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Summary
We representan interfaceby a self-similarsingularity, embed-
dedbetweentwo homogeneoushalf-spacesandwe evaluateits
frequency-dependent normalincidencereflectionandtransmis-
sioncoefficients.For

�����
theexpressionsfor thecoefficients

reduceto thosefor a discreteboundarybetweentwo homoge-
neoushalf-spaces;for

�����
theeffectof theembeddinghalf-

spacesvanishes.Theseasymptoticexpressionshavea relatively
simpleform anddependon thesingularityexponent� .
Next we evaluatethe time-domainreflectionandtransmission
responsesof a self-similar interfaceand of its smoothedver-
sion. It appearsthatsmoothinghashardlyany effect on the re-
sponse,provided that the smoothingdoesnot affect the scales
correspondingto theseismicfrequency range.
Intr oduction
Weparameterizeaninterfaceby thefollowing singularfunction
for the � -wavevelocity:	�
����� � 	���� ��������� ��� for ��� �	! "� �����# �� �%$ for ��& � (1)

(themassdensitywill beparameterizedasastep-functionfrom' � to '� throughoutthis paper).Whenonly oneof theparam-
eters � � and �  is not equalto zerowe speakof a one-sided
singularity;whenbotharenon-zerothesingularityis two-sided.
For a two-sidedsingularity with � � � �  (� � it appears
that the function in equation(1) is self-similar, accordingto	�
*)+���,�-) � 	�
��� , for ).& �

. For � � � �  /� �
this func-

tion reducesto theusualstep-function.�,� � �,& �
(n=1) (n=2)	�0 [m/s] 800 1200'�0 [kg/m1 ] 1000 1000��0 [m] -5 5

Two-sided:� 02
3� � � -0.4 -0.4
One-sided:� 0 0 -0.4

Table1. Parametervalues,usedin theexamplesin thispaper.

For a two-sidedsingularity, with parameters� , 	 0 and � 0 asde-
fined in Table1, the function 	�
��� as definedby equation(1)
is shown in Figure1a. We applieda multiscaleanalysisto this
function,following themethoddescribedby Mallat andHwang
(1992)andHerrmann(1997). Figure1b shows thecontinuous
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Fig. 1: (a) Two-sidedself-similarvelocityfunction,describedby equa-
tion (1), with \ , ] 0 and ^ 0 definedin Table1. (b) Continuouswavelet
transformof thevelocityfunctionin figurea. (c) Modulusmaximaline,
obtainedfrom figure b. (d) Amplitude-versus-scale(AVS)curve,mea-
suredalongthemodulusmaximaline in figurec. Theslope( \,_a`cb%d e )
correspondsto thesingularityexponentof thefunctionin figurea.
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Fig. 2: Multi-scaleanalysisof theself-similarvelocityfunctionofFigure
1a, embeddedbetweentwo homogeneoushalf-spaceŝ���^ � _�`�� m
and ^���^  _a� m. For small � theslopeof theAVScurvein (d) is con-
stantandagaingivenby \�_�`+b�d e ; for large � theslopeapproaches
zero,asfor a step-function.

wavelet transform �	�
3������� of this function. In essencethis re-
sult hasbeenobtainedby convolving 	�
��� with scaledversions
of oneandthe sameanalyzingwavelet, i.e., with

���� 
%�� � (this
waveletwill bediscussedin moredetail in a latersection).The
different tracesin Figure 1b correspondto different scales� .
Takingthemodulusof thedatain Figure1b andconnectingthe
local maximafrom traceto trace,yields the so-calledmodulus
maximaline thatis shownin Figure1c.Figure1dshowstheam-
plitudesmeasuredalongthis line, on a log-log scale.Theslope
of this amplitude-versus-scale(AVS) graphcorrespondsto the
singularityexponent � ��  ��¡ ¢ of the self-similar function in
Figure1a (Mallat andHwang,1992). Note thatwhenthis type
of analysiswould beappliedto a step-function,theslopeof the
AVS curvewouldbezero.
TheAVS behaviour, observed in Figure1d, correspondsnicely
to thatof severaloutliersin realwell-logs,asanalyzedby Herr-
mann(1997). Although this ‘constant-slope’behaviour is not
universal,it makessensetousefunctionsof theformof equation
(1) for theparameterizationof compositereflectors.In thispaper
wewill considerthesituationin whichaself-similarsingularity
is embeddedbetweentwo homogeneoushalf-spaces.A multi-
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scaleanalysisof suchanembeddedsingularityis shown in Fig-
ure2. Thesingularfunctionisdefinedin theregion �%�2�a�£�a�  
with theparametersof Table1; thevelocitiesof theembedding
half-spacesarealsogivenby 	 � ��¤ ��� m/sand 	� ¥�.¦�§ ��� m/s,
sothat 	�
��� is continuousat � � and �� . Notethatfor smallscales
( � �¨�

) theAVS curve in Figure2d approachesthat in Figure
1d. So in this limit the embeddinghalf-spaceshave no effect
on the scalingbehaviour. For large scales( � �©�

) the AVS
curve is nearlyconstant(asfor a step-function),which implies
thatin this limit thescalingbehaviour is fully determinedby the
embeddinghalf-spaces.

In the following sectionswe evaluatethe normalincidencere-
flectionandtransmissionpropertiesof this type of self-similar
interface. Sincethe resultsareexact, they may serve asa ref-
erencefor approximateexpressionsfor moregeneralsituations.
For example,Dessing(1997)analyzesthe responseof another
classof scale-dependent reflectormodels.For asymmetricself-
similar singularity(without embeddinghalf-spaces),his results
areconsistentwith thehigh-frequency expressionsin thispaper.

For theobliqueincidenceresponseno explicit expressionshave
beenfound yet (except for � � �

and � �ª  � ). How-
ever, by exploiting theself-similarityproperty	�
*)+���c�«) � 	�
��� ,
it is possibleto derive self-similarity relationsfor the angle-
dependentreflectionand transmissioncoefficients. A further
discussionof theseextensionsis beyondthescopeof thispaper.
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Fig. 3: Modulusof thereflection(a) andtransmission(b) coefficientsof
theembeddedtwo-sidedsingularityof Figure2a (solid) andtheir high-
frequencyapproximations(dashed).
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Fig. 4: Phaseof the reflection(a) and transmission(b) coefficientsof
theembeddedtwo-sidedsingularityof Figure2a (solid) andtheir high-
frequencyapproximations(dashed).

Reflectionand transmissioncoefficients
The exact reflection and transmissioncoefficients for a self-
similar singularity, embeddedbetweentwo homogeneoushalf-
spaces,arederived in Wapenaar(1998). Herewe considerthe
embeddedtwo-sidedsingularityof Figure2a,with � , 	�0 , '�0 and� 0 definedin Table1. In Figures3 and4 themodulusandphase
of ÔÖÕ and ×2Õ areshown asa function of the frequency. The
low- andhigh-frequency limits will bediscussedin thenext two
sections.
Zero-frequencylimit
For two-sidedaswell asone-sidedsingularities,embeddedbe-
tweentwo homogeneoushalf-spaces,thelimits for

�£���
of the

reflecionandtransmissioncoefficients Ô�Ø and ×ÖØ aregivenbyÔ Õ ��  ÔÚÙ � '  	   Û'%��	��'� �	! �ÜÝ' � 	 � � (2)× Õ � ×ÖÙ � §�Þ '� !	! �' � 	 �'� �	! �ÜÝ' � 	 � ��ß ¦2 �
 Ô Õ �  ¡ (3)

Notethatthesecoefficientsareequalto theflux-normalizedco-
efficients for a discreteboundarybetweentwo homogeneous
half-spaces,i.e., for thesituationin which thevelocity andden-
sity aredescribedby step-functions.This is consistentwith the
multi-scaleanalysisin Figure2, which revealedthatfor large �
theembeddedself-similarsingularitybehavesasastep-function
(bearin mind thatthescale� is proportionalto thewavelength,
hence,� ���

correspondsto
���à�

). For thevaluesof 	�0 and'�0 in Table1, equations(2) and(3) yield Ô Õ �á  Ô Ù �â��¡ §
and × Ø � Þ ��¡ ã�ä

(seeFigure3 for
�å�à�

).
High-fr equencybehaviour for two-sidedsingularities
For embeddedtwo-sidedsingularitieswetakeagain� �æ� �  �� (and � � � ���ç� �� %� ). For this situationthelimits for

���¨�
of

thereflecionandtransmissioncoefficients Ô�Ø and ×èØ aregiven
by Ô Õ �é Öê Ô Ù+ë�ì � íæî�ï Ù�ðòñ!ó '  	  ñ Ü ï ðòñ�ó '%��	  ñ�'  	  ñ ÜÝ'%��	  ñ� ô � (4)

× Õ � ×èÙ � §�õ÷öùøc
úüûý� ß '� !	  ñ ' � 	  ñ�'� !	  ñ ÜÝ' � 	  ñ� � (5)

with ú/�Ý¦���
3§� þ§ � � and � � � . Note that theseasymptotic
expressionsare frequency-independent. The factor

í
in equa-

tion (4) correspondsto a Hilbert transformin the time domain.
For 	�0 , '�0 and ��0 as definedin Table1 and variable � , the
modulusandphaseof the high-frequency reflectionandtrans-
missioncoefficients Ô Õ and × Õ are shown in Figure 5. For� �ÿ  ��¡ ¢ we have � Ô�Ø � � ��¡ ¢ � §#¤ , ����� 
 Ô Õ � ���
	�¡ 	���

,�
��� 
 Ô Ù � � ¦ ��ä�¡ ä�	�� , � ×èØ � � ��¡ ¤ ã ¦ ä , �
��� 
 ×èØ �2� ��� . These
values(except �
��� 
 Ô Ù � ) arerepresentedby thedashedlinesin
Figures3 and4. The coefficients in equations(4) and(5) are
equalto theexactcoefficientsfor a two-sidedself-similarfunc-
tion describedby equation(1), (i.e.,without theembeddingho-
mogeneoushalf-spaces).This is consistentwith themulti-scale
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Fig. 5: High-frequencyapproximationof themodulus(a) andphase(b)
of the reflectioncoefficient % Õ (solid) and the transmissioncoefficient& Õ (dashed)of an embeddedtwo-sidedsingularity. Themoduli and
phasesare plottedas a functionof the singularityexponent\ ; the pa-
rameters ] 0 , ' 0 and ^ 0 are definedin Table 1. For \�_Ý`+b�d e the
moduliandphasescorrespondto thosein Figures3 and4 for (*),+ .

analysisin Figures1 and2, which revealedthatfor small � the
embeddinghalf-spaceshave no effect on thescalingbehaviour
of the singularity (bear in mind that � � �

correspondsto�����
). At thispoint it is usefulto giveaquantitative interpre-

tationof thescales� alongthehorizontalaxesin thesefigures.
As wementionedin theintroduction,themultiscaleanalysisin-
volvesaconvolutionwith ascaledwavelet

�� � 
"�� � . Thewavelet
thatwasusedin Figures1 and2 is thederivative of a Gaussian,
definedas � - ��/. �100 � î ï32�465  �
 � �
7 � �  98§ Þ û ô � (6)

with : � � ��¡ ¦ m. The Fourier transformof this wavelet isí 
<;�� : ��� ï32�4>=  �
<;ü� : ���  @? and reachesits maximumat ;�Aa�¦��%
3� : � Þ §�� . Hence,the effective wavelengthof the analyz-
ing wavelet is given by BDC<E �¨§�ûý��; A �¨§ Þ §�ûý� : � , from
which we derive that FHG��  � � ê�§�� ¢ � ä �ü¤��ý¦ � ë corresponds
to B CIE �©ê 	�¡ � � ¦ ¢ � � � �ý§�§#¤�� ã ¦ � ë m. Unfortunatelythese
wavelengthscannotbeuniquelyrelatedto seismicfrequencies,
sincethe velocity is not constant. Using an effective velocity	 C<E we definethecorrespondingeffective seismicfrequency as� C<E �KJMLON NP LQN N . Choosing(quite arbitrary) 	 CIE �à§ ����� m/s, we
thusfind that theaformentionedrangeof scalescorrespondsto� C<E � ê � ��� � ¦ ¢ §%� 	�¢ � ã �ý§ ¡ § ë Hz. Hence,thescalesFHG�  ��� ¢
to FHG�  ����¤ roughlycorrespondto theseismicscalerange.In
Figures1d and 2d we observe that the AVS curvesof the ve-
locity functionsin Figures1a and2amatchvery accuratelyfor
scalessmallerthanthe seismicscales;within theseismicscale
rangethey follow a similar trendandfor larger scalesthey are
completelydifferent.Hence,thehigh-frequency approximations
given by equations(4) and (5) are very accuratefor frequen-
ciesabovetheseismicfrequency range.How well they perform
within theseismicfrequency rangewill be investigatedwith an
examplein a latersection.
High-fr equencybehaviour for one-sidedsingularities
For embeddedone-sidedsingularitieswetake � � � � and �  SR��
. For this situationthe limits for

��� �
of thereflecionand

transmissioncoefficients Ô Ø and × Ø aregivenbyÔ Õ � TDU ñ9VTDU � Ù ñ9V 
 íW ú�� �� %� � � Ù  ñ '� !	  ñ  �' � 	 �TDU ñ9VTDU � Ù ñ9V 
 íW ú�� �� %� � � Ù  ñ '� !	  ñ Ü ' � 	 � � (7)

Ô�Ù �   TDU ñ9VTDU � Ù ñ9V 
 W ú � �  � � � Ù  ñ '  	  ñ Ü í � Ù  ñ '%��	��TDU ñ�VTDU � Ù ñ9V 
 íW ú � �� %� � � Ù  ñ '� #	  ñ Ü ' � 	 � � (8)

× Ø �  3X óTDU � Ùýñ9V ß 
 íW ú�� �  � � � Ù  ñ '  	  ñ '%��	��TDU ñ9VTDU � Ù ñ9V 
 íW ú�� �� %� � � Ù  ñ '� !	  ñ Ü ' � 	 � � (9)

with
W �(§�û � , ú�� ¦���
3§è  § �  �� and �  � � . Notethatthese

asymptoticexpressionsarefrequency-dependent,unlike theco-
efficientsin equations(4) and(5) for the two-sidedsingularity.
Thefactors 
 íW � � Ù  ñ correspondto a fractionaldifferentiation
or integrationin the time domainfor negative andpositive �  ,
respectively.
For �  , 	�0 , '�0 and ��0 asdefinedin Table1, the modulusand
phaseof the high-frequency reflectionandtransmissioncoeffi-
cientsÔÖÕ and ×2Õ areshown in Figure6.
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Fig. 6: High-frequencyapproximationof themodulus(a) andphase(b)
of the reflectioncoefficient % Õ (solid) and thetransmissioncoefficient& Õ (dashed)of an embeddedone-sidedsingularity, for theparameters
definedin Table1.

Reflectionand transmissionresponses
In thissectionweconsiderthetime-domainreflectionandtrans-
missionresponsesof theembeddedtwo-sidedsingularityshown
in Figure2a. For thedowngoingincidentwave field we choose
aRickerwavelet,definedby o�p 
Mq3� ��
�¦2  §�û  �  A q  � ï Ù ó $3r!$s�t $ ,
with

� A(� � �
Hz. The Fourier transformof this wavelet isu p 
 � �¥�  X ó r�$rwvs ï Ù r�$3x9r�$s . Multiplying this spectrumwith the

exact complex reflectionand transmissioncoefficientsof Fig-
ures 3 and 4 and transformingthe resultsback to the time-
domainyieldsthereflectionandtransmissionresponses,shown
by thesolidlinesin Figure7. Notethatin thereflectionresponse
a significantphasedistortionof theRickerwavelet is observed,
in agreementwith Figure4a. Thetransmissionresponse,on the
otherhand,hasundergonenearlyno phasedistortion,in agree-
mentwith Figure4b. Figure7 alsoshows the high-frequency
approximationsof thereflectionandtransmissionresponses,de-
notedby the crosses(+). Theseresponseshave beenobtained
usingtheasymptoticreflectionandtransmissioncoefficientsof
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Fig. 7: Reflection(a) and transmission(b) responsesof the embedded
two-sidedsingularityof Figure 2a (solid) and their high-frequencyap-
proximations(+).

Figure5 (for � �   ��¡ ¢ ). Note that the main featuresof the
exact responsesarereasonablywell reproducedby thesehigh-
frequency approximations.

The effectof singularity smoothing

Dueto theband-limitednatureof a seismicsource,only a lim-
ited rangeof scalesof an interfacewill affect its reflectionand
transmissionresponses.In particular, removing smallscalesby
smoothingthesingularitywill only havea smalleffect on these
responses.In this sectionwe investigatethis effect with a nu-
mericalexperiment.
Figure8a shows a smoothedversionof the previously consid-
eredself-similarinterfaceof Figure2a.Figure8b showsa mul-
tiscaleanalysisof this smoothedinterface.ComparingtheAVS
curveof Figure8d with thatof theoriginal interface(Figure2d)
revealsthatin theseismicscalerange(FHG��  �å� ¢ to FHG��  ��� ¤ )
theseAVS curvesdo not deviatesignificantly. Hence,we may
expect that the smoothinghasnot much effect on the seismic
reflectionandtransmissionresponses.
The numericallymodeledresponsesof the smoothedinterface
in Figure8a arerepresentedby thecrosses(+) in Figure9; the
solid linesin this figureareagaintheexactresponsesof theun-
smoothedinterface.Indeedthesmoothinghashardlyany effect
on theseresponses.

Conclusions

Wehave introducedascale-dependentinterfacein whichaself-
similarsingularityis embeddedbetweentwohomogeneoushalf-
spaces. A multiscaleanalysisrevealed that for large scales
( � � �

) this interface is indistinguishablefrom the usual
step-functionwhereasfor small scales( � � �

) the scaling
behaviour is dominatedby the singularity. We have presented
analyticalresultsfor the normalincidencereflectionandtrans-
missioncoefficientsof this interface.Thesecoefficientsappear
to be frequency-dependent. For small frequencies(

� � �
)

thesecoefficients reduceto the well-known coefficients of a
step-functioninterface,whereasfor largefrequencies(

��� �
)

the coefficientsareequalto thoseof a singularfunction with-
out theembeddinghalf-spaces.For two-sidedsingularitiesthese
asymptoticcoefficientsarefrequency-independent; the factor
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Fig. 8: Multiscale analysisof a smoothedversionof the interfaceof
Figure2a.
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Fig. 9: Reflection(a) and transmission(b) responsesof the embedded
two-sidedsingularityof Figure2a (solid)andof its smoothedversionin
Figure8a(+).

in theexpressionfor the reflectioncoefficient correspondsto a
Hilbert transformin thetimedomain.For one-sidedsingularities
theasymptoticcoefficientsarefrequency-dependent;thefactors
 í�W � � Ù  ñ correspondto a fractionaldifferentiation/integration
in thetimedomain.
Using a numerical method we modeled the responseof a
smoothedversionof thesingularity. We showedthatsmoothing
hashardlyany effecton theresponse,providedthatthesmooth-
ing doesnot affect thescalescorrespondingto theseismicfre-
quency range.
Througoutthis paperwe haverestrictedourselvesto thenormal
incidenceresponsesof oneparticularform of a self-similarin-
terface.Sincetheresultsareexact,they mayserveasareference
for approximateexpressionsthatcanhandlemoregeneralsitua-
tions.
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