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Intr oduction. Reflectionandtransmissioncoefficientsaregenerallyderivedfor discreteinterfacesbetweenhomoge-
neouslayers,meaningthat ������� and � ����� areassumedto behave asstep-functions.Outliersin well-logsaregenerally
quitedifferentfromstep-functions.Hence,it makessenseto considerotherparameterizationsof �	����� and � ����� around
aninterface.We presentreflectionandtransmissioncoefficientsof interfacesthatareparameterizedby self-similar
singularitiesandweanalyzethereflectionandtransmissionresponsesof suchaninterfaceandof itssmoothedversion.

Exact reflectionand transmissioncoefficients.We parameterizethevelocity �	���
� aroundaninterfaceat ���� as�	������� � ����� ��������� ��� for ��������� ��������� ��� for �� ��! with " ��! " �$#&%')( (1)

For atwo-sidedsingularity(Figure1a),with " � � " � � " , thisfunctionis self-similar, accordingto �	�+*,�
�-�.* � �	���
� ;
its normalincidencereflectionandtransmissioncoefficientsread(for positive / )0 �21-354	68759�: � ��� � 9�<; 4=7�9	: � ��� � 9�� � � � 9� ; � � � � 9� > and ? � ')@=ACB ��DFEG�H3JI � �K� � 9� � �K� � 9�� � � � 9� ; � � � � 9�L> ! (2)

with DM� �� 6 � � . Both coefficientsarefrequency-independent.Thephaseof
0

is largely determinedby thefactor 1 ,
which correspondsto a Hilbert transformationin thetime domain.Thetransmissioncoefficient haszerophase.The
reflectionandtransmissionresponsesat � � �ONQP m and � � ��P m arerepresentedby thedashedlinesin Figure2.
For a single-sidedsingularity(Figure1b),with " � �R and " � � " , thereflectionandtransmissioncoefficientsread0 �TSVUXW 9	YUXW � 6H9�Y �C1 / DZ� ����� � � 6 � 9 � �K� � 9� N � �����UXW 9	YUXW � 6H9�Y �C1 / DZ� ����� � � 6 � 9 � �K� � 9� ; � ������[ and ? �\S �^] :UXW � 6F9	Y I �C1 / D)� �K�
� � � 6 � 9 � �	� � 9� � �����U�W 9	YUXW � 6H9�Y �C1 / DZ� ���8� � � 6 � 9 � ��� � 9� ; � �_���8[ ( (3)

Bothcoefficientsarefrequency-dependent.Thefactor �C1 / � � 6 � 9 correspondsto afractionaldifferentiation/integration.
For D`� �� (i.e., " �-� " �a�R ) equations(2) and(3) bothleadto theusual(flux-normalized)coefficients.
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Figure1: (a) Two-sidedsingularity( " � � " � � " �RNQ ( r ). (b) One-sidedsingularity( " � �R , " � � " �sNt ( r ).

An embeddedsingularity. Figure3 showsamultiscaleanalysisof thetwo-sidedsingularityof Figure1a(Mallat and
Hwang,1992,IEEETrans.Inform. Theory, 38, no. 2, 617-643;Herrmann,1997,Ph.D.thesis,Delft Univ. of Techn.).
Theslopeof theamplitude-versus-scale(AVS) curve in Figure3dcorrespondsto thesingularityexponent" �ONQ ( r .
Figure4dshows a similar AVS curve for a singularity, embeddedbetweentwo homogeneoushalf-spaces.For small
scalesu we observe ".v NQ ( r , asin Figure3d. Hence,in thehigh-frequency rangewe expecta similar response
as without the embeddinghalf-spaces.The solid lines in Figure 2 representthe exact reflectionand transmision
responsesof thisembeddedsingularity. Apparentlytheembeddinghasnotmucheffect on theseresponses.



w x y z-0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04

-0.5

0

0.5

1

{ | } ~-0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04

-0.5

0

0.5

1

(a) (b)
Figure2: (a) Reflectionresponseof thetwo-sidedsingularityof Figure 1a (dashed)andof theembeddedsingularity
of Figure 4a (solid). Thesourceof theincidentfield is a Ricker waveletwith ��� ��P
 Hz. (b) Transmissionresponse.
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Figure3: Multiscaleanalysisofa two-sidedsingularity(afterMallat andHwang,1992;Herrmann,1997;with thanks
to JeroenGoudswaard). (a) Thevelocityfunction.(b) Continuouswavelettransformof a). (c) Modulusmaximaline,
obtainedfromb). (d) Amplitude-versus-scale(AVS)curve,measuredalongthemodulusmaximaline in c).
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Figure4: Multiscaleanalysisof a two-sidedsingularity, embeddedbetweentwohomogeneoushalf-spaces.
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Figure5: Multiscaleanalysisof a smoothedversionof theembeddedsingularityin Figure 4a.
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Figure6: (a) Reflectionresponseof the embeddedtwo-sidedsingularity of Figure 4a (solid) and of its smoothed
versionin Figure 5a (dashed).(b) Transmissionresponse.
A smoothedsingularity. Figure 5d shows an AVS curve of a smoothedembeddedsingularity. In the mid-scale
rangetheslopeis equalto thatof theembeddedsingularity(comparewith Figure4d). Thereflectionaswell asthe
transmissionresponsesarenot muchinfluencedby thesmoothing(Figure6).

Conclusions.Exactreflectionandtransmissioncoefficientsfor a self-similarsingularityhave beenpresented.The
band-limitedreflectionandtransmissionresponsesof a self-similarsingularityarereasonablystablewith respectto
its embedding(a largescaleeffect) andwith respectto smoothing(a smallscaleeffect).


