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Intr oduction

Codasdueto internalmultiple scatteringcontainrelevant informationabouttheheterogeneitiesin thesub-
surface. Employingthe informationin the codain seismicimagingmay improve the resolution. Codas
occurin seismicreflectionaswell asin transmissiondata. In this paperwe derive two relationsbetween
reflectionandtransmissionresponsesin 3-D inhomogeneousmedia.Basedontheserelations,wewill show
that the reflectionresponse,includingsits coda,canbe derived from the transmissionresponseand,vice
versa,that thecodaof the transmissionresponsecanbederived from thereflectionresponse.Theformer
relationshipwasderivedfor horizontallylayeredmediaby Claerbout(Geophysics,1968)andthe latterby
Herman(InverseProblems,1992)andWapenaarandHerrmann(SEG,1993). In thecurrentpaperwe em-
ploy a uniform approachfor deriving both relationships,usingreciprocity;both resultsarevalid for 3-D
inhomogeneousmedia.We alsoindicatehow theseresultsmaybeof usefor seismicimaging.

One-wayreciprocity theorem

Weuseacousticreciprocityasastartingpoint to derivetherelationsbetweenthereflectionandtransmission
responses.Acoustic reciprocity formulatesa relation betweentwo acousticstatesin one and the same
domain(deHoop,J.Acoust.Soc.Am., 1988;FokkemaandvandenBerg, Elsevier, 1993).Thetwo states
will bedistinguishedby subscripts

�
and � . Usuallyreciprocitytheoremsapplyto the full wave fieldsin

bothstates.As analternative,WapenaarandGrimbergen(Geoph.J.Int., 1996)derivedreciprocitytheorems
for one-way(i.e. downgoingandupgoing)wave fields. For a plan-paralleldomain � embeddedbetween
surfaces����� and ����� at depthlevels �
	�� ���� and �
	�� � , respectively, theone-wayreciprocitytheoremof
thecorrelationtypereadsin thespace-frequency ��������� domain�������! �#"�$% �'&�"�$(*) �#",+% �-&.",+(0/!132 �54�6 �
���578 �9"�$% �-&:"�$(;) �#",+% �-&�",+(0/!132 �54<� (1)

where" $ and " + areflux-normalizeddowngoingandupgoingwavefields,respectively, & denotescomplex
conjugationand �54=6>�#��?��:� 2 � . In equation(1) it hasbeenassumedthat the mediumparametersin both
statesareidentical,losslessand3-D inhomogeneousandthatthedomain� is source-free.

Relationsbetweenreflectionand transmissionresponses

Weemployequation(1) to deriverelationsbetweenthereflectionandtransmissionresponsesof themedium
in domain � . To this endwe considertwo configurations.In thefirst configuration(Figure1a)bothhalf-
spacesabove ����� andbelow ����� arehomogeneous.For states

�
and � wechoosesourcesfor downgoing

wavesat � % and � ( in the upperhalf-space,just above ����� , that is, we define � % 6@���A48� % �.�
	�� ��� and� ( 6B���548� ( �.�
	�� ��� . Hence,for � at ����� wehave"�$% �����'� % �C���@6 D
���54 ) �548� % �-E % �F����� (2)" $( ���G�-� ( �C���@6 D
���54 ) �548� ( �'E ( �F����� (3)",+% �����'� % �C���@6 HI�J�����'� % �C���-E % �K����� (4)" +( ���G�-� ( �C���@6 HI�J�����'� ( �����'E ( �F����� (5)
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Figure1: Domain � betweensurfaces����� and ����� . Themediumin � is inhomogeneousin the ��? -, � 2 -
and � 	 -directions. In (a) thehalf-spacesabove��� � andbelow ��� � are homogeneous.In (b) there is a
freesurfacejustabove����� ; thehalf-spacebelow ����� is againhomogeneous.

whereE % �K��� and E ( �F��� arethesourcespectrafor bothstates.HI�������-� % �C��� is thereflectionresponseof the
inhomogeneousmediumin � , includingall internalmultiples,for asourceat � % andareceiverat � (Figure
1a). A similar remarkappliesto HI�J�����'� ( ����� . Thesubscript� denotesthatno free surfacemultiplesare
included.For � at �3� � we have " $% �����'� % �C���@6 ���J�����-� % �����-E % �F����� (6)" $( �����'� ( �C���@6 � � �����-� ( �����-E ( �F����� (7)",+% �����'� % �C���@6 ",+( �����-� ( �C����6���� (8)

where���J�����-� % ����� is thetransmissionresponseof theinhomogeneousmediumin � , includingall internal
multiples(Figure1a).Substitutioninto equation(1) anddividing bothsidesof theequationby E &% �F���-E ( �F���
yields

D
���A48� ( ) �548� % � ) �
����� H &� �����-� % �C���-HI�������'� ( �C��� 1 2 �A4�6 �
��� 7 � &� ���G�-� % �������������G�-� ( ����� 1 2 �54��
(9)

In the secondconfiguration(Figure1b) we choosea free surfaceat �
	�� � anda homogeneoushalf-space
below ����� . Thesourcepoints � % and � ( arechosenasbefore.Hence,for � at ����� we now have"�$% ���G�-� % ������6 D
���A4 ) �548� % �-E % �F�������",+% ���G�-� % ������� (10)" $( �����-� ( ������6 D
���A4 ) �548� ( �-E ( �F�������" +( �����-� ( ������� (11)" +% ���G�-� % ������6 H������-� % �����-E % �F����� (12)" +( �����-� ( ������6 H������-� ( �����-E ( �F����� (13)

where � is thereflectioncoefficient of thefreesurface( ��6 )�� ) and H������'� % �C��� is thereflectionresponse
of theinhomogeneousmediumin � , includingall internalandfreesurfacemultiples(Figure1b). For � at��� � we have " $% ���G�-� % ������6 �������-� % �C���-E % �F����� (14)"�$( �����'� ( ������6 �������-� ( �����-E ( �F����� (15)",+% ���G�-� % ������6 ",+( �����-� ( ������6��
� (16)

where�������-� % �C��� is thetransmissionresponseof theinhomogeneousmediumin � , includingall internal
andfreesurfacemultiples(Figure1b). Substitutioninto equation(1), using ��6 )�� and H���� % �-� ( �����86H���� ( �-� % ����� , anddividing bothsidesof theequationby E &% �K���-E ( �F��� yields

D
��� 48� ( ) � 48� % � )������ H���� % �-� ( �C���� �6 �
���57 � & �����'� % �������������-� ( �C��� 1 2 � 4 � (17)

where � denotestherealpart. Equations(9) and(17) formulaterelationsbetweenthereflectionandtrans-
missionresponsesfor thesituationwithout ( HI� , ��� ) andwith ( H , � ) freesurfacemultiples,respectively.



Obtaining the reflectionresponse,including its coda,fr om the transmissionresponse

Equation(17) shows that therealpartof thereflectionresponsecanbeobtainedfrom thetransmissionre-
sponse.Sincethereflectionresponseis causal,theimaginarypartcanbeobtainedvia theHilbert transform
of therealpart. Alternatively, ��� � H���� % �'� ( �C���   canbetransformedto thetime domainandsubsequently
bemultipliedby theHeavisidestep-function,yielding thetime domainversionof H���� % �-� ( �C��� . We illus-
tratethiswith a one-dimensionalexample,i.e.,we considerplanewave responsesof a horizontallylayered
medium.For thissituationequation(17)simplifiesto��� � H��F���   6 �¡) �I&��F�������F����� (18)

In our example,themediumconsistsof 7 layers,eachwith a layer thicknessof 100m, a constantdensity
of 1000kg/m	 andpropagationvelocitiesof 1000,2000,1000,2000,4000,2000and4000m/s. Theflux-
normalizedtransmissionresponseincluding free surfacemultiplesis shown in the time domainin Figure
2a. Employingequation(18), transformingtheresultto the time domainandtakingthecausalpartyields
thereflectionresponse,asshown in Figure2b. This resultperfectlymatchesthedirectlymodeledreflection
response(not shown).
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Figure2: (a) Planewavetransmissionresponseof a horizontally layered mediumwith freesurface. (b)
Reflectionresponse,obtainedfrom(a) by employingequation(18)andthecausalityprinciple.

Obtaining the codaof the transmissionresponsefrom the reflectionresponse

Obtainingthe transmissionresponsefrom the reflectionresponseis lesstrivial, because� and ��� do not
appearin isolatedform in equations(9) and(17). Wewill makeuseof thefact that � � , i.e. thetransmission
responsewithout freesurfacemultiples,canbethoughtto becomposedof aprimarytransmissionresponse
anda causalcoda. We will not discusshow this codacanbeobtainedfor generalconfigurationsfrom the
reflectionresponsevia equation(9). Insteadwe consideragainthe one-dimensionalsituation,for which
equation(9) simplifiesto � &� �F���������F����6 �¡) H &� �F���-HI���F����� (19)

Defining ���J�F���£6¥¤��F���§¦��F��� , where ¤¨�F��� is the flux-normalizedprimary transmissionresponse(with¤ & �F����¤��F����6 � ) and ¦��F��� is thecoda,we obtain¦�&��F���§¦��F���56 �©) H�&� �F���-H � �F����� (20)

Following theO’Doherty-Anstey approach(Geophys.Prosp.,1971),we write¦��F����6«ª�¬
  )8® �K���-¯��
	 / � (21)
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wherē0�
	°6���	�� � ) ��	�� � and ® �F��� is theFouriertransformof thecausalpartof theauto-correlationof the
reflectivity. Substitutionin equation(20)andtakingthelogarithmof bothsidesgives��� � ® �F���   ¯�� 	 6 )8±³² � �¡) H�&� �F���'H � �F���   � (22)

Figure3a shows the planewave reflectionresponseof the samemediumasbefore,without free surface
multiples.Employingequation(22),applyingthecausalityprincipleandsubstitutingtheresultin equation
(21) yieldsthecodaof thetransmissionresponse,asshown in Figure3b. This resultperfectlymatchesthe
directlymodeledtransmissioncoda(not shown).
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Figure3: (a) Planewavereflectionresponseof a horizontally layered mediumwithout freesurface. (b)
Codaof transmissionresponse,obtainedfrom(a) byemployingequation(22)andthecausalityprinciple.

Discussion

Equation(18) is thebasisfor whatis called‘acousticdaylightimaging’(RickettandClaerbout,SEG,1999).
By correlatingtheresponseat thesurfaceof naturalnoisesourcesin thesubsurface,oneobtains� & �F�������F���
(apartfrom a factorrelatedto thesourceenergy) and,by subsequentlyapplyingthecausalityprinciple,the
reflectionresponse.For the3-D extensionof thisprinciple,it hasbeenconjecturedthat“by cross-correlating
noisetracesrecordedat two locationsonthesurface,wecanconstructthewavefield thatwouldberecorded
at oneof the locationsif therewasa sourceat the other” (Rickett andClaerbout,SEG,1999). Equation
(17) formulatesthis principlequantitatively. Bearingin mind that �������-� % �¡6´����� % �'��� , thetransmission
responsesin equation(17) canbe seenasresponsesof sourcesin the subsurface,measuredby receivers
at � % and � ( at the freesurface.Equation(17) alsoshows thata simplecorrelationof theresponsesof a
singlesourcedoesnotsuffice,but thatanintegralfor all sourcepositions� at �3��� shouldbecarriedout. Of
coursethis is not possiblein practice,but theintegral canpossiblybereplacedby a sumover uncorrelated
sourceswith a randomdistribution, not necessarilyconfinedto ����� . This statementis supportedby the
resultsof modelingstudiesof RickettandClaerbout(SEP-92,1996).

Equations(9) and(19)arethebasisfor obtainingthetransmissioncodafrom thereflectionresponseandcan
beof usein seismicimaging. Imagingoperatorsaregenerallyformulatedin termsof primarypropagators
in a macromodel.Whenthesepropagatorsaresupplementedwith thetransmissioncodaandsubsequently
inverted,oneobtainsimproved imagingoperatorsthataccountfor internalmultiple reflections(Wapenaar
andHerrmann,SEG,1993). Note that in this approacha macromodel is still neededto accountfor the
primarypropagationeffects;however, theinformationabouttheinternalmultiplescomesfrom thereflection
data.

In bothapproacheswehaveassumedthatthemediumis homogeneousbelow thesurface��� � . Sincethis is
notthecasein practice,all resultsdiscussedabovehaveto beappliedwith care.For example,time-windows
maybeusedto suppressreflectionsfrom reflectorsbelow ����� , but thesewindowswill suppressalsoapart
of thecoda.A furtherdiscussionis beyondthescopeof thispaper.


