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Summary

In thispaperwepresentacousticreciprocitytheoremsfor thefull
andone-waywaveequationsandwediscusstheirapplicationin
time-lapseseismics.
Intr oduction

Reciprocitytheoremsplayanimportantrole in formulatingtrue
amplitudeoperationson seismicwave fields, suchas multiple
elimination,migrationandcharacterization.In general,a reci-
procity theoreminterrelatesthequantitiesthatcharacterizetwo
admissiblephysicalstatesthatcouldoccurin oneandthesame
domain(deHoop,1988). Onestateis identifiedwith anactual
measurement,while theotherstatecaneitherbeacomputational
state(e.g. migrationoperators),a desiredstate(e.g. multiple-
free data)or an other measurement(characterizingtime-lapse
differencesin thereservoir).
In theusualpracticeof seismicdataanalysistwoclassesof wave
equationsare used,viz. the full wave equationexpressedin
termsof theacousticpressureandparticlevelocityandtheone-
way wave equationsexpressedin termsof down andup going
waves.Accordingly, reciprocitytheoremscanbeformulatedfor
both classesof wave equations.In this paperwe presentreci-
procity theoremsfor the full wave field aswell asfor its down
andup goingconstituentsandwediscusssomeof theirapplica-
tions.
Reciprocity theorem for the full wavefield

In this sectionwe review the scalarform of the acousticreci-
procity theoremof theconvolution type. We closelyfollow de
Hoop (1988)andFokkemaandvan denBerg (1993). The for-
merauthorderivesreciprocitytheoremsin thetimedomain;the
latter authorsin the time domain,the Laplacedomainandthe
frequency domain. Here we only considerthe frequency do-
main.

Basicacousticequations
In thespace-frequency
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domain,theequationsthatgovern

linearacousticwavemotionread	�
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where
�

is the acousticpressure,
� 


is the particlevelocity,
�

is the volumedensityof mass,
�

is the compressibility,
��


is
thevolumesourcedensityof volumeforceand

�
is thevolume

sourcedensityof volume injection rate. The Latin subscripts
takeon thevalues1 to 3 andthesummationconventionapplies
to repeatedsubscripts.

Reciprocity theoremof the convolution type for the full wave
field
We introducetwo acousticstates(i.e., wave fields,mediumpa-
rametersand sources),that will be distinguishedby the sub-
scripts� and � . For thesetwo statesweconsidertheinteraction
quantity
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Fig. 1: Configurationfor Rayleigh’sreciprocitytheorem.

differentiation,substitutingequations(1) and (2) for states�
and � , integrating the result over a volume 2 with boundary	 2 andoutwardpointingnormalvector 3 � �5476#�84:9��;4=<� (see
Figure1) andapplyingthetheoremof Gaussyields> ��?A@B  � ! � 
#" $ % � 
C" ! � $ ' 4 
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Equation(3) is Rayleigh’sreciprocitytheorem(Rayleigh,1878).
Weconcludethissectionby consideringsomespecialcases.
Unboundedmedia

%
Consider the situation in which the

medium at and outside
	 2 is homogeneous, unboundedand

source-freein bothstates.Assumethat the wave fields in both
statesarecausallyrelatedto thesourcesin 2 . Then,if

� ! � � $
and

� !P� � $
at and outside

	 2 , the boundaryintegral on
the left-hand side of equation(3) vanishes(Bleistein, 1984;
FokkemaandvandenBerg, 1993).
Physicalreciprocity

%
Assumethattheabovementionedcondi-

tionsarefulfilled andthat
� !Q� � $

and
� !Q� � $

in 2 aswell.
Thenthe first volume integral on the right-handsideof equa-
tion (3) vanishes.Furthermore,considerpoint sourcesin states� and � at

� !SR 2 and
� $TR 2 , respectively, accordingto��! ���U�V��� ��WC! �����YXA��� % � ! �

,
��$ ��������� �ZW[$ �����YXA��� % � $ �

,
with

WC! ����� �\WC$ �����
and

��
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.

Equation(3) thusyieldsthewell-known result� ! ��� $a` � ! �V��� ��� $ ��� !�` � $ ����� N
(4)

Reciprocity theoremfor one-waywavefields

In this sectionwe review the matrix-vector form of the acous-
tic reciprocitytheoremfor one-waywave fields(Wapenaarand
Grimbergen,1996).

One-waywaveequationin matrix-vectorform
We introducea systemof coupledequationsfor the one-way
wavefields

��b
and
�dc

, propagatingin thepositiveandnegative
depthdirection,respectively, originatingfrom sourcese b ande c : 	 <Cf �hgi

˜

f �Lj
(5)
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Fig. 2: Bothtermsof theinteractionquantityfor theone-wayreciprocity
theoremof theconvolutiontypecontainwavesthatpropagatein opposite
directions.

(thehatdenotesapseudo-differentialoperator),withf �xw � b� czy and
jK�xw e be c�y N (6)

Theone-wayoperatormatrix
gi
˜

is definedasgi
˜

�{w %�� g| 6 ^^ �}g| 6 y �Tw g~ % g�%�g� g~ y � (7)

where
g| 6

is thewell-known square-rootoperator, and
g�

and
g~

arethereflectionandtransmissionoperators,respectively.

Reciprocity theorem of the convolution type for the one-way
wavefields
We introducetwo differentstatesthat will be distinguishedby
thesubscripts� and � . For thesetwo statesweconsiderthein-
teractionquantity

	 <  fd�!��
˜

f $ '
, with

�
˜

�O��� �� ����� or, written

alternatively,
	 <  ��b! �dc$ %��dc! ��b$ ' . Apparently, we consider

the interactionbetweenoppositelypropagatingwaves(seeFig-
ure2).
Applying the productrule for differentiation,substitutingthe
one-waywave equation(5) for states� and � , integrating the
resultoveracylindricalvolume 2 with boundary

	 2���� 	 2 6 (see
Figure3), applyingthetheoremof Gaussandusingthesymme-
try relation

gi
˜ ����� % �

˜

gi
˜ � � ˜ c 6 , yields the following one-

wayreciprocitytheorem> ��?A@B � f �! � ˜ f $ 4=< DFE � > ��?FB f �! � ˜ g� ˜ f $ DFI� > ��?�B  f �! �
˜

j $ ��j �! �
˜

f $ ' DFI �
(8)

wherethecontrastoperator
g�
˜

is givenbyg�
˜

�Pgi
˜
$ %�gi

˜
! N

(9)

Notethattheboundaryintegralover
	 2 6 vanished.For bounded	 2 6 thisoccurswhen

f !
and

f $
satisfyhomogeneousDirich-

let or Neumannboundaryconditionson
	 2 6 . Ontheotherhand,

when
	 2 6 is unboundedthis boundarycontribution also van-

ishesundertheconditionthat
f !

and
f $

havesufficientdecay
at infinity.
We concludethis subsectionby analyzingreciprocity theorem
(8) for somespecialcases.
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Fig. 3: Modifiedconfigurationfor theone-wayreciprocitytheorem.The
combinationof thetwoplanarsurfacesis denotedby ½¿¾ � ; thecylindri-
cal surfaceis denotedby ½A¾ 6 .
Unboundedmedia

%
Consider the situation in which the

mediumat and outside
	 2 � is homogeneous, unboundedand

source-freein bothstates.Assumethat the wave fields in both
statesarecausallyrelatedto thesourcesin 2 . Thenin bothstates
thewavefieldsareoutgoingat

	 2 � (i.e.,
��b! �À��b$ �À^ at the

uppersurfaceand
�dc! �Á�dc$ �Z^ at thelower surface)andit is

easilyseenthat
f �! �

˜

f $��S��b! �dc$ %��dc! ��b$ �À^ at
	 2 � , so

theboundaryintegral on the left-handsideof equation(8) van-
ishes.Apparentlyit is not requiredthat themediumparameters
at andoutside

	 2 � areidenticalin bothstates,unlike the con-
ditionsfor thevanishingof theboundaryintegral in reciprocity
theorem(3).
Physicalreciprocity

%
Assumethat the above mentionedcon-

ditions are fulfilled and that
� !Â� � $

and
� !Ã� � $

inside
as well as outside 2 . Then the first volume integral on the
right-handsideof equation(8) vanishes.Furthermore,consider
point sourcesin states� and � at

� ! R 2 and
� $ R 2 ,

respectively, accordingto
j7! �����;��� �ÅÄC! �����YXA��� % � ! �

andj $ ��������� �ÆÄ $ �����YXA��� % � $ �
. Equation(8) thusyieldsf �! ��� $ ` � ! ����� �

˜

ÄC$ ����� �Á%aÄ �! ����� �
˜

f $ ��� ! ` � $ �V��� N
(10)

For the specialcasethat
Ä ! � �5Ç b! ^ ��� and

Ä $ � �5Ç b$ ^ ��� ,
with

Ç b! � Ç b$ , this reducesto� c! ��� $ ` � ! ����� ��� c$ ��� ! ` � $ �����È�
(11)

seeFigure4.
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Fig. 4: Physicalreciprocityfor one-waysourcesandreceivers.
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Fig. 5: Configurationfor time-lapseseismics.

Reciprocity theoremsfor time-lapseseismics

Sincein areciprocitytheoremtwo statesinteract,it is optimally
fitted to formulatethe relationbetweentwo measurementsin a
time-lapseseismicexperiment. StateA is associatedwith the
referencewave field at, say, 2 � 2 6 , while stateB is associated
with themonitoringwave field at, say, 2 � 2 943 2 6 . It is noted
that 2 9 % 2 6 is muchlongerthanthe seismicexperimenttime.
In our analysis576

<
is dividedin threedomains(Figure5): 2 � is

thedomainwherethereareno differencesbetweenthematerial
parametersin thetwo states,mostlyassociatedwith thedomain
abovethereservoir; thedomain298 , for exampleassociatedwith
the reservoir, wherethereis a differencebetweenthe material
parametersin thetwo statesmostlydueto thereservoir produc-
tion history; and 2;: denotesthe complementof 2 � ��2 8 ; the
materialparametersin thisdomainmayor maynotbedifferent;
a possibledifferencein this domainis takeninto accountin a
subsequentstep.Thedomainsarespecifiedasfollows2 � �  � R 576 < �=<=<?>@< 6< ' �2 8 �  � R 576 < �=< 6<?A < <B>@< 9<C' � (12)2 : �  � R 576 < �=< < 3@< 9< ' N
In the next subsectionswe will discussthe matterfor the two
reciprocitytheoremsdiscussedabove.

Full waveequation
In orderto simplify theanalysiswe only considerpoint sources
of the volume injection type. The sourceof stateA is taken
at
� � �DC

, while the sourceof stateB is takenat
� � �FE

,
accordingto ��! ��������� �ÆWC! �����YXA��� % � C �È�

(13)� $ ��������� �ZW $ �����YXA��� % �9E�� N
(14)

Applicationof reciprocitytheorem(3) to domain 2 � 2 � �K2G8
yields>
HJILKMHJNI
 ���! ��� ` � C ���F< " $ ��� ` � E � % �F< " ! ��� ` � C � ��$ ��� ` � E � ' D�E

�Á%�� � > ��?�BPO  � ! ��� ` �DC¿�È��� $ ���z� % � ! ���z��� � $ ��� ` �9E��% � 
#" ! ��� ` � C �È��� $ ���z� % � ! ���z����� 
#" $ ��� ` � E � ' D�I� WC$ ����� ��! ��� E ` � C � %QWC! ����� ��$ ��� C ` � E � N
(15)

Usingphysicalreciprocity(equation4) wearrive atW $ ����� � ! ���9E ` �FC�� %�W ! ����� � $ ���9E ` �FC=�
(16)� � � > ��?FB O  �� ! ��� ` �FC��È��� $ ����� % � ! ���z��� � $ ��� ` �GE��% � 
#" ! ��� ` �FC��È��� $ ���z� % � ! ���z����� 
#" $ ��� ` �GE�� ' DFI �>

HJIQKRH NI
 ���! ��� ` � C ���F< " $ ��� ` � E � % �F< " ! ��� ` � C � ��$ ��� ` � E � ' D�EdN

Thesurfaceintegralontheright-handsideof equation(16)takes
into accounta possibledifferenceof thematerialparametersin2 : , below the reservoir; it vanisheswhenthereis no difference
betweenthetwo statesin 2;: .
One-waywaveequation
In theone-wayanalysiswe considerpoint-sourcesfor downgo-
ing wavesin bothstates,accordingtoj ! ��������� � �5ÇCb! ����� ^ � � XA��� % �FC��È�

(17)j $ ��������� � �5Ç#b$ ����� ^ � � X¿��� % �9EJ� N
(18)

Applicationof reciprocitytheorem(8) to domain 2 � 2 � � 2G8
yields>
HJILKMH NI
 �� b! ��� ` � C � � c$ ��� ` � E � %M� c! ��� ` � C � � b$ ��� ` � E � ' DFE

� > ��?FB O f �! ��� ` �FC � �
˜

� gi
˜
$ ���z� % gi

˜
! ��������f $ ��� ` �9E�� DFI% ÇCb$ ����� � c! ��� E ` � C � � ÇCb! ����� � c$ ��� C ` � E � N

(19)

Usingphysicalreciprocity(equation11)wearrive atÇCb$ ����� � c! ��� E ` � C � % ÇCb! ����� � c$ ��� E ` � C �
(20)� > ��?�BPO f �! ��� ` � C � �

˜

� gi
˜
$ ���z� %Ãgi

˜
! ���z����f $ ��� ` � E � D�I %>

HJISKMH NI
 � b! ��� ` �FC�� � c$ ��� ` �9E�� %�� c! ��� ` �FC � � b$ ��� ` �9E�� ' DFE N

As in the previous case,the surfaceintegral on the right-hand
sideof equation(20) vanisheswhenthereis no differencebe-
tweenthetwo statesin 2;: .
Examples

The materialparametersfor State � andState � , representing
themonitorandthe referencecases,respectively, areshown in
Figure6. For this specificcasethe boundaryintegral in equa-
tion (16) at differentdepthlevelsarecalculatedandwe discuss
the numericalresults. Time-lapsechangesaremodeledinside
the acquisitiondomain

�MT 8VU@W � � , <=< AYX[Z#^]\
, and inside� 8 , ^ Z#^]\_A < < Aa`#^^P\

, at ^ Z#^P\bA <=< Adc^�^]\
andZ#^^P\eA < < Af`C^^P\

. The interfacesare numberedfrom 1
to 5. Sourceandreceiversarelocatedatadepthof 10m. In Fig-
ure7 thedifferenceof themonitorandreferencescatteredwave
fields is shown. The differencereflectioneventsarenumbered
accordingto theinterfacesin Figure6. Observethephasediffer-
encesbetweenthe referenceandmonitorreflections,which are
top-down cumulative. Theboundaryintegral of equation(16) is
calculatedat thebottomof theacquistiondomain,seeFigure8,
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Reference and monitor models
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Fig. 6: Velocitiesof StateA (monitorstate)andStateB (referencestate).
Temporalchangesoccurin thefirst, third andfifth layer.

Scattered wave field difference
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Fig. 7: Thedifferenceof the monitorand the referencescatteredwave
fields. Temporalchangesare identifiableas phaseshifts in difference
reflections.

andat thebottomof thefirst reservoir layer, seeFigure9, at150
and400m, respectively. In Figure8 the differencerefection1
hasdisappearedwhile differencereflection2 is apureamplitude
differencewithout a phasedifference. In Figure9 the differ-
encereflections1,2 and3 have vanishedwhile 4 is now a pure
amplitudereflection. We canconcludethat the boundaryinte-
gral simulatesthedifferenceof two time-lapseexperimentsfor
which no temporalcontrastexists above the particularsurface
over which we calculatetheintegral, i.e. for which thevolume
integral in equation(16) vanishes.
Discussionand conclusions

In this paperwe have presentedtwo formulationsof the reci-
procity theorem.Both theoremsshow how theacousticstatesat
thesurfaceof someboundeddomainarerelatedtocontrastfunc-
tionsandsourcedistributionsin this domain.In thereciprocity
theoremfor thefull wavefield thecontrastfunctionis expressed
in materialdifferences( g � , g � ), while in the reciprocitythe-
oremfor the one-waywave fields it is expressedin scattering
operators(

g�
,
g~
).

The reciprocity theoremfor the full wave field hasproven its
functionality for examplein theremoval of multiple reflections
(vanBorselenet al., 1996)andin velocity replacement(Smit et
al., 1998).Thereciprocitytheoremfor theone-waywavefields
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Fig. 8: Theboundaryintegral of equation(16) at 150m. Equivalentto
a differencewavefield withouttemporalcontrastsabove150m.

Boundary integral at 400 m
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Fig. 9: Theboundaryintegral of equation(16) at 400m. Equivalentto
a differencewavefield withouttemporalcontrastsabove400m.

hasbeenthe point of departurefor the derivation of seismic
imagingtechniquesfor finely layeredmedia(Wapenaar, 1996).
As wehaveshownbothreciprocitytheoremsareusefulfor time-
lapseseismicimagingandinversion(Fokkemaetal., 1997).
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