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Summary

In well-logswe often encountersharpoutliers,or singu-
larities, thatareresponsiblefor strongreflections.How-
ever, thesereflectorsaredifferentfrom step-functions,in
the sensethat step-functionsarescale-invariantwhereas
thesesingularitiesarenot. In thispaperamulti-scaleanal-
ysis hasbeenperformedon syntheticandrealwell-logs,
aswell ason their reflectionresponses,in orderto testa
methodthat candistinguishbetweenscale-invariantand
scale-variantreflectors.Wewill showthatit is possibleto
extracta stablelocal singularityexponent� from a well-
log, andthatwe canobtainthesameexponentfrom seis-
mic reflectiondata.

Intr oduction

Multi-scale analysisis usually performedon well-logs;
only recentlythisanalysisis beingappliedto seismicdata
[1]. In this paperwe investigatemediathat containdif-
ferenttypesof singularities.If singularitiesaredescribed
in a self-similar way, it can be proventhat, exceptfor
thestep-function,theyarescale-variant.This impliesthat
the angle-dependentseismicreflectionresponseis scale-
variantaswell, in a waythatis directly linked to thescal-
ing behaviorof thewell-log. In this paperwe will show
how to extracta local singularityexponentbothfrom the
well-log aswell asfrom theseismicreflectiondata.In the
first examplewe considera syntheticwell-log with well-
definedself-similarsingularities,in the secondexample
thesingularitieswill betakenfrom realwell-logs.

A model for a scale-variantsingularities

In thispaperweconsidersingularitiesof theform

�������	� 
 ���� �������� � for ��������� �������� � for ������� (1)

Figure1ashowsasyntheticwell-log thatconsistsof three
suchsingularities,with ���������  , �!�"� and �#�"�$�&% ,
respectively. Notethatfor �'�#� thesingularityreducesto
astep-function.Moreover, for arbitrary� thesingularities
areself-similar, accordingto���)(*���+��( � ������� for (,����- (2)

seeFigure2. This propertywill beexploitedin theanal-
ysisof themulti-scaleAVA behaviorof thereflectionre-
sponseof thesesingularities. But first we analyzethe
multi-scalebehaviorof thesingularitiesthemselves.

0 2 4 6

0

50

100

150

200

250

log2(sigma) log2(sigma) log2(sigma)

lo
g

2
(A

)
lo

g
2

(A
)

lo
g

2
(A

)

cp [km/s]

1 2 3 4 5 6
10.5

11

11.5

12

12.5

1 2 3 4 5 6
10

10.5

11

11.5

12

1 2 3 4 5 6
9

9.5

10

10.5

11

1 2 3 4 5 6 1 2 3 4 5 6

d
e

p
th

 [
m

]

(a) (b) (c) (d)
Fig. 1: (a) Syntheticwell-log. (b) Wavelettransformof thewell-
log. (c) Positionof modulus-maximalinesin wavelettransform.
(d) Log-log plot of amplitudealong modulus-maximalines vs.
scale: (top) .0/21	3�4 5 , (middle) .0/63 , (bottom) .0/63�4&7 .
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Fig. 2: The self-similarsingularity C�DFE�G of equation(1), with.�/H1	3�4 5 , C�IJ/K7L3�3�3 m/s, CNM0/PO�3�3�3 m/s, E�IQ/PELM0/HRS3
m. The“zoom-factor” is chosenas TU/63�4&7 , hence,thescaling
factor TWV in equation(2) equals1.904.

Multi-scale analysisof the singularities

Thefollowing analysisisduetoMallatandHwang[3] and
hasbeenappliedto well-logs by Herrmann[2]. Let the
wavelettransform X���ZYW-S��� of ������� bedefinedas

X���ZY[-N���\�^]Y`_bac a
������dF�fe�g � d �h�Y i[j ��dk-l�ZYm�b����-

(3)
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with en�Z��� being a properanalyzingwaveletand Y the
scaleparameter. Forthewell-logof Figure1a,thewavelet
transform X���ZYW-S��� is shownin Figure1b.

Replacing� d by Y[� d , j � d by Y j � d andsubstitutingequation
(2) yields

X����Y[-N���\�oY � _ ac a
����� d �fep��� d �q����Y[� j � d - (4)

or, comparingtheright-handsidewith thatof equation(3),

X����Y[-S���\�oY � X��� ] -S����Y[�L� (5)

Let �r� �Ls	tvu denotethe � -value for which  X����Y[-S����
reachesa local maximum for a fixed scale Y . Mal-
lat andHwang[3] definea modulusmaximaline as the
curvein the ��Y[-N��� -planethatconnectsthe local maxima X���ZY[-N��s	tvu��� for all Y , seeFigure1c. Fromequation(5) it
follows thatthelogarithmof theamplitudealongamodu-
lusmaximaline is givenbywyx�z  X�{�ZY[-N� s	tvu ����#� w|x�z YJ} wyx�z  X��� ] -N� s	tvu ��Y[��~- (6)

seeFigure1d. It appearsthat the slopeof this modulus
maximafunctionis equalto thelocalsingularityexponent� . Herrmann[2] hasappliedthistypeof multi-scaleanal-
ysis to realwell-logs. His resultsshowthat themodulus
maximafunctionsof manysingularitiesin well-logs ex-
hibit a constant� behavior(asin Figure1d) overa wide
rangeof scales.

Multi-scale AVA analysisof the reflectionresponse

Figure3ashowstheplanewaveresponseof thewell-log
of Figure1ain theray-parameterintercept-time(� -S� ) do-
mainaswell asanimagein theray-parameterdepth(� -N� )
domain.Notethatthis reflectionresponse,whichis mod-
eled by a reflectivity method,hasbeenconvolvedwith
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Fig. 3: (a) Planewaveresponse(���S� -domain)of syntheticwell-
log. (b) Imagedplanewaveresponse(���fE -domain).

a (symmetrical)wavelet,to representthe datain a more
comfortableway.

In this section we will derive the multi-scale AVA-
behaviorof this reflectionresponse.Our startingpoint is
thewaveequationin the � � -S�$� -domain,with ���Z��� defined
by equation(1):�p� �� � � �Pgl]� � ����� � � � i � �� � ����� ����- � -N���\����� (7)

Replacing� by (*� , substitutingequation(2)andmultiply-
ing theresultby ( � gives� � �� � � ��g�]� � �Z��� ���)( � � � � i � �� � ( � c � �$� ��� � �F(*�$- � -S�$���!���

(8)

The term betweenthe squarebracketsis the sameas
in equation (7), with � replacedby (*� � and � re-
placedby (*� c � � . Hence,equation(8) is satisfiedby� �Z�$-f(*� � -v(*� c � �$� aswell as � �)(*��- � -N��� . Consequently,� �Z�$-f( � � -v( � c � �$�	�o���Z�\� � �)(*��- � -N����- (9)

where���Z�\� is anundetermined� -dependentfactor. In the
upperhalf-space�Q�b� wedefinean‘incident’ wavefield�$� ��� (with positivepowerflux) anda‘reflected’wavefield�$�F��� (with negativepowerflux), bothobeyingequation(9)
with oneandthesamefactor ���Z�\� . Forouranalysiswedo
not needto specifythis ‘decomposition’anyfurther. We
relatetheseincidentandreflectedwavefieldsvia areflec-
tion kernel � � � -S�$� , accordingto

� �)��� �k����- � -S���\� _ ac a
� � � -N���q� d � � � ��� ������- � -N� d � j � d -

(10)

with ���r� . Replacing� by (*� , substitutingequation(9)
for �$� ��� and �$�F��� andcomparingtheresultwith equation
(10) learnsthat the reflectionkernelobeysthe following
similarity relation

� � � -N������( � c � � �F( � � -v( � c � ����� (11)

Weintroducethewavelettransformof � � � -S�$� by

X� � � -SY[-N���\� _ ac a
� � � -N� d �fe�g � d ���Y i[j � d � (12)

Substitutingequation(11), replacing� d by ( � c ��� d andj � d
by ( � c � j � d yields

X� � � -NY[-N���*� _qac a
� �)( � � -S��dy�fe�g � d ��(*� c � �( � c � Y i[j ��dk-

(13)
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Fig. 4: Multi-scalerepresentation £¤ D&���S¥��kE�G of theimagedseis-
micdataof Figure3b.

or, comparingthe right-handside with that of equation
(12),

X� � � -NY[-N���\� X� �F( � � -f( � c � Y[-f( � c � ����� (14)

Let �K�r�Ns	tvu denotethe � -valuefor which  X� � � -SY[-N����
reachesits maximumfor fixed � and Y . We definea mod-
ulusmaximaplaneastheplanein the � � -NY[-N��� -spacethat
connectsthelocal maxima  X� � � -NY[-N� s	tfu �� for all � and Y .
It follows from equation(14) thatthereflectionamplitude
in amodulusmaximaplanebehavesas X� � � -NY[-N� s	tfu ����P X� �F( � � -v( � c � Y[-v( � c � � s	tvu ��~� (15)

The latter equationimplies that contoursof constantre-
flection amplitudein a modulusmaxima plane are de-
scribedby

� � c � Y � �!¦ x�§�¨f©Nª�§�© � (16)

The same contours of constant reflection amplitude X� � � -NY[-N� s	tvu �� arefound in the modulusmaximaplanes
of theimagedreflectiondata,seeFigures4 and5.

Exampleson a real velocity well-log

The aforementionedmethodhasbeenperformedon cer-
tain strongreflectorsin anactualsonicP-velocitylog. In
thefirst exampleapieceof alog (Figure6a)hasbeencho-
senof 1500samples(i.e. 250m) in whichtheacousticre-
flectionresponsewasmodeled.Makinguseof themulti-
scaleanalysisa reflectorwasfoundat a depthof around
160mwith a constantsingularityexponent� =-0.32(see
Figure6b), in the

� wyx�z Y -range[2,5]. This scalerangeis
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Fig. 5: Analytical contoursalong which p Ik« V ¥ V / constant:
(a) .�/�1	3�4 5 , (b) .�/�3 , (c) .�/�3�4 7 . Thecorrespond-
ing resultsobtainedfromthemulti-scaleimagein Figure4 are
shownin (d), (e)and(f)

approximatelyequalto a wavelengthof 8 to 60 m, which
correspondsto thehigherfrequenciesin theseismicspec-
trum. Theimagedreflectionresponseis visible in Figure
6c. As we haveusedthesamesamplingfor thevelocity
function as for the imaging,we canstatethat the scales
in all picturesaredirectly comparable.We canseethat
thereis a strongreflectorwhich correspondsto the one
alreadypointedout. At this depthlevel a wavelettrans-
form hasbeenperformedandwe havemeasuredtheam-
plitudeof the envelopeof the reflectivity alongmodulus
maximaplanes.Theresultof thisanalysisis givenin Fig-
ure6d. Usingequation(16)wederivedfrom thesecurves�m¬�����&®{ , whichis quitecloseto thevaluederivedfrom
thewell-log. Wehavealsoperformedthemethodonalog
in which a step-functionwaspresent( �¬¯� ). This log,
which is visible in Figure7a,containsthis step-function
at a depthof about90 m. The resultsof the multi-scale
analysisareshownin Figure7b. We canclearlyseethat
the singularityexponentis approximatelyequalto 0 for
thelogarithmicscalerange[2,5]. Justasin theforegoing
case,theimagedreflectionresponseis givenin Figure7c,
andthevalueof thereflectivityalongthemodulusmaxima
planeshasbeengivenin Figure7d. In thispicturewecan
clearlyseethat thepatternis differentfrom Figure6d. If
wecomparethesecurveswith theanalyticalcurvesin Fig-
ure5a,b,c,we canseethat the trendof thecurvesis best
representedby a valueof �,��� .
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Fig. 6: (a) Velocity functionas usedin this example.(b) Log-
log plot of amplitudealongmodulus-maximalinesvs. scaleat a
depthofaround160m(slope.`°±1	3�4 O�7 ). (c) Imagedreflection
responseof thisvelocityfunction.(d) ²F£¤ D&���S¥��kE�³\´fµ�GN² in a modu-
lusmaximaplaneat thesamedepthastheanalysisin (b).

Conclusionand discussion

We haveshownthat it is possibleto retrievea scalepa-
rameterfromthereflectionresponseof amedium,whichis
consistentwith theonederivedfrom a sonicvelocity log,
in thesamescalerange.Up till now, themethodhasnot
beentestedon realreflectiondata.
Note that we only usedlocal amplitudeinformation(re-
trievedfrommodulusmaximaplanes),to estimatethesin-
gularity exponent.We will investigatethe possibility to
includelocalphaseinformationaswell, in orderto obtain
morestableestimatesof thelocalsingularityexponent.
When looking at the resultsobtainedfrom seismicdata
modeledin therealwell-logs,weexpectthatthesingular-
ity exponent� mayproveto beausefulseismicindicator,
in additionto otherparametersin AVA inversion.
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Fig. 7: (a) Velocity functionas usedin this example.(b) Log-
log plot of amplitudealongmodulus-maximalinesvs. scaleat a
depthof around90 m (slope .¶°3 ). (c) Imagedreflectionre-
sponseof thisvelocityfunction.(d) ²F£¤ D&���S¥��kE�³\´fµ�GN² in a modulus
maximaplaneat thesamedepthastheanalysisin (b).
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