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Abstract

Ultrasonic experiments have revealed an interest-
ing scaling behaviour in the acoustic tranmission
response of several sandstone rock samples. The
acoustic traces have been recorded for a great vari-
ety of ambient pressures that simulate the charac-
teristic in-situ stresses to which reservoir rocks are
submitted.

Some assumptions on the micro-structure and
mineralogy of the rocks are made. From them,
a mathematical model for the pressure-dependent
scaling behaviour is derived and tested using nu-
merical modelling techniques. Even simple one-
dimensional layered models for wave propagation
through the sandstone rocks show scaling be-
haviour on the transmission response similar to the
e�ect observed in the experimental traces, suggest-
ing our model as a good starting point to analyze
the pressure-dependent behaviour of such reservoir
rocks.

Introduction

A couple of years ago, ultrasonic transmission mea-
surements in sandstone rock samples have been
carried out at the Laboratory of Rock Mechanics,
Department of Applied Earth Sciences, Delft Uni-
versity of Technology. An interesting scaling be-
haviour of the acoustic transmission response was
observed. It appeared that not only the arrival time
reduces when the ambient pressure increases, but
that the width of the wavelet reduces by approxi-
mately the same relative amount. Changes in the
amplitude of the seismic signals were also recorded
with changing pressure. It seems possible that as
a result of changing ambient pressure, some elasto-
dynamic rock parameters will change, causing the
observed di�erences in the arrival time, amplitude
and width of the transmitted pulse. The aim of
this work is to propose a possible theoretical expla-
nation of the observed phenomena. First, a quick
review of the experiments is outlined. After that,
the analytical derivation of the scaling model and
some numerical results are presented.
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Experimental data

Pressure machines and acoustic

installation

Due to di�erent sample shapes, two pressure ma-
chines were used to perform the experiments: the
uni-axial pressure machine (for prismatic samples)
with maximum applied pressure of 20 MPa, and
the tri-axial pressure machine (only for cubic sam-
ples), which pressure range lies between 2 MPa
and 82 MPa, in the three perpendicular axial
directions. In each pressure plate, three piezo-
electric broad-band transducers are mounted, one
P-transducer and two mutually perpendicular po-
larized S-transducers. They have a central fre-
quency of 1 MHz and they are in direct contact
with the sample and pressed, by means of a spring,
with a constant force on the block.

Rock samples

Several sandstone rock samples were used in the
experiments. They are all rather clean sandstones
containing quartz, feldspar and, to a lesser extent,
some rock fragments. They represent typical reser-
voir rocks with a wide range of porosity values (5
% - 20 %). For a detailed mineralogical and petro-
physical characterization of the rocks, we refer the
reader to Dillen (2000).

Figure 1: Thin section micro-photograph
Rotliegend sandstone

1



Mercerat, Wapenaar, Fokkema & Dillen

In Figure 1, a micro-photograph of Rotliegend
Sandstone can be seen. This thin section comes
from a core drilled in a well at the northern Nether-
lands' o�-shore, and it was not used for the ultra-
sonic experiments. From the matrix structure, it
is possible to hypothesize that di�erent grains can
react di�erently to large in-situ stresses. Harder
quartz grains may remain unchanged, while softer
grains (i.e. feldspar, clay cement) or grain contacts
may strongly change their acoustic parameters as a
function of applied pressure. Also some reordering
of the grains following preferable directions (for ex-
ample, perpendicular the to main e�ective stress)
can occur.

Scaling behaviour

Pressure-dependent dynamic characteristics of the
sandstone rocks are fully described in Dillen (2000)
and Swinnen (1997). In this work, we are specially
interested in the scaling behaviour of the transmis-
sion response. It is worthwile to mention that the
scaling of the traces has been observed in every
sandstone sample and both in P and S waves ar-
rivals. Also it has been carefully checked that the
time and amplitude changes are not source e�ects,
therefore it is the propagation through the sand-
stone that changes with changing pressure. In Fig-
ure 2, the scaling behaviour in the Rotliegend sand-
stone can be clearly seen. The time-axis seems to
be scaled by a single factor when the ambient pres-
sure is changed from one value to the other. Also
the amplitude changes when changing the pressure.

The binary layered medium

approach

In order to study the scaling behaviour analyti-
cally, we start by making a number of assump-
tions: we consider the sandstone horizontally lay-
ered. Secondly, the layered medium consists of only
two types of material (hence the name binary lay-
ered medium), and the third assumption is that
changes in the ambient pressure do not a�ect the
layer thicknesses, but only the material acoustic pa-
rameters. Figure 3 exempli�es the assumed model
for two di�erent pressure states.

With these assumptions the depth-dependent
normal-incidence plane-wave reectivity r(z) obeys
the following scaling relation

rB(z) = � rA(z); (1)

where the subscripts A and B refer to two di�er-
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Figure 2: P-waves for increasing pressure (tri-axial
pressure machine) in Rotliegend sandstone

ent ambient pressure states. When the material
parameters of both layer types react similarly (in
a relative sense) to changes in the ambient pres-
sure then � = 1; when they react di�erently, then
� 6= 1. The average vertical slowness �s of the ma-
terial obeys the following relation

�sB = � �sA: (2)

In the following section we will evaluate the scaling
behaviour of the transmission response of binary
layered media analytically.

Scaling behaviour of the transmission

response

The normal-incidence plane-wave transmission re-
sponse of a layered medium can be expressed in
the frequency domain in terms of a `generalized pri-
mary' propagator W(z1; z0; !), according to

W(z1; z0; !) = P(z1; z0; !)M(z1; z0; !) (3)

= expf�j!�s�zg expf�A(2!�s)�zg;

where �z = z1 � z0. The �rst exponential de-
scribes the (ux-normalized) primary propagation
from depth level z0 to z1 and the second exponen-
tial accounts for the internal multiples generated at
all interfaces between those two depth levels. The
function A is the Fourier transform of the `causal
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Figure 3: Two di�erent pressure states in a binary
layered medium. Left: state A (lower pressure),
Right: state B (higher pressure)

part' of S(z), according to

A(k) =

Z 1

0

expf�jkzgS(z)dz; (4)

where S(z) is the autocorrelation of the reection
function r(z), expressed by,

S(z) =
1

�z � z

Z z1�z

z0

r(�)r(� + z)d�: (5)

Note that equation (3) is the well-known
O'Doherty-Anstey relation (O'Doherty and
Anstey, 1971), except that A(k) in equation (4)
is expressed in terms of a spatial rather than a
temporal autocorrelation function. The depth-
time conversion takes place in equation (3), where
A(k) is evaluated at k = 2!�s. Assuming r(z)
obeys equation (1), A(k) has the following scaling
behaviour

AB(k) = �2AA(k); (6)

where the subscripts A and B refer again to two
di�erent ambient pressure states. For these two
pressure states the generalized primary propaga-
tors read

WA(z1; z0; !)

= PA(z1; z0; !)MA(z1; z0; !) (7)

= expf�j!�sA�zg expf�AA(2!�sA)�zg;

WB(z1; z0; !)

= PB(z1; z0; !)MB(z1; z0; !) (8)

= expf�j!�sB�zg expf�AB(2!�sB)�zg;

or, using equations (2) and (6),

WB(z1; z0; !)

= expf�j�!�sA�zg expf��2AA(2�!�sA)�zg

= PA(z1; z0; �!)[MA(z1; z0; �!)]
�2 : (9)

Numerical simulation

In order to test the scaling behaviour expressed by
equation (9), we have performed numerical simu-
lations for the transmission response through a bi-
nary layered medium. The total transmission re-
sponse is calculated by means of forward modelling
of the acoustic wave equation in the frequency do-
main, considering a plane-wave incident from the
top and calculating the plane-wave transmitted to
the bottom of the stack of horizontal parallel lay-
ers. After calculating the transmission impulse re-
sponse, convolution with a Ricker wavelet is carried
out.
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Figure 4: Transmission responses for binary layered
media. Velocity of material 1 = 3500 m/s. Velocity
of material 2 is labeled in the horizontal axis

In Figure 4, transmitted zero-phase Ricker
wavelets through binary layered media are shown.
The rightmost trace corresponds to the smallest
impedance contrast and average slowness y. The
other traces are calculated by �xing one velocity
and decreasing the other, that is increasing the
impedance contrast and the average slowness of the
models. Note that the scaling behaviour in Fig-

yIn all simulations, the density of the stack of layers is

considered constant
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ure 4 is similar to that observed in the experimen-
tal data for di�erent ambient pressures (Figure 2).
The �rst, third and �fth traces from the right are
used to check equation (9). The direct path delay
is subtracted from both responses according to the
corresponding time delay for each model calculated
via forward modelling. Thus equation (9) simpli�es
to

MB(z1; z0; !) = [MA(z1; z0; �!)]
�2 : (10)

From the model velocities and using equations
(1) and (2), it is possible to calculate the scaling
parameters � and � to scale the fastest transmis-
sion response (3500 - 3200 m/s) to the next arrivals
(3500 - 3000 m/s and 3500 - 2800 m/s) in Figure
5.
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Figure 5: Detail of the �rst, third and �fth traces
(from the right) of Figure 4 and scaled versions
from the fastest arrival to the other two using equa-
tion (9).

As follows from the latter formulation, the
scaling model must be applied to the transmission
impulse response, that is, with no source function
included. As a �rst step in our forward modelling
algorithm, the plane-wave transmission response
through the stack of layers is calculated. Then the
scaling relation (equation (10)) is applied. Finally,
the transmission impulse responses are convolved
with a Ricker wavelet and shifted back to the cor-
rect arrival time. In Figure 5 the results are dis-
played. The match between the scaled versions and
the calculated transmission responses is almost ex-
act. This is another numerical con�rmation of the
O'Doherty-Anstey relation, although we know it is
only an approximation to the total transmission re-
sponse through a layered sequence.

Discussion and conclusions

The attenuation and dispersion of seismic energy
due to superposition of internal multiples may well
be the cause of the scaling of the transmitted
wavelets through a rock sample under varying am-
bient pressure. The wavelet scaling produced by
changes in the impedance contrast between lay-
ers corresponds to the pressure-dependent scal-
ing behaviour observed in the experimental data.
This correspondance suggests that as the ambient
pressure increases, the average slowness and the
impedance contrast within the rock decrease.

Equation (9) quanti�es the scaling behaviour
of the transmission response. The � parameter
acts on both the arrival time and the width of the
wavelet when the ambient pressure is changed. The
exponent �2 in the second term accounts for the
amplitude change, but has an e�ect on the phase as
well. Since this exponent is applied to a frequency-
dependent term, there is not a simple scaling rela-
tion in the time-domain.

Although we have made a number of simpli-
fying assumptions, it is worthwhile to use equa-
tion (9) as a �rst approximate model for obser-
vations like those in Figure 2. The � and � pa-
rameters are directly related with acoustic char-
acteristics of the layered model (i.e. reectivity
and average slowness). Estimating them from that
type of measurements for a range of di�erent am-
bient pressures gives valuable information about
the pressure-dependent behaviour of the reservoir
rock. However, more realistic 3-D scattering mod-
els within the rock matrix may also present the
scaling behaviour of the transmission response.
Present research is focused on that direction.
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