 	  
whereÝ is thesquare-rootoperator, definedasÝá�I�J��K Kc6� 	g�åä �Qæ 6 � 	 " � e �f�d�!K K 6� 	�Ö (5)

In fact Ý constitutesa pseudo-differentialoperatorin the transformeddomain. Theresultof equation(4) hasbeen
achievedthroughconsistentuseof Taylorexpansions.In ouranalysisweobtaintheadditionalresult:� â�ã� 	 � aa) � �å� â�ç� 	 � aa) �  � â�ã� 	 � aa) � �è� â�ç� 	 � aa) �  êé � â�ã� 	 " � � " e�ë aa) � �å� â�ç� 	 " aa) � Ö (6)

Theoperatorsâ�ã� and â�ç� denotethenormalderivativesfor � �íì � �� and � �íî � �� , respectively. Thefirst identity learns
thatat thediscontinuityboundary� �� thepressurewavefield is continuous.This is not a new result,but thestandard
boundarycondition.Becausethemassdensitydoesnot vary in our configuration,thesecondidentity representsthe
continuityof theparticlevelocity at thediscontinuitylevel. Finally the third identity statesthat thesecondnormal
partialderivative of thepressurewavefieldjumpsacrossthelevel of thediscontinuityto anamountthatcorresponds
to thecontrastin wavespeedsundertheassumptionthatthemassdensitydoesnot vary.

Velocity replacement.In our furtheranalysiswesubstitutetheresultof equation(4) into equation(3), leadingto the
following integralequationof thesecondkind for aa) � (symbolizedby ï ) at thelevel � ��ïM�I�J��K Kg6�  �d��K Kg4� 	?�ñð
�f�d�!K Kc6�  �d�!K Kc4� 	 � O�QPSR7	 " *�TVU U�W -,. Y1Z7ò �f�d�!K K��  �d�!K Kc4� 	hï^�I�J��K Kg6�  �d�!K K��@	98�\BÖ (7)

In this integral equationtheknown term ð andthekernelfunction
ò

arerelatedto theresultof pseudo-differential
operationson aa) � and aa) ��ó (; , respectively. Weobservethatequation(7) hasasimilar form astheoperationalexpres-
sionthatis usedin theremoval of surface-relatedmultiplesfor marineseismicdata[Verschuuretal., 1992,Adaptive
surface-relatedmultiple elimination,Geophysics57, 1166-1177;Fokkemaandvan denBerg, 1993,Elsevier; van
Borselen,1995,Removal of surface-relatedmultiplesfrom marineseismicdata,Ph.D.thesis,Delft Univ. of Techn.;
vanBorselenet al., 1996,Removal of surface-relatedwave phenomena,themarinecase,Geophysics61, 202-210].
To solve this integral equationwe alsousein this casea Neumanniterative solution.Fromthecorrespondencewith
the solutionof the surface-relatedmultiple problemwe concludethat the iterative termsin our solutionconstitute
theremoval of theinternalmultiplesin theslabfrom thedatain state0. It is obviousthat thewholeprocesscanbe
usedin a recursive fashionto homogenizethe inhomogeneousacousticmedium. Furthermore,thekernelhasto be
deconvolved for the wavelet. This allows us to estimatethe wavelet afterevery recursionstepusingthe minimum
energy norm.This re-estimationof thewaveletcouldbeprofitableto stabilizeour replacementprocess.

Conclusions. In this paperwe have shown how Rayleigh’s reciprocity theoremaids the velocity replacementin
thin slabsof aninhomogeneousacousticmedium.Thisprocessis dividedinto two steps:first theextrapolationof the
originalwavefieldinto theinhomogeneousthin slabis carriedout(equation4). Theresultingexpressionis formulated
in termsof pseudo-differentialoperatorsthatacton theoriginal wavefield. Thesecondstepencompassestheactual
removal of theinfluenceof thethin slabon theoriginalwavefield.Thisoperationis furnishedby anintegralequation
of the secondkind (equation7) andis in naturecloselyrelatedto the processof surface-relatedmultiple removal
in marineseismicdataprocessing.Therethe solutionof the removal processis achieved by an iterative Neumann
seriesexpansion.Also in the caseof velocity replacementwe proposeto usesuchanapproach.In a similar way
the successive termsin thevelocity replacementNeumannseriescorrespondwith the internalmultiplesin the thin
slab. We have observedthattheprocedurecanbedonein aniterative fashionsothatwecansuccessively peeloff the
inhomogeneousmediumandin doingsoreplaceit with thehomogeneousbackground.Ourfuturework will focuson
thenumericalstabilizationof theprocessandapplicationof theresultin seismicimagingtechniques.


