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Abstract—Marchenko algorithms retrieve the wavefields

excited by virtual sources in the subsurface, these are the Green’s

functions consisting of the primary and multiple reflected waves.

The requirements for these algorithms are the same as for con-

ventional imaging algorithms; they need an estimate of the velocity

model and the recorded reflected waves. We investigate the

dependence of the retrieved Green’s functions using the Marchenko

equation on the background velocity model and address the ques-

tion: ‘‘How well do we need to know the velocity model for

accurate Marchenko focusing?’’. We present different background

velocity models and compare the Green’s functions retrieved using

these models. We show that these retrieved Green’s functions using

the Marchenko equation match the exact Green’s function with a

high accuracy. We also examine the presence of refracted waves in

the retrieved Green’s function. Marchenko focusing algorithm

produces refracted waves only if the initial velocity model used for

the iterative scheme is sufficiently detailed to model the refracted

waves. We show with numerical examples that the average slow-

ness between the surface and the depth of the focal point is required

for an accurate reflected wave retrieval. However, substantially

more accurate velocity model knowledge is required in the pres-

ence of refracted waves.

Keywords: Computational seismology, seismic interferome-

try, wave propagation.

1. Introduction

The inverse scattering community utilized the

Marchenko equation to relate scattered data to the

scattering potential to determine the medium prop-

erties (Marchenko, 1955; Gel’fand and Levitan,

1955; Agranovich and Marchenko, 1963; Newton,

1980; Burridge, 1980; Chadan and Sabatier, 1989;

Gladwell, 1993; Colton and Kress, 1998). The con-

nection between wavefield focusing and the

Marchenko equation was made by Rose (2001, 2002)

so that the wavefield focusing at a location in an

unknown medium can be achieved once the March-

enko equation is solved. Broggini and Snieder (2012)

connect the Marchenko equation and seismic inter-

ferometry (Weaver and Lobkis, 2001; Derode et al.,

2003; Wapenaar et al., 2005; Snieder and Larose,

2013) and show that one can retrieve the Green’s

function between any point in the subsurface and

points on the acquisition surface without a physical

receiver at the virtual source location and with one-

sided illumination. Wapenaar et al. (2013) discuss the

theory of three-dimensional Green’s function retrie-

val, and present an example of the two-dimensional

Green’s function retrieval.

A thorough description of the Marchenko reda-

tuming and imaging method and its numerical

implementation is given by Wapenaar et al. (2014b),

van der Neut et al. (2015), Thorbecke et al. (2017),

and Lomas and Curtis (2019). Marchenko methods

have been widely used for various applications such

as internal multiple elimination (Meles et al.,

2015, 2016; Thorbecke et al., 2021), elastic wave

applications (da Costa Filho et al., 2014, 2015;

Wapenaar, 2014; Reinicke et al., 2020), subsurface

imaging and for comparisons with the conventional

imaging results (e.g., reverse time migration) (Behura

et al., 2014; Wapenaar et al., 2014b; Ravasi et al.,

2016; Jia et al., 2018). Additionally, various field data

set applications of the Marchenko method have been

performed such as imaging of a North Sea field data

set (Ravasi et al., 2016), target-oriented subsalt
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imaging of the Gulf of Mexico data set (Jia et al.,

2018), time-lapse monitoring of the Frio carbon

sequestration data set (Kiraz and Nowack, 2018),

multiple suppression on an Arabian Gulf field data set

(Staring et al., 2021), and an offshore Brazil data set

for imaging a reservoir under basalt (Jia et al., 2021).

With growing interest in machine learning applica-

tions in seismology, a convolutional neural network-

based 1D wavefield focusing is proposed by Kiraz

and Snieder (2022).

Recent studies have aimed to address the limita-

tions of the up/down separation of the Marchenko

equation. Using the data collected on a closed

received array, Kiraz et al. (2020, 2021) retrieve the

full-field (e.g., without component separation)

Green’s function, and show that the full-field

Marchenko focusing provides better focusing results

in the subsurface than achievable using only the

direct waves of the transmission Green’s function to

the focal point. Diekmann and Vasconcelos (2021)

Figure 1
a Velocity model and b density model of the synthetic example which are extracted from the Sigsbee model. The black asterisk shows the

virtual source location and the white dots at the top indicate every 30th source/receiver location

M. S. R. Kiraz et al. Pure Appl. Geophys.364



and Wapenaar et al. (2021) show alternative methods

where one can retrieve the Green’s function using

single-sided acquisition data without up/down

decomposition.

We illustrate the velocity model dependence of

the Marchenko method for the reflected and refracted

waves only using numerical examples. Providing a

theoretical link between the Marchenko algorithm’s

accuracy as a function of the velocity model as well

as an application in imaging using the Marchenko

redatumed Green’s functions are beyond the scope of

this paper. In this paper, we use the one-sided

Marchenko focusing to retrieve the Green’s function

at an arbitrary depth location using different subsur-

face models with variable velocity and variable

density profiles. In Sect. 2, we describe the March-

enko focusing algorithm and show that it requires

only two inputs; surface-recorded data and the initial

estimate of the velocity model, which are the same

inputs as for conventional imaging algorithms. In

Sect. 3, we provide a visual tour to describe the

iterative Marchenko focusing algorithm. In Sect. 4,

we assess the background velocity model dependence

of the Marchenko method and assess the accuracy of

the retrieved Green’s function by presenting corre-

lation coefficients (CCs) between the retrieved and

numerically modeled Green’s functions. Lastly, in

Sect. 5, we use the Marmousi model to investigate

the presence of the refracted waves in the Marchenko

focusing, and show that the presence of the refracted

waves depends only on the initial estimate of the

velocity model.

2. Methodology

We use the Marchenko algorithm proposed by

Wapenaar et al. (2013) which builds on earlier work

of Rose (2001), Rose (2002), and Broggini and

Snieder (2012). We denote spatial coordinates as

x ¼ ðx; zÞ, and the receiver coordinates as

xR ¼ ðxR; zRÞ. The receivers are located at the trans-

parent acquisition surface at z ¼ 0, and the multiples

caused by free surface (e.g., air-water interface) are

excluded.

We relate the ingoing wave at z ¼ 0, Uin
k , to the

outgoing wave, Uout
k , at iteration k as

Uout
k ðxR; tÞ ¼

Z
RðxR; x; tÞ � Uin

k ðx; tÞdx ; ð1Þ

where R corresponds to the reflection response of the

medium and the asterisk denotes temporal convolu-

tion. The iterative scheme starts with modeling the

direct wave, and we denote the arrival time of the

direct wave from the virtual source location inside the

medium, xs, for which we aim to retrieve the Green’s

Figure 2
Smoothed version of the velocity model used for the iterative algorithm. The black asterisk shows the virtual source location and the white

dots at the top indicate every 30th source/receiver location
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function, to the receivers at the surface as td. Fol-

lowing Broggini and Snieder (2012), we design an

iterative scheme so that at t ¼ 0, the wavefield

becomes a delta function at the pre-defined focal (or

virtual source) location. We start the iterative algo-

bFigure 3

a Modeled direct wave. b Time-reversed direct wave. c Recorded

wavefield for the first iteration after sending in the time-reversed

direct wave. d Wavefield after windowing applied. e Wavefield

after multiplying with (-1). f Wavefield after adding the modeled

direct wave. This is also the input for the second iteration

Figure 4
a Utotalðx; tÞ for the fourth iteration. b Utotalðx;�tÞ for the fourth iteration. c Ghðx; xs; tÞ ¼ Utotalðx; tÞ � Utotalðx;�tÞ for the fourth iteration
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rithm by defining the ingoing wavefield at z ¼ 0 for

iteration k as

Uin
k ðx; tÞ ¼ Uin

0 ðx; tÞ �Hðx; tÞUout
k�1ðx;�tÞ ; ð2Þ

where Hðx; tÞ defines a window function and Uin
0 is

the time-reversed direct wave between xs inside the

medium and x at the surface. We define the window

function such that Hðx; tÞ ¼ 1 when

�t�dðxÞ\t\t�dðxÞ and otherwise Hðx; tÞ ¼ 0 with

t�d ¼ td � �. We introduce � as a small positive con-

stant to exclude the direct wave at td. After the

convergence is achieved (i.e., Uout
k ¼ Uout

k�1) we can

drop the iteration number, and insert equation (2) into

equation (1), and obtain

UoutðxR; tÞ ¼
Z

RðxR; x; tÞ � Uin
0 ðx; tÞ dx

�
Z

RðxR; x; tÞ �Hðx; tÞUoutðx;�tÞ dx :
ð3Þ

Once the convergence is achieved, we denote the

recorded data at the receivers as Utotalðx; tÞ ¼
Uinðx; tÞ þ Uoutðx; tÞ which consists of the superpo-

sition of the ingoing and outgoing wavefield. We

obtain the homogeneous Green’s function

(Ghðx; xs; tÞ ¼ Gðx; xs; tÞ � Gðx; xs;�tÞ) (Oristaglio,

1989), for the virtual source location xs and the

receiver location x as

Ghðx; xs; tÞ ¼ Utotalðx; tÞ � Utotalðx;�tÞ : ð4Þ

Equation (4) satisfies the homogeneous wave equa-

tion and, hence, retrieves the Green’s function for

times t[ 0 for the virtual source location xs (Oris-

taglio, 1989; Wapenaar et al., 2013; Kiraz et al.,

2021). The iterative scheme we use follows the

algorithm presented by Wapenaar et al. (2013), and

equations (1), (2), and (4) are given in Wapenaar

et al. (2013) in equations (13), (12), and (14),

respectively.

bFigure 5

a Retrieved Green’s function using the Marchenko focusing (times

when t[ 0 of Gh in Fig. 4c). b Numerically modeled Green’s

function. c Difference between the numerically modeled Green’s

function in a and the retrieved Green’s function in b
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3. Visualizing the Iterative Scheme

In this section, we present a numerical example to

aid the visual understanding of the iterative

scheme described in Sect. 2. Figure 1 shows the

subsurface model and source and receiver geometry

of our first numerical experiment. Figure 1a and b

show the variable velocity and density models used

for the numerical example, respectively, which are

extracted from the Sigsbee model (Paffenholz et al.,

2002) with 2.5 km horizontal and 1.2 km vertical

extent. The virtual source location is at xs = 1.25 km

and zs = 0.75 km in depth which is shown with the

black asterisk in Fig. 1. The white dots located at the

surface of the models in Fig. 1 represent every 30th

receiver location. We use point impulsive sources and

record pressure at the receivers, and exclude the

presence of free surface. During the iterative

Marchenko scheme, we use the normal derivative of

the input pressure data to send the wavefield into the

medium from the receiver array (Kiraz et al., 2021).

Figure 6
Trace-by-trace calculated correlation coefficient between the retrieved Green’s function (Fig. 5a) and the numerically modeled Green’s

function (Fig. 5b)

Figure 7
Less smoothed version of the velocity model used for the iterative algorithm. The black asterisk shows the virtual source location and the

white dots at the top indicate every 30th source/receiver location

The Role of the Background Velocity Model 369Vol. 183, (2026)



Figure 2 shows the smoothed version of the

velocity model which is obtained by smoothing the

slowness. This model is so strongly smoothed that it

presents mostly one-dimensional information about

the velocity. As we follow the iterative scheme de-

scribed in Sect. 2, the first step is to model the direct

wave using the smooth background velocity model

(shown in Fig. 2). Figure 3a shows the modeled

direct wave. After modeling the direct wave, the next

step is to time-reverse the direct wave which is shown

in Fig. 3b. We then emit the time-reversed direct

wave from the boundary into the medium. However,

one can also convolve the time-reversed direct wave

with the reflection response when forward modeling

in the true medium is not applicable. Figure 3c shows

the recorded data at the receiver array after sending in

the time-reversed direct wave (Fig. 3b) from the

receiver array located at the surface of the medium.

We use Fig. 3a and b to define the window function

(H in Eq. (2)). After applying this window function

to the recorded data shown in Fig. 3c, d shows the

muted data. Following the iterative algorithm, we

next negate the muted data ((-) sign in Eq. (2)) and

the resulting wavefield is shown in Fig. 3e. As the

last step, we add the direct wave (Fig. 3a) to this

wavefield (time reverse of Uin
0 in Eq. (2)) and Fig. 3f

shows the combined wavefield (time reverse of Uin
k in

Eq. (2)). The time-reverse version of the wavefield

shown in Fig. 3f is, therefore, the input for the second

iteration and is ready to be emitted back into the

medium using the receiver array at the surface.

Figure 4a shows Utotalðx; tÞ obtained after the

fourth iteration of the iterative scheme. Note that

Fig. 4a is nearly symmetric in time for the times

�td\t\td, defined using the arrival time of the

direct wave (approximately between -1 s and 1 s).

Figure 4b shows Utotalðx;�tÞ for the fourth iteration

which is the time-reversed recorded data at the

receivers obtained after the fourth iteration. Figure 4c

shows the homogeneous Green’s function,

Ghðx; xs; tÞ (see Eq. (4)), for the fourth iteration.

bFigure 8

a Retrieved Green’s function using the Marchenko focusing using

the less smooth velocity model. b Numerically modeled Green’s

function (which is the same wavefield as Fig. 5b). c Difference

between the numerically modeled Green’s function in a and the

retrieved Green’s function in b
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Figure 5a shows Ghðx; xs; tÞ for the fourth itera-

tion for positive times only which is the retrieved

Green’s function and Fig. 5b shows the numerically

modeled Green’s function for the virtual source

location. The difference between the numerically

modeled and retrieved Green’s functions is shown in

Fig. 5c. Figure 5 shows that the numerically modeled

Green’s function closely matches the retrieved

Green’s function for t� td. However, we also see in

Fig. 5c that there are overall mismatches in ampli-

tudes and right and left edges of the wavefield that are

due to the limited aperture used during the injection

of the wavefield back into the medium from the

receiver array.

We quantify the accuracy of the Green’s function

retrieval using the Marchenko equation results by

calculating trace-by-trace CCs between the retrieved

Green’s function and the numerically modeled

Green’s function. We use the Pearson correlation

coefficient (Rodgers and Nicewander, 1988) as a

metric to quantitatively measure the correlations

between the retrieved and numerically modeled

Figure 9
Trace-by-trace calculated correlation coefficient between the retrieved Green’s function (Fig. 8a) and the numerically modeled Green’s

function (Figs. 5b and 8b) for the velocity model of Fig. 7

Figure 10
Constant velocity model used for the iterative algorithm. The black asterisk shows the virtual source location and the white dots at the top

indicate every 30th source/receiver location
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Green’s functions. We calculate the trace-by-trace

CCs using the full trace including the direct wave.

The CCs between the retrieved Green’s function

(Fig. 5a) using the smoothed version of the velocity

model and the numerically modeled Green’s function

(Fig. 5b) are shown in Fig. 6. The average CC in

Fig. 6 is 0.76. The low CCs around the right and left

edges of the CC plot in Fig. 6 are due to the limited

aperture used during the injection of the wavefield.

For the receivers where the limited aperture effects

are not evident (receivers from 100 to 500), the

average CC is 0.91. This shows a high accuracy

Green’s function retrieval by the Marchenko focusing

algorithm using the smoothed version of the velocity

model (Fig. 2).

4. Importance of the Initial Background Velocity

Model

In this section, we investigate the effect of the

smoothness of the background velocity model on the

retrieved Green’s function. The second numerical

example consists of the same velocity and density

models as with the first example (see Fig 1a and b);

however, this time we use a more detailed (or less

smoothed) version of the background velocity model

which is shown in Fig. 7 than the one presented in

Fig. 2 to retrieve the Green’s function using the

Marchenko focusing. As with the iterative algorithm,

we use the more detailed velocity model to produce

the direct wave and initiate the iterative scheme. By

following the steps presented in Fig. 3, we retrieve

the Green’s function. Figure 8a shows Gh for the

fourth iteration for positive times only (being the

retrieved Green’s function) and Fig. 8b shows the

numerically modeled Green’s function for the virtual

source location. The difference between the numeri-

cally modeled Green’s function (Fig. 8b) and the

retrieved Green’s function Fig. 8a is shown in

Fig. 8c. Similar to Fig. 5c, Fig. 8c shows that the

bFigure 11

a Retrieved Green’s function using the Marchenko focusing using

the constant velocity model. b Numerically modeled Green’s

function (which is the same wavefield as Figs. 5b and 8b).

c Difference between the numerically modeled Green’s function in

a and the retrieved Green’s function in b
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retrieved and modeled Green’s functions have mis-

matches in overall amplitude, and the right and left

wavefield edges.

To quantify the quality of the retrieved Green’s

function using the more detailed velocity model

(Fig. 7), we calculate the CCs between the retrieved

Green’s function (Fig. 8a) and the numericallymodeled

Green’s function (Fig. 8b), which are shown in Fig. 9.

The averageCC inFig. 9 is 0.83, and the averageCC for

receivers from 100 to 500 is 0.98. Therefore, by using a

more detailed version of the velocity model (Fig. 7) for

the iterative scheme,we retrieve theGreen’s function by

the Marchenko focusing algorithm with a higher CC

than the one presented in Fig. 6.

Figure 12
Trace-by-trace calculated correlation coefficient between the retrieved Green’s function (Fig. 11a) and the numerically modeled Green’s

function (Figs. 5b, 8b, and 11b) for the constant velocity model in Fig. 10

Figure 13
Comparison of the modeled direct waves using the velocity models shown in Figs. 7 (thin blue lines) and 10 (thick red lines), overlain with the

direct wave modeled using the true velocity model in Fig. 1a (dashed green lines). The traces have been multiplied by exp(2t)
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As the last step of the velocity model sensitivity

analysis, we use a constant velocity model. As

opposed to the first two velocity models used (see

Figs. 2 and 7), the constant velocity model does not

include any geological or geophysical information,

including about the possible dipping layers and the

velocity variations. The constant value of the velocity

is calculated using the average slowness between the

surface and the depth of the focal point and is shown

in Fig. 10, which is used to model the direct wave for

the iterative algorithm. After following the iterative

scheme, Fig. 11a shows Gh for the fourth iteration for

positive times only (the retrieved Green’s function),

and Fig. 11b shows the numerically modeled Green’s

Figure 14
The retrieved Green’s function using the constant background velocity model with 10% error (blue lines) and the modeled Green’s function

(red lines). The traces have been multiplied by exp(2t) to emphasize the match for the later times

Figure 15
Trace-by-trace calculated between the numerically modeled Green’s function (Figs. 5b, 8b, and 11b) and the retrieved Green’s functions using

the velocity models from Figs. 2, 7, 10, and the velocity model in Fig. 10 with 10% error
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function for the virtual source location. Figure 11c

shows the difference between the numerically mod-

eled Green’s function (Fig. 11b) and the retrieved

Green’s function (Fig. 11a). The difference between

the numerically modeled and the retrieved Green’s

functions in Fig. 11c using the constant velocity

model (Fig. 10) is similar to the ones presented in

Figs. 5c and 8c. There are also mismatches in overall

amplitudes at the right and left wavefield edges.

Similar to the previous examples, we show the

accuracy of the retrieved Green’s function using the

constant velocity model (Fig. 10) by calculating the

CCs between the retrieved (Fig. 11a) and the

numerically modeled (Fig. 11b) Green’s functions,

which are shown in Fig. 12. The average CC in

Fig. 12 is 0.73; however, the average CC for recei-

vers from 100 to 500 is 0.93. The CC for receivers

from 100 to 500 in Fig. 12 is higher than the one

presented in Fig. 6 for receivers from 100 to 500;

Figure 16
Velocity model in Fig. 1a after applying smoothing with a radius of 0.05 km, 0.25 km, 0.45 km, 0.65 km, 0.85 km, and 1.2 km, shown in a, b,

c, d, e, and f, respectively
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however, the CC for receivers from 0 to 600 in

Fig. 12 is lower than the CC presented in Fig. 6.

Using a constant velocity model for the iterative

scheme, we retrieve just as accurate Green’s function

for one virtual source location as with using the

smoothed velocity model for the Marchenko focusing

algorithm.

As described and shown in Sects. 2 and 3, we

model the direct wave using the background velocity

model and start the iterative scheme. To evaluate the

differences only in the modeled direct waves using

different velocity models (Figs. 7, 10), we show in

Fig. 13 the comparison of the modeled direct waves

using the velocity models shown in Figs. 7 (thin blue

lines) and 10 (thick red lines), overlain with the direct

wave modeled using the true velocity model in

Fig. 1a (dashed green lines). For the receivers

between 100 and 500 in Fig. 13, the modeled direct

waves are almost identical for the less smoothed

velocity model (thin blue lines) and constant velocity

model (thick red line) with the true velocity model

(dashed green line). This high similarity in the

modeled direct waves also produces the high-accu-

racy CCs (Figs. 9, 12).

We further test the sensitivity of the Marchenko

method to the velocity model by adding a 10% error

to the velocity model shown in Fig. 10 (which is 1.67

km/s) and assume the constant velocity as 1.5 km/s.

We show the retrieved Green’s function using the

constant background velocity model with 10% error

(thin blue lines) and the modeled Green’s function

(thick red lines) superimposed in Fig. 14 after

Figure 17
CCs between the numerically modeled and retrieved Green’s functions using the smoothing radius of 0.05 km, 0.25 km, 0.45 km, 0.65 km,

0.85 km, and 1.2 km, denoted with the blue, orange, green, red, purple, and brown lines, respectively

Figure 18
CCs after applying a time shift of 0.8 ms, 1.2 ms, 2.4 ms, 4.8 ms, 9.6 ms, and 25.6 ms to the retrieved Green’s functions using the velocity

models shown in Fig. 16 using the smoothing radius of 0.05 km, 0.25 km, 0.45 km, 0.65 km, 0.85 km, and 1.2 km, respectively
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multiplying traces by exp(2t). The mismatch in time,

amplitudes, and phase in Fig. 14 indicate that the

constant value of the velocity should be calculated

using the average slowness between the surface and

the depth of the focal point, and erroneous constant

velocity models will not retrieve the accurate Green’s

function.

We present the CCs in Fig. 15 between the

numerically modeled Green’s function and the

retrieved Green’s functions using the velocity models

from Figs. 2, 7, 10, and the velocity model in Fig. 10

with 10% error using the blue star markers, the grey

cross markers, the red triangle markers, and the green

plus markers, respectively. We see in Fig. 15 that the

similarity in the modeled direct wave for the

Marchenko focusing creates a high accuracy in the

retrieved Green’s functions. The star, the cross, and

the triangle markers show CCs around 0.9; however,

Figure 19
a Marmousi velocity model and b density model of the synthetic example. The black asterisk shows the virtual source location and the white

dots at the top indicate every 30th source/receiver location
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the green plus marker shows a CC around 0. There-

fore, we conclude that the Green’s function retrieval

using the Marchenko equation successfully retrieves

the Green’s functions as long as the correct average

slowness between the surface and the depth of the

focal point is known. For different virtual source

Figure 20
Modeled data using the velocity and density models shown in Fig. 19 with the receivers and source located at the surface

Figure 21
Smoothed version of the Marmousi velocity model used for the iterative algorithm. The black asterisk shows the virtual source location and

the white dots at the top indicate every 30th source/receiver location
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locations, one needs to have the average slowness

between the surface and the depth of the focal point

for every virtual source location.

To further investigate the velocity model depen-

dence of the Marchenko algorithm for the reflected

wave retrieval, we apply different degrees of

smoothing to the velocity model shown in Fig. 1a and

calculate the trace-by-trace CCs between the numer-

ically modeled and the retrieved Green’s functions.

This time we exclude the direct wave so that the CCs

quantify the retrieval of the internal multiple reflec-

tions. Figure 16a–f show velocity models with a

smoothing radius of 0.05 km, 0.25 km, 0.45 km, 0.65

km, 0.85 km, and 1.2 km, respectively, applied on

offset and depth (or x and z, respectively) axes using

the triangle smoothing filtering in the Madagascar

software package (Fomel et al., 2013; Claerbout,

2014). Figure 17 shows the CCs between the

numerically modeled and the retrieved Green’s

functions using the smoothed velocity models shown

in Fig. 16. The blue, orange, green, red, purple, and

brown lines in Fig. 17 denote the CCs between the

numerically modeled and retrieved Green’s function

using the smoothing radius of 0.05 km, 0.25 km, 0.45

km, 0.65 km, 0.85 km, and 1.2 km, respectively.

Velocity models shown in Fig. 16a–c represent real-

istic cases for seismic exploration studies where a

very detailed velocity model is not always readily

available. However, even in those cases, Fig. 17

shows that the Marchenko algorithm retrieves the

Green’s function with high accuracy.

When a smoothed velocity model is used for the

Marchenko algorithm, the retrieved Green’s function

recovers the multiple reflections with some time

shifts (Wapenaar et al., 2014a). Therefore, we also

calculate time-shifted CCs (again excluding the direct

wave) for a better evaluation of the retrieved Green’s

functions’ accuracy using the Marchenko method.

We apply a range of time shifts to the retrieved

Green’s functions using the smoothed velocity mod-

els shown in Fig. 16 and select the highest CC for a

given time shift. Figure 18 shows the CCs after

bFigure 22

a Modeled direct wave using the smoothed version of the

Marmousi velocity model given in Fig. 21. The red arrows show

some of the triplicated arrivals and the blue arrow shows the

refracted wave. b Retrieved Green’s function using the Marchenko

focusing using the smoothed version of the Marmousi velocity

model. The red dashed curve shows the arrival of the direct wave

(including some triplicated waves), approximately. c Numerically

modeled Green’s function

The Role of the Background Velocity Model 379Vol. 183, (2026)



applying a time shift of 0.8 ms, 1.2 ms, 2.4 ms, 4.8

ms, 9.6 ms, and 25.6 ms to the retrieved Green’s

functions using the smoothing radius of 0.05 km, 0.25

km, 0.45 km, 0.65 km, 0.85 km, and 1.2 km,

respectively. Figure 18 shows that the CCs between

the time-shifted Green’s function and the modeled

Green’s function improve dramatically in comparison

with the zero-shift CCs of Fig. 17. Whereas the

average CC for the smoothing radius of 1.2 km in

Fig. 17 is �0.11, we observe an average CC of 0.6 in

Fig. 18 after applying a 25.6 ms time shift to the

retrieved Green’s function. This example clearly

shows the benefit of evaluating time-shifted CCs.

5. Refracted Waves

In this section, we investigate the presence of

refracted waves in the retrieved Green’s function

using the Marchenko focusing. To model refracted

waves in the Green’s functions, we use the Marmousi

velocity model (Versteeg, 1994) for the numerical

experiments in this section. Figure 19a shows the

Marmousi velocity model and Fig. 19b shows the

density model of our experiment. The white dots in

Fig. 19 represent every 30th receiver location at the

surface and the black asterisk denotes the virtual

source location for which the Green’s function will be

retrieved. Figure 20 shows the modeled reflection

data using the velocity and density models shown in

Fig. 19a and b, respectively, with the receivers and

source located at the surface where the refracted

waves are present between receiver number 800 and

1320.

To start the iterative algorithm, we model the

direct wave using the smoothed background velocity

model shown in Fig. 21, and the modeled direct wave

is shown in Fig. 22a. The red arrows in Fig. 22a point

to some of the triplicated arrivals and the blue arrow

points out the refracted wave. After following the

iterative scheme, we show the retrieved Green’s

function after four iterations in Fig. 22b, and the

numerically modeled Green’s function for the virtual

source location in Fig. 22c. The red dashed curve in

Fig. 22b indicates the arrival of the direct wave (in-

cluding some triplicated waves), and the waves

before the red dashed curve in Fig. 22b can be

removed by applying a muting function. The main

difference in Fig. 22 between the retrieved and the

modeled Green’s functions (Figs. 22b and c, respec-

tively) occurs between the receivers 800 and 1320

around the arrival time of the direct wave (around the

red dashed curve in Fig. 22b). The numerically

modeled Green’s function (Fig. 22c) contains

Figure 23
Less smoothed version of the Marmousi velocity model used for the iterative algorithm. The black asterisk shows the virtual source location

and the white dots at the top indicate every 30th source/receiver location
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refracted and horizontally propagating events recor-

ded between the receivers 800 and 1320 before the

arrival time of the direct wave (also indicated with

the red dashed curve in Fig. 22b). However, except

for the refracted and horizontally propagating events

shown in Fig. 22a, most of the refracted and hori-

zontally propagating events in Fig. 22c are not

present in the retrieved Green’s function shown in

Fig. 22b.

To further investigate the presence of the refrac-

ted wave in the Marchenko focusing, we use a less

smoothed version of the Marmousi velocity model

than the one shown in Fig. 21 which presents more

detailed subsurface information. Figure 23 shows the

less smoothed Marmousi model and the white dots

show every 30th receiver location and the black

asterisk denotes the virtual source location. The

modeled direct wave using the less smoothed Mar-

mousi model is shown in Fig. 24a, and the red arrows

indicate some of the triplicated arrivals, and the blue

arrows indicate the refracted wave. There are also

some multiples modeled in Fig. 24a. Figure 24b

shows the retrieved Green’s function by using the

direct wave in Fig. 24a, and c shows the numerically

modeled Green’s function. This time, between the

receivers 800 and 1320 and around the direct arrival

times, the retrieved Green’s function and the

numerically modeled Green’s function match very

well. The refracted wave information in the modeled

Green’s function is also present in the retrieved

Green’s function. The less smoothed version of the

background velocity model used for the iterative

algorithm enables the refracted waves to appear in the

retrieved Green’s function.

If we compare the modeled direct waves in

Fig. 22a and 24a, the direct wave modeled with an

accurate velocity model in Fig. 24a includes the

refracted waves, shown with the blue arrows, but the

modeled direct wave in Fig. 22a does not include

most of these refracted waves. Figures 22b and 24b

show that the refracted waves modeled using the

smooth velocity model are mapped directly in the

bFigure 24

a Modeled direct wave using the less smoothed version of the

Marmousi velocity model given in Fig. 23. The red arrows show

some of the triplicated arrivals and the blue arrows show the

refracted wave. b Retrieved Green’s function using the Marchenko

focusing using the less smoothed version of the Marmousi velocity

model. c Numerically modeled Green’s function (which is the same

wavefield as Fig. 22c)
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retrieved Green’s functions. In other words, the

presence of refracted waves depends on the back-

ground velocity model in the Marchenko focusing

and it is not a result of the iterations of the March-

enko focusing algorithm.

To further investigate the refracted wave presence

in the retrieved Green’s function using the March-

enko algorithm, we apply different degrees of

smoothing to the Marmousi velocity model shown in

Fig. 19a and model the direct waves using the

smoothed velocity models. We then calculate the

trace-by-trace CCs between the true direct wave

Figure 25
Marmousi velocity model in Fig. 19a after applying smoothing with a radius of 0.08 km, 0.09 km, 0.11 km, 0.16 km, 0.2 km, and 0.3 km,

shown in a, b, c, d, e, and f, respectively

cFigure 26
Modeled direct waves using the velocity models in Fig. 25a–f

shown in a, b, c, d, e, and f, respectively
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(which is obtained using a smoothing radius of 0.032

km that includes the triplicated waves, refracted

waves, and some reflected waves) and the modeled

direct waves. Figure 25a–f show Marmousi velocity

models with a smoothing radius of 0.08 km, 0.09 km,

0.11 km, 0.16 km, 0.2 km, and 0.3 km, respectively,

applied on offset and depth (or x and z, respectively)

axes using the triangle smoothing filtering in the

Madagascar software package (Fomel et al., 2013;

Claerbout, 2014). Figure 26a–f show the modeled

direct waves using the velocity models shown in

Fig. 25a–f, respectively. Figure 27 shows the CCs

between the true and modeled direct waves shown in

Fig. 26. The blue, orange, green, red, purple, and

brown lines in Fig. 27 denote the CCs between the

true and modeled direct waves using the smoothing

radius of 0.08 km, 0.09 km, 0.11 km, 0.16 km, 0.2

km, and 0.3 km, respectively. Figure 27 shows for

this example that for a triplicated and refracted wave

presence with an average CC of 0.8 and higher in the

direct wave, and hence in the retrieved Green’s

function, one needs to have a detailed velocity model

with a smoothing radius of around 0.09 km or less

(e.g., Fig. 26a and b). Figure 28a–f show the

retrieved Green’s functions using the direct waves

shown in Fig. 26a–f, respectively.

A comparison of the CCs in Figs. 18 and 27

shows that considerably more accurate velocity

model information is required for the presence of

refracted waves in the retrieved Green’s function

(e.g., smoothing radius of 0.09km for an average CC

of 0.8) than for accurately retrieving the reflected

waves (e.g., smoothing radius of 0.65 km for an

average CC of 0.8) using the Marchenko algorithm.

Retrieving the refracted waves in the Green’s func-

tion can be useful for velocity model building where

the long-offset refracted and diving waves are of

great importance for subsalt targets. In this case, the

Marchenko algorithm we present requires a more

accurate velocity model. Moreover, more research is

needed to retrieve refracted and diving waves beyond

those already present in the modeled direct wave.

However, retrieving only the reflected waves is also

very important for creating an accurate image of the

subsurface using the conventional Marchenko imag-

ing algorithms. In this case, the Marchenko algorithm

requires a less accurate velocity model to be available

and yet it retrieves the internal multiple reflections

with high accuracy.

6. Conclusions

We present the Green’s function retrieval using

Marchenko focusing and investigate the background

velocity model dependence of the Marchenko

focusing. We compare the retrieved Green’s func-

tions for different background velocity models used

for modeling the direct wave. We show that the

Marchenko focusing algorithm using a constant

background velocity model can retrieve the Green’s

function with high accuracy if the average slowness

Figure 27
CCs between the true and modeled direct waves using the smoothing radius of 0.08 km, 0.09 km, 0.11 km, 0.16 km, 0.2 km, and 0.3 km,

denoted with the blue, orange, green, red, purple, and brown lines, respectively
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Figure 28
Retrieved Green’s functions using the direct waves shown in Fig. 26a–f shown in a, b, c, d, e, and f, respectively
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between the surface and the depth of the focal point is

known. We also investigate the presence of the

refracted waves in the retrieved Green’s function

using the Marmousi velocity model. We show that

the refracted waves are incorporated in the retrieved

Green’s function by the background velocity model

used to model the direct wave for the iterative algo-

rithm, and are not a result of the Marchenko

algorithm. The results from the refracted wave study

indicate that substantially more accurate knowledge

of the velocity model is required in the presence of

refracted waves.
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