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Acoustic, electromagnetic, and elastic space-time media that compute their own inverse
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Time materials are materials with acoustic, electromagnetic, or elastic properties that change while waves
are propagating through them. Waves can scatter from such temporal inhomogeneities, but due to causality,
they cannot reflect back in time. As a result, time-scattered wave fields do not resemble space-scattered wave
fields—which are spatially mirrored—but instead look like copies of the original signal traveling back in time.
Consequently, they can form an ingredient for physical solvers of inverse problems that rely on time-reversal
transformations. Here, we investigate the use of time reflections for calculating so-called focusing wave fields.
We establish a one-to-one mapping between focusing wave fields and the transmitted wave fields produced
by time scattering. This mapping is then used to construct a space-time medium where the time scattering
anticipates the space scattering and “computes” the exact inverse transmission response for the space scattering.
We demonstrate the construction with a simple numerical example of a single pulse encountering a series of time
boundaries before reaching a spatial inhomogeneity. The time boundaries scatter the single pulse into a focusing
wave field that subsequently focuses through the spatial inhomogeneity. With certain mild assumptions, the
transmitted wave has both the same wave shape and amplitude as the original pulse, yielding a transmission

coefficient of unity.

DOI: 10.1103/hghj-fgsw

I. INTRODUCTION

Physical computing aims to find solutions to hard numeri-
cal problems by harnessing physical phenomena that directly
evaluate the desired function [1-4]. Physical computers range
from image generators that optically sample a diffusion model
[5] to metamaterials that evaluate integrals and derivatives
[6,7] and even perform voice [8,9] and image recognition
[10,11]. A particularly challenging computational task is to
solve inverse problems—identifying the inputs or parame-
ters of a system that result in a specific output response.
Many inverse methods hinge on the construction of a time-
mirrored evolution of the system dynamics, which allows the
propagation of sensitivities from the final state to the initial
configuration. For example, the adjoint method in seismic
imaging computes gradients by injecting the data residuals
at receiver locations and propagating them backward in time
through (essentially) the same wave operator, so the error
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wave field refocuses onto the causative structures [12,13].
Analogously in machine learning, backpropagation through
time computes sensitivities by sending error signals backward
through a recurrent neural network [14—16], and Hamiltonian
echo backpropagation exploits time reversibility to run an
“echo” that carries an injected error perturbation backward
through a physical Hamiltonian system to obtain parameter
updates [17-20]. These examples illustrate the importance of
computing time-reversed wave fields for solving inverse prob-
lems. In this article, we will explore the physical computation
of focusing functions—input wave fields that compensate
internal reflections and thus produce a clean pulse inside
the material—using time media, materials whose properties
change over the timescales associated with wave propagation.

Scattering at time boundaries [21,22] offers intriguing new
possibilities for wave control. It has recently been exploited
to achieve volumetric time reversal [23]: Since all waves in
a wave front scatter back energy when “encountering” a time
boundary, those backscattered waves exactly retrace the path
to the source, no matter how complex the original wave front
was. Furthermore, it has been noticed that there is a similarity
between time scattering and reverse-space scattering: Salem
and Caloz [24] discuss a space-time cross-mapping method
to show how time scattering can be used to facilitate the
computation of solutions to certain space-scattering problems.
Employing the cross-mapping method, one first computes the

Published by the American Physical Society
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TABLE I. Quantities in the unified equations (after Ref. [30]).

U Vv P 0 a B a b
1. AC waves —0O my P Uy K P q fx
2. TE waves D, B, E, H, € " -Jy =
3. TM waves B, -D, H, -E wu € =Jr JS
4.SHwaves m, —2e, v, —Tx p W' f 2hy,

inverse of the cross-mapped problem nonrecursively using
time scattering. The solution to the original problem can then
be obtained by inverting the time-scattering solution and in-
verse cross-mapping it. Here, we go one step further and show
how a time medium can be combined with a space medium,
to yield a space-time medium that computes its own inverse.
Thus, a single pulse entering the space-time medium on one
side yields a single pulse on the other side and under certain
conditions the transmission coefficient of the medium is unity.
The reflection coefficient is nonzero, however.

This article is organized as follows. First, we present the
basic equations governing space and time scattering in one-
dimensional (1D) acoustic, electromagnetic, and elastic media
in a unified notation. Then, we derive transmission and re-
flection coefficients for a space boundary, followed by the
corresponding coefficients for a time boundary. Then, we
compare the derived time transmission and reflection coeffi-
cients to transmission and reflection coefficients derived for
so-called reverse-space scattering and show that they are equal
up to a scaling. Reverse-space scattering coefficients appear
in seismology [25,26] in the construction of focusing wave
fields that are inverses for space scattering. This allows us
to establish a mapping between focusing wave fields and the
transmitted wave field produced by time scattering. We then
show how a particular space-time medium can be constructed
where the time scattering anticipates the space scattering and
“computes” the exact inverse for the space scattering. The
construction is illustrated with a simple numerical example.

Finally, while the current work concerns itself with
space-time scattering in media governed by 1D scalar wave
equations, theoretical developments in time scattering are nei-
ther limited to 1D nor limited to scalar wave equations (see,
e.g., Refs. [27-29]).

II. THEORY

We present the theory in the unified notation of Wapenaar
et al. [30], which governs wave propagation in 1D acous-
tic, electromagnetic, and elastic space-time media. The basic
equations in the unified notation are

o,U + 0,0 = a, (1a)
8V + 0P =b, (1b)
where U (x,t), V(x,t), P(x,t), and Q(x,t) are space- and
time-dependent wave-field quantities and a(x, t) and b(x, t)

are space- and time-dependent source quantities (see Table I).
Partial derivatives with respect to space and time are denoted

by 9, and d;, respectively. The constitutive equations relate the
wave-field quantities:

U=aP, (2a)

V=50, (2b)

where a(x,t) and B(x,t) are the parameters of space- and
time-dependent materials. Rows 2 and 3 contain the quantities
for electromagnetic wave propagation, with TE standing for
transverse electric and TM for transverse magnetic. Row 4
governs the propagation elastic waves, with SH standing for
horizontally polarized shear. In this work, we show examples
for row 1, which is concerned with acoustic wave propagation,
denoted by AC. The relevant quantities and their units are
dilatation ®(x, ¢) (unitless), longitudinal mechanical momen-
tum density m, (x, t) (in kgm~2 s~1), acoustic pressure p(x, t)
(in Pa), longitudinal particle velocity v,(x, ) (in ms™'), com-
pressibility « (x, ¢) (in Pa~!), mass density p(x, t) (in kg m),
volume-injection rate density g(x, ) (in s™'), and external
longitudinal force density f;(x, ) (in Nm™3). Note that the
units provided here are for a quasi-1D system. For a detailed
description of the quantities in the other rows, please refer to
Ref. [30].

A. Space transmission and reflection coefficients

Although the derivation of transmission and reflection
coefficients for a space boundary can be found in many text-
books, we repeat it here so that it can be effectively contrasted
with the subsequent derivation for a time boundary.

We first consider a time-independent inhomogeneous
material with parameters «(x) and 8(x). Substituting the con-
stitutive equations (2) into Eq. (1), we find

oo, P + 0,0 = a, (3a)

B30+ 9.P =b. (3b)

For a space-dependent material with piecewise continuous
parameters, these equations are supplemented with boundary
conditions at all points, where «(x) and B(x) undergo a finite
jump. The boundary conditions are that P(x, t) and Q(x, t) are
continuous at these points.

Taking x = 0 as the location where the material properties
change, the fields on either side of the space boundary can be
written as

Pix=0,t) =P (x =0",1), (4a)

Qi(x=07,1) = Qa(x = 0",1), (4b)

where 0~ and 0% denote the limit of x approaching zero
from left and right sides, respectively. We define the AC/TE
impedances (SH/TM admittances) in the space media:

m = b (x < 0), (52)
o

m = i (x > 0). (5b)
o

Left of the space boundary, we consider incident and
reflected waves with amplitudes A7 and Ay, propagating
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in the positive and negative x direction with velocity
¢ = (1 p) %

Py = Aj8((x/c1) — 1) + ARd((x/c1) + 1)

T . , x<0O.
01 = 1y '[A]8((x/cr) — 1) — ARS((x/cr) +1)]
(6)
Right of the space boundary, we consider a transmitted wave
with amplitude A%, propagating in the positive x direction
with velocity ¢y = (a82) /2

Py = A78((x/c2) — 1)
N , x>0. (7)
O =1, Apd((x/c2) — 1)
Using the continuity conditions (4) in combination with Egs.
(6) and (7), we obtain
[A7 +A4R] = A7, (8a)
ny ' [A] — AR] = ny AT (8b)

Defining the space transmission and reflection coefficients,
T* = A} /A] and R* = A3, /A}, respectively, we find

2
T}, = ( 1 ) (9a)
n2+m
m—m
R, = , (9b)
2 (772 +m )
where the first digit in the subscript of the coefficients denotes
the incident medium.

Wave-number shift for waves scattering at a space boundary

The boundary conditions (4) dictate that the temporal
waveform is preserved for waves scattering at a space bound-
ary. This implies that waves scattering at a space boundary
undergo a wave-number shift. This shift is implicitly included
in the delta functions, which can be seen by taking the tempo-
ral Fourier transform of, e.g., §((x/c) —t):

[o¢]
/ 5((x/c) _ t) ei(ut dt = eiu)(x/c) — eikx’
oo

with k = w/c. For the different velocities, k; =w/c;, whereas
ko=w/c,. Hence, k, =(c|/cy)k;. Hence, if the propagation
velocity changes across the boundary, the scattered waves will
experience a wave-number shift proportional to the ratio of the
propagation velocities.

B. Time transmission and reflection coefficients

Next, we consider a time-dependent homogeneous material
with parameters «(t) and B(¢). Substituting the constitutive
equations (2) into Eq. (1), we find

U+ B~ 1oV =a, (10a)

VvV +a 'oU =b. (10b)

For a time-dependent material with piecewise continu-
ous parameters, these equations must be supplemented with

boundary conditions at all time instants, where «(¢) and S8(t)
undergo a finite jump. The current scientific consensus is
that U and V' are continuous at a time boundary (see, e.g.,
Ref. [31] and references therein). Therefore, taking + = 0 as
the moment where the material properties change, the fields
on either side of the time boundary can be written as

Ui(x,t =07) = Us(x,t =07), (11a)

Vitx,t =07) = Va(x,t = 0T), (11b)

where 0~ and 0" denote the limit of 7 approaching zero from
negative and positive times, respectively. The impedances (ad-
mittances) on either side of the time boundary are as in Eq. (5)
(with ¢ replacing x in the inequalities).

To facilitate comparison with reverse-space transmission
and reflection coefficients derived later, we formulate the in-
cident, transmitted, and reflected waves in terms of P and Q.

Before the time boundary, we consider a wave with
amplitude A} propagating in the positive x direction with
propagation velocity ¢; = (a1 8;)7/2:

P =Al8(x — cit)
01 = n;'Ajs(x — c1t)

Note that there is no reflected wave in material 1, since
causality prevents waves from reflecting into the past. After
the time boundary, we consider waves with amplitudes A’T
and Af, propagating in the positive and negative x directions,
respectively, with propagation velocity ¢; = (a2 8,)~"/%:

P, = AL 8(x — o) + ARS(x + cat)
0> = 05 '[AL8(x — cat) — ARS(x + cat)]

Using the continuity conditions (11) and the constitutive equa-
tions (2) in combination with Egs. (12) and (13), we obtain

a1A] = ap[AG + A%, (14a)
Biny Al = Bony ' [AL — AR]. (14b)

Defining the time transmission and reflection coefficients,
T' =A% /A] and R' =A}, /A], we find

1/a; c 2 N2+ N
7= (42 = ()2 s
? 2(062+01) <C1)< 2m (152)
1 —
Ro=-(Z-2)=(2)( =), asv
2\a2 ¢ 1 2m

where the first digit in the subscript of the coefficients denotes
the incident medium.

}, t <0, (12)

}, t>0. (13)

Frequency shift for waves scattering at a time boundary

Note that the boundary conditions (11) dictate that the
spatial waveform is preserved for waves scattering at a time
boundary. This implies that waves scattering at a time bound-
ary undergo a frequency shift. This shift is implicitly included
in the delta functions, which can be seen from the spatial
Fourier transform of, e.g., §(x — ct):

o0
/ 8()6 _ Cl) e—lk)( dx = e—lkct — e—ta)t’
—00

with w = kc. For the different velocities, w; = kc, whereas
wy = kcy. Hence, wy = (c2/c1) w;. Hence, if the propagation
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FIG. 1. Normal and special forward scattering at a space boundary at x; in the (x, ) plane. Ray slopes are inversely proportional to the
propagation velocity and grays encode AC/TE impedances (SH/TM admittances). Right-going waves are blue, and left-going waves are green.
(a) Normal forward scattering: A right-going wave is incident from the left and no left-going wave is present on the right. (b) Special forward
scattering: Waves are incident from both sides with an amplitude and phase relation that cancels the right-going wave on the right.

velocity changes across the boundary, the scattered waves will
experience a frequency shift proportional to the ratio of the
propagation velocities [22].

C. Reverse-space transmission and reflection coefficients
and relation with the time coefficients

We now analyze normal forward scattering at a spatial
boundary in the a-causal direction (i.e., backward) and derive
associated transmission and reflection coefficients, 7 and R”.
These are shown to be scaled versions of the time transmission
and reflection coefficients.

As the starting point, we use again the system of equa-
tions derived for the space boundary, i.e., Eq. (8), but instead
of dividing by the amplitude of the incident wave, we divide
by the amplitude of the transmitted wave, to define reverse-
space transmission and reflection coefficients: T/ =AY /A%
and R/ = A3} /A%.. Solving for T/ and R, we find

m+m
TS = < ) (16a)
12 22
fo_ (M2~ M ) (16b)
2 < 2m )’

where the first digit in the subscripts of 7/ and R/ refers to

the medium with two phases present and Tlé ={Ty "
Comparing Eq. (16) to Eq. (15), we see that, provided

the indices are swapped, the reverse-space transmission and

reflection coefficients are indeed scaled versions of the time
transmission and reflection coefficients:

f €1 t
T, =—)T),,
21 (C2> 12
f €1 t
R, = —| — |R},.
21 <C2) 12

Note that the scale factors for the transmission and reflec-
tion coefficients have the same magnitude, but not the same
sign. Despite the opposing sign, this allows us to establish a
partial (but useful) mapping later between wave fields pro-
duced by time scattering, and so-called focusing wave fields
as introduced in the next section.

(17a)

(17b)

D. Focusing wave fields

Before explaining exactly what focusing wave fields are,
and how we can construct them, it is useful to briefly contrast
two different types of forward scattering in Fig. 1.

Figure 1, left, depicts normal forward scattering: A wave,
P, incident on an interface from the left produces reflected
and transmitted waves, P, and P2+ , respectively.

Figure 1, right, depicts special forward scattering: Waves
incident both from the left (Pl+ ) and from the right (P, ), when
properly tuned, produce only scattered waves on the left (P,").

Normally, both the incident wave from the left and the inci-
dent wave from the right produce scattered, right-going waves
(P;). The only way for these to cancel is if the transmitted
wave from the left destructively interferes with the reflected
wave from the right. That implies a very specific amplitude
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FIG. 2. A focusing wave field, built up recursively from the right,
across space boundaries at x3, x,, and x;, by repeatedly applying
Eq. (16). Grays encode impedances (admittances) as in Fig. 1. The
23~1 waves incident from the left are timed and scaled so that all
rightward reflections of left-going waves cancel and a single right-
going wave emerges beyond x;.

(and phase) relation between the waves incident from the left
and from the right.

In Appendix A, it is shown that Eq. (16) also governs
the partitioning of amplitudes in the case of special forward
scattering.

Recursive construction

The two cases of forward scattering shown in Fig. 1 can be
combined recursively to construct a so-called focusing wave
field (see Fig. 2). This wave field inherits the special property
from Fig. 1, right, that left-going waves do not produce right-
going reflections (and vice versa, when considering a mirrored
configuration). As a result, focusing wave fields produce a
single, transmitted wave when propagating through a stack of
layers, effectively suppressing all internal reverberations.

So far, we have focused on amplitudes: Equation (16)
governs the partitioning at each interface when recursively
constructing the focusing wave field. However, from Fig. 1,
right, it is clear that the incident waves must also arrive at the
interface simultaneously in order to effect the special forward
scattering. Nevertheless, it is straightforward to include the
phase in the recursive construction.

For example, starting with a single, right-going wave, P,trw
immediately right of an interface separating layers j and
Jj + 1, application of Eq. (16) yields the amplitudes of the
right- and left-going waves P; and P; immediately to the
left of that interface. These right- and left-going waves are
then extrapolated further leftward, to the interface separating
layers j — 1 and j. This can be done by applying appropriate
phase factors: Leftward extrapolation of a right-going wave
amounts to propagating the wave backward in time and there-
fore should remove phase, whereas leftward extrapolation of
a left-going wave amounts to propagating the wave forward

in time and therefore should add phase. Equation (16) can
then be applied again to each individual, leftward-extrapolated
wave, yielding two pairs of right- and left-going waves (i.e.,
four events in total) to be extrapolated. The whole process is
repeated, until the leftmost interface is crossed, to yield the
complete focusing wave field (see Fig. 2).

E. Time scattering

Scattering at a time boundary is schematically illustrated in
Fig. 3 for a left- and a right-going wave. The instant that the
material properties change, the left- and right-going waves are
partially reflected and transmitted with coefficients R and T,
respectively.

By transposing the space and time axes of Fig. 3, one
notices a similarity with Fig. 1, right: Due to causality, waves
scattering at a time boundary cannot reflect into the past,
just like we enforce “spatial causality” when constructing a
focusing wave field recursively by evaluating Eq. (16) in one
direction only. This explains the absence of upward-pointing
arrows in Fig. 3 and of rightward reflections in Figs. 1 (right)
and 2. Indeed, it has been noted that scattering at multiple time
boundaries is simpler than scattering at multiple space bound-
aries because the infinite recursion due to waves reverberating
between the space boundaries is avoided [24].

In Fig. 4, a wave scattering at multiple time boundaries
is considered. At every time boundary, the wave front splits
into two, thus doubling the number of events. This situa-
tion can be compared to Fig. 2, for the focusing wave field.
In both figures, left-going waves are shown in green, while
right-going waves are shown in dark blue. The similarities are
striking, and one figure can be obtained from the other by
transposing it [32]. Now, the reason for the suggestive naming
in Eq. (16) is clear: In order to map the time scattering onto
the focusing wave fields, the time transmission and reflection
coefficients must have exactly the same form, up to a scale
factor, as indeed we have shown in Eq. (17).

III. MEDIA THAT COMPUTE THEIR OWN INVERSE

The possibility of constructing a medium that computes its
own inverse now becomes apparent when considering Fig. 4
in combination with Fig. 2. Placing Fig. 4 above and to the
left of Fig. 2 suggests that a single wave scattering at a se-
quence of time boundaries could yield the focusing wave field
that focuses through a sequence of space boundaries. Thus,
a space-time medium can be nontrivially inhomogeneous in
space and time and support complex forward scattering while
still being able to collapse that scattering back onto a single
pulse.

At first sight, it may seem that the minus sign appear-
ing in Eq. (17) precludes a one-to-one mapping between
the time-scattered wave fields and the focusing wave fields
since it implies that time-reflected waves have the wrong
sign compared to the required reverse-space reflection co-
efficient. However, since all the transmitted waves in the
time-scattered wave field undergo an even number of time
reflections, this is not the case. Furthermore, since the scaling
in Eq. (17) does not affect the ratio of the time transmission
and reflection coefficients, the transmitted part of the resulting
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space T

time ¢

O{17/81

th

space T

time ¢

ty

(b)

FIG. 3. Scattering at a single time boundary at #;, with the same conventions as in Fig. 1. Due to causality, no waves scatter into the past.
Because the material properties change at #,, both scattered waves leave the boundary with a slope different from that of the incident wave—a
signature of a time boundary. (a) Left-going and (b) right-going incident waves.

time-scattered wave field can still be mapped onto a focusing
wave field.

To finalize the mapping, we only need to consider how a
single space layer with thickness A} and propagation velocity
cj maps onto a single time layer. In order to reproduce a
particular one-way time delay or advance A’, we need to
translate this time delay to a one-way space delay or advance

space T

AN
QO

FIG. 4. A single wave scattering at time boundaries at f,, f,,
and 13, shown with the same conventions as Fig. 2. Comparing the
figures, this is the exact transpose of Fig. 2, including the impedances
(admittances), but with the direction of the blue arrows reversed.
A single wave incident on a sequence of time boundaries therefore
generates exactly the set of events that a layered medium needs as its
focusing wave field.

time ¢

A7, respectively. Considering a connecting layer of constant
propagation velocity, ¢., we can define the A’ in terms of the
A’j as A% = cCA’j. Hence, the time duration of the individual
time layers can be found as

Wy = Nfej = ccN/c; = ch/c3. (18)

Note that the time duration of the individual time layers, hj-,
is indeed the only thing that needs to be computed since we
have already established that the time reflection and transmis-
sion coefficients feature the same velocities and densities that
occur in the reverse-space reflection and transmission coeffi-
cients. The time durations are a function of the propagation
velocity of the connecting layer since the connecting layer
is what allows mapping the time delays and advances in the
focusing wave field onto the space delays and advances in the
time scattering.

Finally, it should be mentioned that while any connecting
layer propagation velocity and density will yield a valid focus-
ing wave field that yields a single pulse on the other side of the
spatial inhomogeneity, only a connecting layer propagation
velocity and density equal to the propagation velocity and
density of the first time (last spatial) will yield a transmission
coefficient of unity since only then the product of the individ-
ual frequency shifts occurring at every time boundary is unity.

IV. EXAMPLE

In Fig. 5, a numerical example of a space-time medium
that computes its own inverse is shown. In the bottom right
of the medium, a spatial inhomogeneity is located, consisting
of three layers of varying thickness, propagation velocity,
and density, embedded in a medium of higher propagation
velocity (see Table II). Using Eq. (18) and a connecting layer
propagation velocity ¢, = 1500 m/s, the time durations of the
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FIG. 5. Medium computing its own inverse. (a) Wave field with inset showing the incident and the transmitted wave. (b) Propagation

velocity (ms™1). (c) Mass density (kgm™). See text for details.

corresponding temporal inhomogeneities were computed. The
resulting durations to be used in the top left of the simulation
are also given in Table II.

To model the propagation in the space-time medium, a
staggered-grid finite-difference time-domain algorithm with
simple absorbing boundaries was used. The material prop-
erty matrices (propagation velocity and density) used in the
simulation are shown in Figs. 5(b) and 5(c), respectively. For
every time step of the simulation, a corresponding row of
these matrices is used. Between each time step, the P and
Q fields are converted to U and V and back, to apply the
temporal continuity conditions. The resulting wave field for
an ultrasonic source on the left of the medium excited at early
times with a Ricker wavelet (second derivative of a Gaussian)
with center frequency f. = 500 kHz is shown in Fig. 5(a).

As can be seen in Fig. 5(a), the single incident pulse first
scatters into 2, then 4, then 8, and finally into 16 events upon
encountering the four time boundaries (present after ¢+ = 0).
Eight of these events are right-going and propagate toward the
spatial inhomogeneities (present after x = 0). Upon interact-

TABLE II. Space-time medium properties.

Thickness Duration Propagation velocity  Density
Layer (mm) (us) (ms™) (kgm™)
1 00 () 1500 1000
2 7.0 13.71 875 1175
3 7.0 6.72 1250 1500
4 55 14.67 750 1250
5 00 00 1500 1000

ing with the spatial inhomogeneity, we can see that the timing
of these incident waves is such that rightward reflections of
leftward reflections of the initial pulse are suppressed. Thus,
only a single transmitted pulse is observed on the right of
the spatial inhomogeneity, confirming that the field incident
on the spatial inhomogeneity indeed consists of the focusing
wave field. Furthermore, inspection of the single transmitted
pulse confirms that it has the same wavelet and amplitude as
the original incident pulse, such that we can say that the trans-
mission coefficient of the inhomogeneous space-time medium
is unity and therefore that the medium has computed its own
inverse.

The full MATLAB code used to compute the example is
included in Appendix B.

V. DISCUSSION AND CONCLUSION

The existence of 1D acoustic, electromagnetic, and elastic
space-time media that compute their own inverse has been
demonstrated. Because the medium is time and space variant,
basic properties such as linear time invariance and existence
of an impulse response and the output being the convolution
of an arbitrary input with such an impulse response are no
longer guaranteed. However, we note that the construction of
the medium does not rely on a fixed space-time “offset” of
the time and space boundaries: Provided that the connecting
layer is “large” enough (in time and space), an impulse re-
sponse can be defined and longer inputs can be considered for
which the output will still be the convolution with the impulse
response. Conversely, note that even for a single incident
pulse, there must be sufficient space available to accommodate
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all the time scattering. In the example, both the extent of the
domain and the timing of the first time boundary have been
chosen such that the scattering at the last time boundary takes
place before the leftmost left-going wave hits the left edge of
the domain and the rightmost right-going wave hits the spatial
discontinuity. Since it is only the relative spacing/timing of
the incident waves that matters, provided that we are able
to extend the background/embedding medium, it is always
possible, at least in 1D, to create enough space-time between
the time boundaries and the space boundaries such that a
medium computing its own inverse can be constructed.

When the connecting layer has the same propagation ve-
locity and density as the last spatial (first time) layer, the
transmission coefficient of the system is unity. However, the
left-reflected field is clearly nonzero, consisting of both left-
going waves resulting from the time scattering and leftward
reflections of the focusing wave field.

The possible applications of such a medium are many. One
could think of environments where it is physically impos-
sible to place hardware, but where the medium as a whole
can be manipulated. In such a case, a single incoming pulse
can be manipulated such that it anticipates certain undesired
reverberations at spatial inhomogeneities. The most likely
candidate for experimental realization is ultrasonics in fluids,
where previous work has shown the ability of modifying the
acoustic medium through electrorheological effects [33]. The
physics community is just beginning to explore the possibili-
ties of wave control using space-time boundaries.
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APPENDIX A: PROOF THAT THE REVERSE-SPACE

COEFFICIENTS ALSO APPLY TO SPECIAL FORWARD
SCATTERING

To prove that Eq. (16) also applies to special forward scat-
tering, we must show (with reference to Fig. 1, right)

J

(1) on the right: that the transmitted wave from the left
destructively interferes with the reflected wave from the right,
and

(2) on the left: that the superposition of the reflected wave
from the left and the transmitted wave from the right equal the
reverse-space transmission coefficient.

Taking P, = 1, Eq. (16) predicts that P;” = R/, and P, =
T{; Hence, the first condition can be written as

TSR], + RS = 0. (Al)

Submitting the relevant expressions [Egs. (9a), (16b), and
(9b)] into Eq. (A1), while paying attention to swapped indices,
we find for the left-hand side:

( 2m2 )(nz—m) (771—772)
+ 9
m+m 22 n +n

which is indeed zero, so that condition (1) [Eq. (A1)] is satis-

fied. The second condition yields

RLR], + Ty = T, (A2)
Again, submitting the relevant expressions [Eqs. (9b), (16b),
and (9a)] into Eq. (A2), we find

<772—771>(772—m> ( 2m )
_l_ -
n2+ M 21 n+m
i m = 2mm dmm (p+m)’
2n2(m + M) 2n2(n2 + M) 2m(m +m)’

which does indeed equate to T1€ [cf. Eq. (16a)] so that condi-
tion (2) [Eq. (A2)] is also satisfied.

APPENDIX B: MATLAB CODE FOR THE EXAMPLE

% Acoustic example

b0=1000; c0=1500; % background density [kg/m~3] and sound speed [m/s]
bs_x=[1175,1500,1250]; % mass densities [kg/m"3]

cs_x=[875,1250,750]; % sound speeds [m/s]

xs_x=[7,7,5.51/1000; % space layer thicknesses [m]

dx=0.0125/1000; £fc=500%1000; kc=fc/cO; % space step [m], central frequency [Hz]
[bm,cm,dt,itsrc,xsrc]=disc_med(b0,c0,bs_x,cs_x,xs_x,dx,fc); % discretize medium
[P_all,Q_all,ts_out,xs_out]=£fdtd(bm,cm,dt,dx,kc,itsrc,xsrc); ’ compute scattering
figure; imagesc(xs_out,ts_out,P_all); clim(clim/2.5); xlabel(’x[m]’); ylabel(’t[s]’);

function [bm,cm,dt,itinj,xsrc]=disc_med(b0,c0,bs_x,cs_x,xs_x,dx,fc)

dt=0.99*dx/max([cO0 cs_x]); nx_buff=500;

xsrc=2%c0/fc; ixsrc=floor(xsrc/dx)+1; itinj=20; itsrc=floor(2/(fc*xdt))+1;

% compute time variations for spatial variations, space for time scattering
ts_t=fliplr(cO*xs_x./cs_x."2); cs_t=fliplr(cs_x); bs_t=fliplr(bs_x);
xs_t_tot=sum(cs_t.*ts_t); xs_x_tot=sum(xs_x);

% compute position of spatial and temporal variations, medium size and init
ixO=ixsrc+floor(2*xs_t_tot/dx)+1+nx_buff; itO=itinj+floor(xs_t_tot/(cO*dt))+1;
nt=it0+floor(sum(ts_t)/dt)+floor ((2*xs_t_tot+nx_buff*dx)/(cO*dt))+itsrc+1;
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nx=ix0+floor(xs_x_tot/dx)+ixsrc+1; bm=bO*ones(nt,nx); cm=cO*ones(nt,nx);

% build actual time-space corner model

its=cumsum([it0 round(ts_t/dt)]); ixs=cumsum([ix0 round(xs_x/dx)]);

for ii=1:length(cs_x)
bm(its(ii):its(ii+1),1:ixs(end-ii)-1)=bs_t(ii);
cm(its(ii):its(ii+1),1:ixs(end-ii)-1)=cs_t(ii);
bm(its(end-ii):end,ixs(ii) :ixs(ii+1))=bs_x(ii);
cm(its(end-ii):end,ixs(ii) :ixs(ii+1))=cs_x(ii);

end
end

function [P_all,Q_all,ts,xs]=fdtd(bm,cm,dt,dx,kc,it,xsrc)
[nt,nx]=size(cm); ts=dt*(0:nt-1); xs=dx*(0:nx-1);
% extend medium on left and right to avoid boundary reflections
nx_left=nx; nx_right=nx; nx_e=nx_left+nx+nx_right;
bm_e=[repmat (bm(:,1),1,nx_left) bm repmat(bm(:,nx),1,nx_right)];
cm_e=[repmat(cm(:,1),1,nx_left) cm repmat(cm(:,nx),1,nx_right)];
xs_e=[xs(1)-dx*(nx_left:-1:1) xs xs(nx)+dx*(l:nx_right)];
% initialize arrays, computational constants and spatial wavelet

P_all=zeros(nt,nx); P=zeros(l,nx_e);
Q_all=zeros(nt,nx); Q=zeros(l,nx_e);
cilm=dt.*bm_e.*cm_e."2; c2m=dt./bm_e;

gsrc=(1-2%pi~2*xkc”~2*(xs_e-xsrc) . 2) .*xexp(-(pixkc*(xs_e-xsrc))."2);
% main fdtd loop with U and V continuous between time steps

for ii=2:nt

P(1,:)=P(1,:) .*x(bm_e(ii,:) .*cm_e(ii,:)."2)./(bm_e(ii-1,:).*cm_e(ii-1,:)."2);
Q(1,1:end-1)=Q(1,1:end-1)-c2m(ii,1:end-1) .*xdiff (P,1,2)/dx;
if ii==it, Q(1,:)=Q(1,:)+qgsrc./(bm_e(ii,:).*cm_e(ii,:)); end

Q(1,:)=Q(1,:).*bm_e(ii-1,:)./bm_e(ii,:);

P(1,2:end)=P(1,2:end)-cim(ii,2:end) . *diff(Q,1,2)/dx;

if ii==it, P(1,:)=P(1,:)+qgsrc; end
P_all(ii,:)=P(1,nx_left+(1:nx));
Q_all(ii,:)=Q(1,nx_left+(1:nx));
end
end
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