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ABSTRACT: 

The methods of time-reversed acoustics and Green’s function retrieval are traditionally deployed for classical 

inhomogeneous, time-invariant materials. The mutual relation between these methods is well established. 

Recently, similar methods have been proposed for homogeneous, time-variant materials. Here, we investigate 

their mutual relation and their relation with the corresponding methods in classical materials. For this analysis, 

we make use of the fact that the wave equations for both classes of material are similar, with the roles of time 

and space interchanged. However, the principle of causality holds for both classes of material; hence, here the 

roles of time and space are not interchanged. We find that (1) whereas classical time-reversed acoustics involves 

emission of a time-reversed single-component wave field from a (ideally closed) boundary into the inhomoge

neous material, its idealized counterpart involves emission of a sign-reversed two-component wave field, 

recorded in a time-reversed material, from a single time instant into the actual time-variant material; and (2) 

whereas classical Green’s function retrieval involves temporal cross-correlation of wave fields at two space loca

tions in response to single-component sources on a (ideally closed) boundary, its counterpart involves 

spatial cross-correlation of wave fields at two time instants in response to two-component sources at a single 

time instant.
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I. INTRODUCTION

Waves propagating through time-variant materials are 

scattered by time boundaries, just as waves propagating 

through space-variant materials are scattered by spatial 

boundaries. For electromagnetic waves, scattering by time 

boundaries has been studied for decades.1–3 The research in 

this area expanded significantly since the introduction of 

dynamic metamaterials.4–10 For acoustic waves, the phe

nomenon of time scattering has been introduced by Fink and 

co-workers.11–15 In particular, they demonstrated theoreti

cally and experimentally that a time boundary sends waves 

back in space to focus at their origin, similar to time- 

reversed waves that are sent back from a spatial boundary.16

Whether we consider acoustic or electromagnetic 

waves, there exists much analogy between wave phenomena 

in homogeneous, time-variant materials, and those in “clas

sical” inhomogeneous, time-invariant materials.3,17–23 In 

particular, the roles of time and space are interchanged 

between the wave equations for both classes of material. 

However, the analogy also has its limitations. For example, 

waves reflected by a time boundary propagate forward in 

time and backward in space, similar as waves reflected by a 

spatial boundary.17,19,21 Hence, here the roles of time and 

space are not interchanged. More generally, the principle of 

causality is a time-related property, whether we consider 

time-variant or space-variant materials.23 In other words, 

whereas the roles of time and space are interchanged 

between the wave equations for both classes of material, 

they are in general not interchanged in the initial and bound

ary conditions, and hence the relation between the solutions 

of the wave equations (i.e., the wave fields in both classes of 

material) is in general not straightforward. Another aspect 

that complicates the analogy is the fact that the number of 

time dimensions (one) is different from the number of space 

dimensions (two or three), except of course for 1D 

situations.

Despite the aforementioned limitations, we investigate 

the relation between time-reversed acoustics and Green’s 

function retrieval in space-variant and in time-variant mate

rials. For classical inhomogeneous, time-invariant materials, 

the research fields of time-reversed acoustics16,24,25 and 

Green’s function retrieval by temporal cross-correlation26–31 

originated independently. However, it was soon discovered 

that these fields are closely related.32,33 It is reasonable to 

assume that a similar close relationship exists between time- 

reversed acoustics11,12 and Green’s function retrieval by 

spatial cross-correlation23,34 in homogeneous, time-variant 

materials. In a companion paper,35 Aichele investigates the 

relations between temporal and spatial cross-correlation, a)Email: C.P.A.Wapenaar@TUDelft.nl 
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underlying time-reversed acoustics and Green’s function 

retrieval. In that analysis, the material is kept space- and 

time-invariant, except for an impulsive temporal disruption, 

representing a time boundary. In this paper, we extend the 

analysis for materials that are either arbitrarily space-variant 

or arbitrarily time-variant.

After a brief discussion of the general equations for 

waves in space- and time-variant materials (Sec. II), in 

Sec. III we review classical time-reversed acoustics, Green’s 

function retrieval and their mutual relation for arbitrarily 

inhomogeneous, time-invariant materials. This serves as an 

introduction to Sec. IV, where we discuss time-reversed 

acoustics, Green’s function retrieval, and their mutual rela

tion for homogeneous, arbitrarily time-variant materials. In 

that section, we also discuss the relation with the classical 

methods reviewed in Sec. III. We present conclusions in 

Sec. V.

II. GENERAL EQUATIONS FOR WAVES IN SPACE- 

AND TIME-VARIANT MATERIALS

Although in this paper we deal primarily with 2D and 

3D acoustic waves, we use a unified notation that also cov

ers 2D horizontally polarized shear (SH) waves, 2D trans

verse electric (TE), and 2D transverse magnetic (TM) 

waves (the latter two are relevant because much of the the

ory for waves in time-variant materials was initially devel

oped for electromagnetic waves). We denote position in 

space by the Cartesian coordinate vector x ¼ ðx; y; zÞ (for 

the 3D situation) or x ¼ ðx; zÞ (for the 2D situation), and 

time by t. With reference to Table I, we consider space- 

and time-variant wave field quantities Uðx; tÞ, Vðx; tÞ, 

Pðx; tÞ, and Qðx; tÞ, space- and time-variant material 

parameters aðx; tÞ and bðx; tÞ, and space- and time-variant 

source quantities aðx; tÞ, bðx; tÞ. The boldface quantities 

V, Q, and b denote vectors with three components, i.e., 

V ¼ ðVx;Vy;VzÞ etc. (for the 3D situation), or with two 

components, i.e., V ¼ ðVx;VzÞ etc. (for the 2D situation). 

The wave field quantities obey the following unified 

equations: 

@tU þr �Q ¼ a; (1) 

@tVþrP ¼ b; (2) 

where @t stands for the partial differential operator @=@t, 

and r is the nabla operator, defined as r ¼ ð@x; @y; @zÞ (for 

the 3D situation) or r ¼ ð@x; @zÞ (for the 2D situation). For 

acoustic waves, using the quantities defined in row 1 of 

Table I, Eq. (1) is the acoustic deformation equation, 

−@tHþr � v ¼ q, and Eq. (2) stands for equilibrium of 

mechanical momentum, @tmþrp ¼ f .20,36

Assuming the material is isotropic and instantaneously 

and locally reacting, the unified wave field quantities in Eqs. 

(1) and (2) are related via the constitutive relations: 

U ¼ aP; (3) 

V ¼ bQ: (4) 

For acoustic waves, these relations are −H ¼ jp and 

m ¼ qv, respectively.

Equations (1)–(4) hold in materials of which the param

eters aðx; tÞ and bðx; tÞ vary continuously with space and 

time. They need to be supplemented with boundary condi

tions at those positions and times where these parameters 

are discontinuous. At a spatial boundary with normal nðxÞ, 

where the parameters are discontinuous in space but contin

uous in time, the boundary conditions demand that P and 

Q � n are continuous (for acoustic waves, these are the well- 

known boundary conditions for the acoustic pressure p and 

the normal component of the particle velocity v � n). At a 

time boundary, where the parameters are discontinuous in 

time but continuous in space, the boundary conditions 

demand that U and V are continuous.1,3,17,18,21 Several 

authors discuss customized approaches for materials with 

specific combinations of spatial and time boundaries.7,21,22 

Note that at the intersection of a spatial boundary with a 

time boundary, the boundary conditions for the spatial 

boundary are inconsistent with those for the time boundary. 

This can be solved by the introduction of a field-dependent 

point-source at the intersection.10 Other authors discuss 

“travelling-wave modulated” materials, which exhibit non- 

reciprocal wave behaviour.37–42

A further discussion of waves in materials in which the 

parameters vary with space and time is beyond the scope of 

this paper. In the following we consider either arbitrarily 

inhomogeneous, time-invariant materials, with parameters 

aðxÞ and bðxÞ (Sec. III), or homogeneous, arbitrarily time- 

variant materials, with parameters aðtÞ and bðtÞ (Sec. IV).

TABLE I. Specification of the quantities in Eqs. (1)–(4). For 2D and 3D acoustic waves, the quantities are cubic dilatation H, mechanical momentum den

sity m, acoustic pressure p, particle velocity v, compressibility j, mass density q, volume-injection rate density q, and external force density f. For 2D SH 

(horizontally polarized shear) waves in the x–z plane, m, v, q, and f are defined the same as for acoustic waves, and the additional quantities are strain e, 

stress s, shear modulus l, and external deformation rate density h. For 2D TE (transverse electric) and 2D TM (transverse magnetic) waves in the x–z plane, 

the quantities are electric and magnetic flux densities D and B, electric and magnetic field strengths E and H, permittivity e, permeability l, and external 

electric and magnetic current densities Je and Jm. 

U Vx Vy Vz P Qx Qy Qz a b a bx by bz

2D/3D acoustic −H mx my mz p vx vy vz j q q fx fy fz

2D SH my −2eyx — −2eyz vy −syx — −syz q 1=l fy 2hyx — 2hyz

2D TE Dy Bz — −Bx Ey Hz — −Hx e l −Je
y −Jm

z — Jm
x

2D TM By −Dz — Dx Hy −Ez — Ex l e −Jm
y Je

z — −Je
x
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III. TIME-REVERSED ACOUSTICS AND GREEN’S 

FUNCTION RETRIEVAL IN INHOMOGENEOUS,  

TIME-INVARIANT MATERIALS

In this section, we review classical time-reversed acous

tics and Green’s function retrieval in inhomogeneous, time- 

invariant materials, and their mutual relation. In Sec. III A, 

we discuss the wave equation for an inhomogeneous, time- 

invariant material, as a special case of the equations in 

Sec. II. In Sec. III B, we discuss the Green’s function of an 

inhomogeneous, time-invariant material. In Sec. III C, we 

review a classical representation of the homogeneous 

Green’s function of an inhomogeneous, time-invariant mate

rial. In Sec. III D and Sec. III E, we show how this homoge

neous Green’s function representation leads to time- 

reversed acoustics and Green’s function retrieval, respec

tively, in inhomogeneous, time-invariant materials. The 

review in this section serves as an introduction to Sec. IV, 

where, in an analogous way, we discuss time-reversed 

acoustics and Green’s function retrieval in homogeneous, 

time-variant materials.

A. Wave equation for an inhomogeneous, time- 

invariant material

We consider an arbitrarily inhomogeneous, time- 

invariant material, with parameters aðxÞ and bðxÞ. 

Substituting constitutive relations (3) and (4) into Eqs. (1) 

and (2), using the fact that aðxÞ and bðxÞ are time-invariant, 

we obtain 

a@tPþr �Q ¼ a; (5) 

b@tQþrP ¼ b: (6) 

For acoustic waves, these expressions become j@tpþr �

v ¼ q and q@tvþrp ¼ f. We continue with the general 

notation of Eqs. (5) and (6), so that all that follows also 

holds for 2D SH, TE, and TM waves.

The parameters aðxÞ and bðxÞ in Eqs. (5) and (6) may 

vary continuously with position. For a material with piece

wise continuous parameters, these equations are supple

mented with boundary conditions. At a spatial boundary 

with normal nðxÞ, where the parameters undergo a finite 

jump, the boundary conditions state that P and Q � n are 

continuous over that boundary.

By eliminating Q from Eqs. (5) and (6), we obtain the 

well-known second order wave equation: 

1

bc2
@2

t −r �
1

b
r

� �

Pðx; tÞ ¼ sðx; tÞ; (7) 

with cðxÞ being the space-variant propagation velocity, 

defined as 

c ¼
1
ffiffiffiffiffiffi
ab
p ; (8) 

and sðx; tÞ the source distribution, defined as 

s ¼ @ta −r �
1

b
b

� �

: (9) 

B. Green’s function of an inhomogeneous,  

time-invariant material

We introduce the Green’s function Gxðx; xA; t; tAÞ of an 

inhomogeneous, time-invariant material as the response to an 

impulsive point source at x ¼ xA at time instant t ¼ tA, 

observed at position x and time t. Hence, it obeys the wave 

equation [Eq. (7)], with the source term sðx; tÞ on the right- 

hand side replaced by an impulsive point source, according to 

1

bc2
@2

t −r�
1

b
r

� �

Gxðx;xA; t;tAÞ¼dðx−xAÞdðt− tAÞ; (10) 

where dð�Þ is the Dirac delta function. The subscript x in Gx 

denotes that this is the Green’s function of a space-variant 

material. The Green’s function obeys the causality condition 

Gxðx; xA; t; tAÞ ¼ 0 for t < tA: (11) 

Assuming that the material is homogeneous outside a sphere 

with arbitrarily large but finite radius, this causality condi

tion implies that Gxðx; xA; t; tAÞ is outward propagating for 

jx − xAj ! 1.

Since the material is time-invariant, the Green’s func

tion is time-shift invariant, hence, 

Gxðx; xA; t; tAÞ ¼ Gxðx; xA; t − tA; 0Þ: (12) 

The Green’s function obeys the following reciprocity 

relation:36,43 

GxðxA; xB; t; 0Þ ¼ GxðxB; xA; t; 0Þ: (13) 

Hence, in an inhomogeneous, time-invariant material, the 

response to a source at xB, observed at xA, is equal to the 

response to a source at xA, observed at xB.

Since the wave equation [Eq. (10)] contains only even- 

order time derivatives, the time-reversed Green’s function 

Gxðx; xA;−t; 0Þ is also a solution of this equation (with 

tA ¼ 0). This acausal Green’s function is inward propagating 

for jx − xAj ! 1. It propagates through the inhomogeneous 

material, converges to a sink at x ¼ xA and t ¼ 0, after 

which it disappears.

We define the homogeneous Green’s function of an 

inhomogeneous, time-invariant material as the difference of 

the Green’s function and its time-reversed version, accord

ing to 

Gh
xðx; xA; t; 0Þ ¼ Gxðx; xA; t; 0Þ − Gxðx; xA;−t; 0Þ: (14) 

Both terms on the right-hand side obey the same wave 

equation, with the same singularity dðx − xAÞdðtÞ. The sin

gularities cancel when we subtract the equations for the 

Green’s function and its time-reversed version. Hence, the 
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homogeneous Green’s function obeys the following wave 

equation: 

1

bc2
@2

t −r �
1

b
r

� �

Gh
xðx; xA; t; 0Þ ¼ 0: (15) 

Note that Gh
xðx; xA; t; 0Þ is called the homogeneous Green’s 

function because it is a solution of this homogeneous differ

ential equation (hence, here “homogeneous” does not refer 

to the material parameters, which may still be inhomoge

neous, but to the absence of the singularity in the wave 

equation). Unlike the Green’s function Gxðx; xA; t; 0Þ and its 

time-reversed version Gxðx; xA;−t; 0Þ, the homogeneous 

Green’s function Gh
xðx; xA; t; 0Þ is not singular for x! xA 

and t! 0.

From Eqs. (13) and (14), it follows that the homoge

neous Green’s function obeys the following reciprocity 

relation: 

Gh
xðxA; xB; t; 0Þ ¼ G

h
xðxB; xA; t; 0Þ: (16) 

C. Homogeneous Green’s function representation for 

an inhomogeneous, time-invariant material

We derive a boundary integral representation for the 

homogeneous Green’s function Gh
xðx; xA; t; 0Þ of an inhomo

geneous, time-invariant material. We start by defining a vec

tor function aðx0; tÞ as 

aðx0; tÞ ¼
1

bðx0Þ

h
r0Gxðx

0; xB; t; 0Þ
� �

�tGxðx
0; xA;−t; 0Þ

− Gxðx
0; xB; t; 0Þ�tr

0Gxðx
0; xA;−t; 0Þ

i
; (17) 

where Gxðx
0; xA; t; 0Þ and Gxðx

0; xB; t; 0Þ are Green’s func

tions with their sources at xA and xB, respectively. The 

prime in r0 denotes that this nabla operator acts on x0, hence 

r0 ¼ ð@x0 ; @y0 ; @z0 Þ (in 3D) or r0 ¼ ð@x0 ; @z0 Þ (in 2D). The 

symbol �t stands for a temporal convolution, defined as 

f ðtÞ�tgðtÞ ¼
Ð1

−1 f ðt − t0Þgðt0Þdt0. When one of the functions 

is reversed in time, we obtain f ðtÞ�tgð−tÞ ¼
Ð1

−1 f ðt 

−t0Þgð−t0Þdt0 ¼
Ð1

−1 f ðtþ t0Þgðt0Þdt0. Hence, f ðtÞ�tgð−tÞ

stands for a temporal correlation of the functions f ðtÞ and 

gðtÞ. Evaluating the divergence r0 � aðx0; tÞ, using the wave 

equation [Eq. (10), with x replaced by x0 and tA ¼ 0] and the 

property @2
t f ðtÞ

� �
�tgð−tÞ ¼ f ðtÞ�t @

2
t gð−tÞ

� �
, yields 

r0 � aðx0; tÞ ¼ Gxðx
0; xB; t; 0Þdðx

0 − xAÞ

− dðx0 − xBÞGxðx
0; xA;−t; 0Þ: (18) 

Next, we integrate this over a domain V, enclosed by bound

ary S, with outward pointing normal vector n (for the 3D 

situation, V is a 3D volume and S a 2D closed boundary; for 

the 2D situation, V is a 2D plane and S a 1D closed curve in 

the x–z plane). The Green’s sources at xA and xB are 

both situated in V. Using the theorem of Gauss, Ð

V
r0 � adx0 ¼

Þ

S
a � ndx0, applying the reciprocity relation of 

Eq. (13) to the Green’s functions with the source at xB, and 

replacing xB by variable x yields the following representa

tion of the homogeneous Green’s function: 

Gh
xðx; xA; t; 0Þ

¼

þ

S

1

bðx0Þ

h
r0Gxðx; x

0; t; 0Þ
� �

�tGxðx
0; xA;−t; 0Þ

− Gxðx; x
0; t; 0Þ�tr

0Gxðx
0; xA;−t; 0Þ

i
� ndx0:

(19) 

This expression is the time-domain equivalent of the frequency- 

domain homogeneous Green’s function representation, intro

duced for holographic imaging and inverse scattering.44,45 In the 

following, we show how the homogeneous Green’s function 

representation of Eq. (19) forms a theoretical basis for time- 

reversed acoustics and for Green’s function retrieval.

D. Time-reversed acoustics in an inhomogeneous, 

time-invariant material

We start by reviewing the principle of time-reversed 

acoustics in an inhomogeneous, time-invariant material, in 

an intuitive way. Consider an impulsive point source at xA 

and t ¼ 0 in an arbitrarily inhomogeneous, time-invariant 

material. The response to this source, Pðx0; tÞ, is recorded by 

receivers at x0 on a closed boundary [see Fig. 1 (a)]. In the 

acoustic situation, P stands for the acoustic pressure. Next, 

the responses at all x0 are reversed in time, yielding 

Pðx0;−tÞ, and these time-reversed signals are fed to sources 

at the positions of the receivers [see Fig. 1 (b)]. The time- 

reversed wave field obeys the same wave equation as the 

original wave field. Hence, the time-reversed field emitted 

by the sources at the boundary propagates back through the 

inhomogeneous material, and at t ¼ 0 it focuses at the origi

nal source position xA [see Fig. 1 (b)].

In geophysics, this time-reversal principle is used to 

determine the parameters of earthquake sources46–48 and to 

perform seismic imaging.49–52 Note that in geophysics the 

time-reversed field is not physically emitted into the earth, 

but instead the backpropagation is carried out numerically.

Fink and coworkers16,24,25 developed the field of time- 

reversed acoustics for ultrasonic measurements, in which pie

zoelectric transducers are initially used as receivers [as in Fig. 

1 (a)], and subsequently as sources [as in Fig. 1 (b)], emitting 

the time-reversed responses physically into the material.

Note that once the field has focused at xA and t ¼ 0, 

there is no sink to absorb the focused field; hence, the wave 

field continues its propagation.32 Hence, the focused field 

acts as a source which emits waves into the inhomogeneous 

material [see Fig. 1 (c)]. In other words, the focused field at 

t ¼ 0 is a virtual source for the field for t > 0.

Let us now review the mathematics behind time- 

reversed acoustics, using the representation of Eq. (19) as 

the starting point.53 We start by assuming that the boundary 

S is sufficiently smooth and that the material at and outside 

S is homogeneous, with parameters a0, b0, and c0. Then, in 
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the high-frequency regime, the contributions of the two 

terms under the integral in Eq. (19) are identical (but with 

opposite signs).33 Hence, we obtain 

Gh
xðx; xA; t; 0Þ

¼
2

b0

þ

S

r0Gxðx; x
0; t; 0Þ � n

� �
�tGxðx

0; xA;−t; 0Þdx0:

(20) 

Inside S, we define a source function sðx; tÞ ¼ dðx 

−xAÞs0ðtÞ, which is a point source at x ¼ xA with source 

wavelet s0ðtÞ. From Eqs. (7) and (10) (with tA ¼ 0), it fol

lows that the response to this source, observed at x0 on S, is 

given by Pðx0; tÞ ¼ Gxðx
0; xA; t; 0Þ�ts0ðtÞ [see Fig. 1 (a)]. 

Convolving both sides of Eq. (20) with the time-reversal of 

the source wavelet and substituting Eq. (14) into the left- 

hand side yields 

Gxðx; xA; t; 0Þ− Gxðx;xA;−t;0Þ
� �

�ts0ð−tÞ

¼
2

b0

þ

S

r0Gxðx;x
0; t; 0Þ � n

� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
“propagator”

�t Pðx0;−tÞ
|fflfflfflfflffl{zfflfflfflfflffl}
“source field”

dx0: (21) 

The right-hand side quantifies the propagation of the time- 

reversed field Pðx0;−tÞ from sources at x0 on S to any point 

x inside S. The second term on the left-hand side, 

Gxðx; xA;−t; 0Þ�ts0ð−tÞ, is the field converging to xA 

[Fig. 1 (b)]. The first term on the left-hand side, 

Gxðx; xA; t; 0Þ�ts0ð−tÞ, is the field diverging from xA 

[Fig. 1 (c)].

In most practical situations, the object of investigation 

cannot be accessed from a closed boundary. Replacing the 

closed boundary integral in Eq. (21) by an open boundary 

integral necessarily leads to approximations, which can be 

partly remedied by iterative methods. A further discussion is 

beyond the scope of this paper; we refer to the extensive lit

erature on iterative time-reversed acoustics (e.g., Refs. 

54–56) and on the Marchenko method (e.g., Refs. 57–59).

E. Green’s function retrieval in an inhomogeneous, 

time-invariant material

It has been shown by many authors that the temporal 

cross-correlation of passive noise measurements at two 

receivers in an inhomogeneous, time-invariant material con

verges approximately to the response at one of these 

receivers as if there were a source at the position of the 

other (i.e., the Green’s function between the two 

receivers).26–29,60–63 We review the mathematics behind this 

principle of Green’s function retrieval, using Eq. (20) as the 

starting point.28,33 Using the reciprocity relation of Eq. (13) 

and substituting Eq. (14) into the left-hand side of Eq. (20) 

yields 

Gxðx; xA; t; 0Þ − Gxðx; xA;−t; 0Þ

¼
2

b0

þ

S

r0Gxðx; x
0; t; 0Þ � n

� �
�tGxðxA; x

0;−t; 0Þdx0:

(22) 

The Green’s function GxðxA; x
0; t; 0Þ on the right-hand side 

represents the response to an impulsive monopole source at 

x0 on S and t ¼ 0, recorded by a receiver at xA. Similarly, 

r0Gxðx; x
0; t; 0Þ � n (with nabla operator r0 acting on the 

source position x0) represents the response to an impulsive 

dipole source at x0 on S and t ¼ 0, recorded by a receiver at 

x. Both responses are illustrated in Fig. 2 (a). The entire 

right-hand side quantifies the temporal cross-correlation of 

these responses at xA and x, integrated over all sources at x0

on S. The left-hand side consists of the Green’s function 

Gxðx; xA; t; 0Þ (minus its time-reversed version). This is the 

response to an impulsive virtual source at xA and t ¼ 0, 

recorded by a physical receiver at x [see Fig. 2 (b)].

FIG. 1. Principle of time-reversed acoustics in an inhomogeneous, time- 

invariant material. (a) The response to a source at xA and t ¼ 0 (indicated 

by the red dot), recorded by receivers at x0. (b) Time-reversed response, fed 

to sources at x0. The wave field emitted by these sources focuses at t ¼ 0 at 

the original source position xA. (c) After having focused, the wave field con

tinues its propagation. The focused field at t ¼ 0 is a virtual source (indi

cated by the pink dot) for the field for t > 0.
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When only monopole sources are available on S, we 

need to approximate the dipole responses on the right-hand 

side of Eq. (22) by monopole responses. We already 

assumed that the material at and outside S is homogeneous, 

with parameters a0, b0, and c0. If we assume in addition that 

S is a sphere with very large radius, we may use the follow

ing approximation on S:33 

r0Gxðx; x
0; t; 0Þ � n � −

1

c0

@tGxðx; x
0; t; 0Þ: (23) 

Substituting this into Eq. (22), using @tf ðtÞ
� �

�tgðtÞ

¼ @t f ðtÞ�tgðtÞ
� �

, yields 

Gxðx;xA; t;0Þ−Gxðx;xA;−t;0Þ

�−
2

b0c0

@t

þ

S

Gx x;x0; t;0ð Þ�tGx xA;x
0;−t;0ð Þdx0: (24) 

Now the right-hand side quantifies the time-derivative of the 

cross-correlation of monopole responses, integrated over the 

sources. An alternative form, without the time-derivative, 

reads64 

Gxðx; xA; t; 0Þ þ Gxðx; xA;−t; 0Þ

�
2

b0c0

þ

S

Gx x; x0; t; 0ð Þ�tGx xA; x
0;−t; 0ð Þdx0; (25) 

where the Green’s function Gxðx; xA; t; 0Þ is the response to 

a source aðx; tÞ ¼ dðx − xAÞdðtÞ, bðx; tÞ ¼ 0. Since sðx; tÞ

¼ @taðx; tÞ [Eq. (9)] and the material is time-invariant, we 

have Gxðx; xA; t; 0Þ ¼ @tGxðx; xA; t; 0Þ. Equations (24) and 

(25) are useful when the responses to all sources at x0 on S

are individually available, such as in controlled-source seis

mic interferometry.65–67 Of course, approximations are 

introduced when the sources are not available on a closed 

boundary, similar as in time-reversed acoustics, as noted in 

Sec. III D.

For the derivation of Green’s function retrieval from 

ambient noise, consider the situation in which the sources at 

all x0 on S are simultaneously acting noise sources Nðx0; tÞ. 

In that case, the fields at xA and x are given by PðxA; tÞ

¼
Þ

S
GxðxA; x

0; t; 0Þ�tNðx
0; tÞdx0 and Pðx; tÞ ¼

Þ

S
Gxðx; x

00;

t; 0Þ�tNðx
00; tÞdx00, respectively. We assume that the noise 

sources are mutually uncorrelated, according to hNðx00;

tÞ�tNðx
0;−tÞi ¼ dðx0 − x00ÞCðtÞ. Here, CðtÞ is the temporal 

autocorrelation of the noise (which is assumed to be the 

same for all sources) and h�i stands for ensemble averaging, 

which in practice is replaced by averaging over very long 

time. Further, dðx0 − x00Þ is a delta function defined in S. 

The cross-correlation of the fields at xA and x thus gives64 

hPðx; tÞ�tPðxA;−tÞi

¼

þ

S

Gxðx;x
0; t;0Þ�tGxðxA;x

0;−t;0Þ�tCðtÞdx0: (26) 

Convolving both sides of Eq. (24) with the autocorrelation 

CðtÞ, using @tf ðtÞ
� �

�tgðtÞ ¼ @t f ðtÞ�tgðtÞ
� �

and Eq. (26) to 

simplify the right-hand side, we obtain 

Gxðx; xA; t; 0Þ − Gxðx; xA;−t; 0Þ
� �

�tCðtÞ

� −
2

b0c0

@thPðx; tÞ�tPðxA;−tÞi: (27) 

This is the basic expression for Green’s function retrieval 

from noise, also known as ambient-noise interferome

try.26–29,32,64 It states that the time-derivative of the cross- 

correlation of two noise recordings at receiver positions xA 

and x, averaged over long enough time, converges to the 

Green’s function between xA and x (minus its time-reversed 

version), convolved with the temporal autocorrelation of the 

noise. Hence, the receiver at xA is turned into a virtual source.

In most practical situations, the sources are not distrib

uted along a closed boundary, the noise sources may be mutu

ally correlated, the noise spectra may not be the same for all 

sources, the wave fields may not obey a simple scalar wave 

equation, etc. Hence, the expressions derived in this section 

are at best approximations for real situations. Much research 

has been done to overcome these limitations, of which we 

mention iterative correlation,68 multidimensional deconvolu

tion,67,69 directional balancing,70 and generalized interferome

try.71 A further discussion is beyond the scope of this paper.

IV. TIME-REVERSED ACOUSTICS AND GREEN’S 

FUNCTION RETRIEVAL IN HOMOGENEOUS, TIME- 

VARIANT MATERIALS

We discuss time-reversed acoustics and Green’s function 

retrieval in homogeneous, time-variant materials, and their 

FIG. 2. Principle of Green’s function retrieval in an inhomogeneous, time- 

invariant material. (a) Responses to impulsive sources at x0 and t ¼ 0, 

recorded by receivers at xA and x. (b) Response to a virtual source at xA 

(indicated by the pink dot), recorded by a receiver at x, obtained from the 

temporal cross-correlation of the responses in (a), integrated over all sour

ces at x0 on S.
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mutual relation. The setup is analogous to that in Sec. III for 

inhomogeneous, time-invariant materials, which facilitates the 

comparison of the methodologies for both classes of material. 

In Sec. IV A, we discuss the wave equation for a homoge

neous, time-variant material, as a special case of the equations 

in Sec. II. In Sec. IV B, we discuss the Green’s function of a 

homogeneous, time-variant material. In Sec. IV C, we discuss 

the propagator matrix for a homogeneous, time-variant mate

rial. In Sec. IV D, we use this propagator matrix as the basis 

for deriving a representation of the homogeneous Green’s 

function of a homogeneous, time-variant material. In Sec. 

IV E and Sec. IV F, we show how this homogeneous Green’s 

function representation leads to time-reversed acoustics and 

Green’s function retrieval, respectively, in homogeneous, time- 

variant materials.

A. Wave equation for a homogeneous, time-variant 

material

We consider a homogeneous, arbitrarily time-variant 

material, with parameters aðtÞ and bðtÞ. Substituting the 

constitutive relations [Eqs. (3) and (4)] into Eqs. (1) and (2), 

using the fact that aðtÞ and bðtÞ are space-invariant, we 

obtain 

@tU þ
1

b
r � V ¼ a; (28) 

@tVþ
1

a
rU ¼ b: (29) 

For acoustic waves, these expressions become −@tH 

þð1=qÞr �m ¼ q and @tm − ð1=jÞrH ¼ f . We continue 

with the general notation of Eqs. (28) and (29), so that all 

that follows also holds for 2D SH, TE, and TM waves.

The parameters aðtÞ and bðtÞ in Eqs. (28) and (29) may 

vary continuously with time. For a material with piecewise 

continuous parameters, these equations are supplemented 

with boundary conditions. At a time boundary, where the 

parameters undergo a finite jump, the boundary conditions 

state that U and V are continuous over that boundary.

By eliminating V from Eqs. (28) and (29), we obtain 

the second-order wave equation 

@tb@t − bc2r2
� �

Uðx; tÞ ¼ sðx; tÞ; (30) 

with cðtÞ being the time-variant propagation velocity, 

defined again as c ¼ 1=
ffiffiffiffiffiffi
ab
p

, and sðx; tÞ the source distribu

tion, defined as 

s ¼ @tðbaÞ −r � b: (31) 

B. Green’s function of a homogeneous, time-variant 

material

We introduce the Green’s function Gtðx; xA; t; tAÞ of a 

homogeneous, time-variant material as the response to an 

impulsive point source at x ¼ xA at time instant t ¼ tA, 

observed at position x and time t. Hence, it obeys the wave 

equation [Eq. (30)], with the source term sðx; tÞ on the right- 

hand side replaced by an impulsive point source, according to 

@tb@t − bc2r2
� �

Gtðx; xA; t; tAÞ ¼ dðx − xAÞdðt − tAÞ: (32) 

The subscript t in Gt denotes that this is the Green’s function 

of a time-variant material. The Green’s function obeys the 

causality condition 

Gtðx; xA; t; tAÞ ¼ 0 for t < tA: (33) 

Assuming that the material is time-invariant after an arbi

trarily large but finite time, this causality condition 

implies that Gtðx; xA; t; tAÞ is outward propagating for 

jx − xAj ! 1. Analytical expressions of Gtðx; xA; t; tAÞ for 

the special case of a homogeneous, time-invariant material 

are given in the Appendix. Here, we continue with expres

sions for a time-variant material.

Since the material is homogeneous, the Green’s func

tion is space-shift invariant, hence, 

Gtðx; xA; t; tAÞ ¼ Gtðx − xA; 0; t; tAÞ: (34) 

We introduce an acausal Green’s function Ga
t ðx; 0;

t; tAÞ, obeying the same wave equation as the causal Green’s 

function [Eq. (32), with xA ¼ 0], but with the acausality 

condition 

Ga
t ðx; 0; t; tAÞ ¼ 0 for t > tA: (35) 

Assuming that the material is time-invariant before an arbi

trarily large but finite negative time, this acausality condi

tion implies that Ga
t ðx; 0; t; tAÞ is inward propagating for 

jxj ! 1. Subsequently, it propagates through the time- 

variant material, converges to a sink at x ¼ 0 and t ¼ tA, 

after which it disappears. Note, however, that since the 

material is time-variant, in general this acausal Green’s 

function is not the time-reversal of the causal Green’s func

tion, i.e., Ga
t ðx; 0; t; 0Þ 6¼ Gtðx; 0;−t; 0Þ.

The causal and acausal Green’s functions are mutually 

related via the reciprocity relation34 

Gtðx; 0; tA; tBÞ ¼ G
a
t ðx; 0; tB; tAÞ: (36) 

Hence, in a homogeneous, time-variant material, the causal 

response to a source at tB, observed at tA, is equal to the 

acausal response observed at tB, absorbed by a sink at tA. 

This is a meaningful relation for tA > tB. For tA < tB, Eq. 

(36) reduces to the trivial relation 0 ¼ 0, on account of Eqs. 

(33) and (35).

We define the homogeneous Green’s function of a 

homogeneous, time-variant material, as the difference of the 

causal and acausal Green’s functions, according to 

Gh
t ðx; 0; t; tAÞ ¼ Gtðx; 0; t; tAÞ − Ga

t ðx; 0; t; tAÞ: (37) 

Both terms on the right-hand side obey the same wave 

equation, with the same singularity dðxÞdðt − tAÞ. The 
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singularities cancel when we subtract the equations for the 

causal and acausal Green’s functions. Hence, the homoge

neous Green’s function obeys the following equation: 

@tb@t − bc2r2
� �

Gh
t ðx; 0; t; tAÞ ¼ 0: (38) 

Unlike the Green’s function Gtðx; 0; t; tAÞ and its acausal 

counterpart Ga
t ðx; 0; t; tAÞ, the homogeneous Green’s func

tion Gh
t ðx; 0; t; tAÞ is not singular for x! 0 and t! tA.

From Eqs. (36) and (37), it follows that the homoge

neous Green’s function obeys the following reciprocity 

relation: 

Gh
t ðx; 0; tA; tBÞ ¼ −Gh

t ðx; 0; tB; tAÞ: (39) 

In Sec. IV C, we discuss the propagator matrix for a 

homogeneous, time-variant material. The elements of this 

matrix can be expressed in terms of the homogeneous 

Green’s function Gh
t ðx; 0; t; tAÞ. The propagator matrix for

malism will be used in Sec. IV D as a basis for deriving a 

representation of the homogeneous Green’s function for a 

homogeneous, time-variant material [as the counterpart of 

the representation of Eq. (19) for an inhomogeneous, time- 

invariant material].

C. Propagator matrix of a homogeneous, time-variant 

material

We reorganize Eqs. (28) and (29) into a matrix-vector 

wave equation for a homogeneous, time-variant material, as 

the counterpart of a matrix-vector wave equation for an 

inhomogeneous, time-invariant material.72–77 This equation 

will form the basis for discussing the propagator matrix of a 

homogeneous, time-variant material.

We reduce the number of field quantities in Eqs. (28) 

and (29) by defining a scalar wave field Vdðx; tÞ as 

Vd ¼ r � V; (40) 

where subscript d refers to “divergence.” Using this in Eqs. 

(28) and (29), we obtain 

@tU þ
1

b
Vd ¼ a; (41) 

@tVd þ
1

a
r2U ¼ bd; (42) 

with 

bd ¼ r � b: (43) 

Equations (41) and (42) can be reorganized into a matrix- 

vector wave equation, according to 

@tq ¼ Aqþ d; (44) 

with 

q¼
U

Vd

� �

; A¼
0 −

1

b

−
1

a
r2 0

0

B
B
@

1

C
C
A; d¼

a

bd

� �

; (45) 

where qðx; tÞ is a wave field vector, AðtÞ an operator matrix, 

and dðx; tÞ a source vector. The parameters aðtÞ and bðtÞ in 

operator matrix AðtÞ may vary continuously with time. For a 

material with piecewise continuous parameters, Eq. (44) is sup

plemented with boundary conditions: at each time boundary, 

the wave field vector qðx; tÞ is continuous over that boundary.

We introduce the 2� 2 propagator matrix Wðx; t; tAÞ as 

the solution of Eq. (44) for the source-free situation,19,20,34 

hence, 

@tW ¼ AW: (46) 

For t ¼ tA, it obeys the initial condition 

Wðx; tA; tAÞ ¼ IdðxÞ; (47) 

where I is the identity matrix. The propagator matrix 

Wðx; t; tAÞ forms the counterpart of the propagator matrix 

for an inhomogeneous, time-invariant material.78–82 In the 

literature on time-variant materials, this matrix is also 

known as the transfer matrix.19,20,83 From Eqs. (44), (46), 

and (47), assuming aðtÞ and bðtÞ vary continuously and there 

are no sources between tA and t, it follows that qðx; tÞ can be 

expressed as 

qðx; tÞ ¼Wðx; t; tAÞ�xqðx; tAÞ: (48) 

Here, t may be larger or smaller than, or equal to tA. The 

symbol �x stands for a 3D or 2D spatial convolution, accord

ing to f ðxÞ�xgðxÞ ¼
Ð

Rm f ðx − x0Þgðx0Þdx0, with m ¼ 3 for 

the 3D situation and m ¼ 2 for the 2D situation; R denotes 

the set of real numbers.

Let t1…tn…tN−1 be time instants where the parameters 

aðtÞ and bðtÞ may be discontinuous. Then, by applying Eq. 

(48) recursively (starting with tA ¼ t0), we obtain 

Wðx; tN;t0Þ

¼Wðx; tN ;tN−1Þ�x � � ��xWðx; tn;tn−1Þ�x �� ��xWðx;t1;t0Þ:

(49) 

This expression is useful for numerical modeling, in which 

case the tn are ordered from small to large (an example is 

given at the end of this section). However, this expression 

remains valid for arbitrarily ordered tn.

We partition the 2� 2 matrix Wðx; t; tAÞ as follows: 

Wðx; t; tAÞ ¼

WU;U WU;V

WV;U WV;V

0

@

1

Aðx; t; tAÞ: (50) 

According to Ref. 34 [their Eq. (11.27)], WU;Vðx; t; tAÞ is 

related to the causal and acausal Green’s functions via 
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WU;Vðx; t; tAÞ ¼ G
a
t ðx; 0; t; tAÞ − Gtðx; 0; t; tAÞ

¼ −Gh
t ðx; 0; t; tAÞ: (51) 

According to Ref. 34 [their Eqs. (11.18), (11.20), and 

(11.21)], the other components of the propagator matrix can 

be expressed in terms of WU;Vðx; t; tAÞ. Combining those 

relations with Eq. (51), we obtain 

WV;Vðx; t; tAÞ ¼ bðtÞ@tG
h
t ðx; 0; t; tAÞ; (52) 

WU;Uðx; t; tAÞ ¼ −bðtAÞ@tAG
h
t ðx; 0; t; tAÞ; (53) 

WV;Uðx; t; tAÞ ¼ bðtÞbðtAÞ@t@tAG
h
t ðx; 0; t; tAÞ: (54) 

Equations (50)–(54) show that the propagator matrix is 

expressed in terms of the Green’s function and its deriva

tives. This property is restricted to homogeneous, time- 

variant materials (i.e., it does not hold for the analogous 

case of inhomogeneous, time-invariant materials). This is 

explained as follows. For inhomogeneous, time-invariant 

materials, the initial condition of the propagator matrix [Eq. 

(47)] is replaced by a boundary condition, but the causality 

condition of the Green’s function [Eq. (33)] remains valid 

(i.e., it is not replaced by a boundary condition). Therefore, 

since time and space are interchangeable for the propagator 

matrix but not for the Green’s function, the relations 

between the propagator matrix and the Green’s function, as 

expressed by Eqs. (51)–(54), have no counterpart for inho

mogeneous, time-invariant materials. In Sec. IV D, we make 

use of the simple relations between the propagator matrix 

and the Green’s function to derive a representation of the 

homogeneous Green’s function from a representation of the 

propagator matrix.

We conclude this section with a 2D numerical example 

of a Green’s function in a homogeneous, time-variant mate

rial. We consider a piecewise constant material consisting of 

five time-invariant slabs, with propagation velocities of 

1500, 2500, 2000, 1400, and 1400 m s−1. The parameter b is 

taken constant throughout. The duration of each time- 

invariant slab is 20 ls. We use Eq. (49), starting with 

t0 ¼ 0 ls, stepping through the material with steps of 2.5 ls. 

For Wðx; tn; tn−1Þ, we use the analytical expression given in 

the Appendix. After each time step, we extract the upper- 

right element, multiplied by −1, i.e., −WU;Vðx; tn; t0Þ

¼ Gtðx; 0; tn; t0Þ (the acausal Green’s function is zero since 

tn > t0 for all n). The result (convolved with a spatial wave

let with a central wavenumber k0=2p ¼ 100 m−1) is shown 

in Fig. 3 as a function of x ¼ ðx; zÞ and t (for later conve

nience, we have replaced t0 by t0 ¼ 0). Snapshots for con

stant t are shown in Fig. 4 and a cross section as a function 

of ðx; tÞ for z ¼ 0 in Fig. 5. These figures clearly show that, 

when a wave encounters a time boundary (indicated by the 

blue dashed lines in Fig. 5), it is partly transmitted and 

partly reflected.

D. Homogeneous Green’s function representation for 

a homogeneous, time-variant material

As a counterpart of Eq. (19), which is a representa

tion of the homogeneous Green’s function Gh
xðx; xA; t; 0Þ in 

an inhomogeneous, time-invariant material, here we seek 

for a representation of the homogeneous Green’s function 

Gh
t ðx; 0; t; tAÞ in a homogeneous, time-variant material. To 

this end, we first formulate a representation of the propa

gator matrix Wðx; t; tAÞ. As a special case of Eq. (49), 

we write 

Wðx; t; tAÞ ¼Wðx; t; t0Þ�xWðx; t0; tAÞ: (55) 

In general, the order of t, t0 and tA is arbitrary; but in the fol

lowing, we assume that t0 is smaller than both tA and t. 

Hence, on the right-hand side, the elements of matrix 

Wðx; t0; tAÞ (with t0 < tA) consist only of (derivatives of) the 

FIG. 3. 2D Green’s function Gtðx; 0; t; t
0 ¼ 0Þ (convolved with a spatial 

wavelet) in a piecewise constant, time-variant material. The red dot indi

cates the source at x ¼ 0 and t0 ¼ 0. The dashed blue planes indicate the 

time boundaries. Movie available at https://www.keeswapenaar.nl/ 

TimeMaterial/Green5.mp4.

FIG. 4. Snapshots for constant t of the Green’s function of Fig. 3 as a func

tion of x ¼ ðx; zÞ.
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acausal part of the homogeneous Green’s functions. On the 

other hand, the elements of matrix Wðx; t; t0Þ (with t0 < t) 

consist only of (derivatives of) the causal part of the homo

geneous Green’s functions. Using the partitioning defined in 

Eq. (50), we thus obtain for the upper-right element of 

Wðx; t; tAÞ: 

WU;Vðx; t; tAÞ ¼ WU;Uðx; t; t0Þ�xWU;Vðx; t0; tAÞ

þWU;Vðx; t; t0Þ�xWV;Vðx; t0; tAÞ; (56) 

with t0 < tA and t0 < t, or, substituting Eqs. (51)–(53), 

Gh
t ðx;0; t; tAÞ¼ bðt0Þ

h
@t0Gtðx;0; t; t

0Þ
� �

�xG
a
t ðx;0; t

0; tAÞ

−Gtðx;0; t; t
0Þ�x@t0G

a
t ðx;0; t

0; tAÞ
i
: (57) 

This is the homogeneous Green’s function representation for 

a homogeneous, time-variant material. It is the counterpart 

of Eq. (19), with coordinates x, x0, xA, and t replaced by t, t0, 

tA, and x. Furthermore, r0 is replaced by @t0 and 1=bðx0Þ by 

bðt0Þ. Whereas the temporal convolution in Eq. (19) is a 1D 

integral, and the integral over x0 is a 2D surface integral (for 

the 3D situation) or a 1D line integral (for the 2D situation), 

the spatial convolution in Eq. (57) is a 3D or 2D integral, 

respectively, and there is no integral over t0 [t0 has only a 

single value in Eq. (57)]. Hence, the total number of dimen

sions of the integrals is the same in both representations. 

Last, but not least, the time-reversed Green’s function 

Gxðx
0; xA;−t; 0Þ and its derivative in Eq. (19) are replaced by 

the acausal Green’s function Ga
t ðx; 0; t

0; tAÞ and its derivative 

in Eq. (57).

Whereas time-reversal can be applied to recordings of 

physical measurements, acausal responses cannot be 

obtained from physical measurements. Therefore, we need 

to modify Eq. (57), or more generally, Eq. (55), before we 

can use it in physical situations. In particular, we need to 

use symmetry properties of the Green’s functions to trans

form Eq. (55) into a form that complies with physics. In 

Sec. IV E, we transform the acausal matrix Wðx; t0; tAÞ, 

propagating from tA to t0 (with t0 < tA), into a causal matrix, 

propagating from −tA to −t0 (with −t0 > −tA) in a time- 

reversed material. In this case, Eq. (55) will form the theo

retical basis for time-reversed acoustics. In Sec. IV F, we 

transform the acausal matrix Wðx; t0; tAÞ into a causal 

matrix, propagating from t0 to tA (with tA > t0). In that case, 

Eq. (55) will form the theoretical basis for Green’s function 

retrieval by spatial correlation.

E. Time-reversed acoustics in a homogeneous,  

time-variant material

We start by introducing the principle of idealized 

time-reversed acoustics in a homogeneous, time-variant 

material in an intuitive way. We seek for a counterpart of 

time-reversed acoustics in an inhomogeneous, time- 

invariant material, as discussed in Sec. III D. Consider 

again Figs. 1 (b) and 1 (c), which illustrate a wave field, 

emitted by sources at x0 on a closed boundary, propagating 

through the inhomogeneous material, and focusing at xA 

and t ¼ 0 [Fig. 1 (b)]. The focus at xA is a virtual source, 

radiating waves into the inhomogeneous material 

[Fig. 1 (c)]. The counterpart of these figures is shown in the 

upper frame of Fig. 6. Here, we have sources at a single 

time-instant t0 ¼ 0 ls, emitting waves into a homogeneous, 

time-variant material (the same material as used in the 

numerical example in Sec. IV C). The field focuses at tA 

¼ 40 ls and x ¼ 0. The focus at tA is a virtual source, radi

ating waves into the time-variant material beyond tA. The 

question is: how do we obtain the wave field at t0, such that 

it focuses at tA? Unlike in Sec. III D, where the field emit

ted into the inhomogeneous material was simply the time- 

reversal of the causal field, radiated by a source at xA and 

t ¼ 0, and observed at x0 [Fig. 1 (a)], in the present situation 

we cannot measure a field at t0, radiated by a source at 

tA > t0. Instead, we consider waves in a time-reversed ver

sion of the material between t0 and tA. The lower frame of 

Fig. 6 shows a wave field in the time-reversed material 

between −tA and −t0. A source at −tA and x ¼ 0 (indicated 

by the red dot) emits a wave field into this time-reversed 

material. Note that the wave paths are opposite to those in 

the lower part of the upper frame. The wave field is 

observed by receivers at −t0 > −tA (indicated by the blue 

dots). These receivers measure the wave field UTRðx
0;−t0Þ

and its time-derivative @t0UTRðx
0;−t0Þ (with subscripts TR 

denoting that these fields are measured in the time-reversed 

material; for simplicity, Fig. 6 only shows the response 

UTR). To let the waves change their propagation direction, 

we need to change the sign of @t0UTRðx
0;−t0Þ.11,12 Hence, 

UTRðx
0;−t0Þ and −@t0UTRðx

0;−t0Þ form the field that needs 

to be fed to the sources at all x0 at t0 and emitted into the 

actual time-variant material, to focus at tA and x ¼ 0. A 3D 

FIG. 5. Cross-section of the Green’s function of Fig. 3 for z ¼ 0 as a func

tion of ðx; tÞ. The red dot indicates the source at x ¼ 0 and t0 ¼ 0. The 

dashed blue lines indicate the time boundaries.
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presentation of the wave fields in Fig. 6 can be seen in 

Fig. 7.

Next, we formalize this principle of idealized time- 

reversed acoustics in a homogeneous, time-variant material, 

using the representation of Eq. (55) as starting point. The 

acausal Green’s functions in matrix Wðx; t0; tAÞ, with t0 < tA, 

are not associated with a physical situation. We use symmetry 

properties of the Green’s functions to transform Wðx; t0; tAÞ in 

Eq. (55) into a form that complies with physics.

Consider the Green’s function Gtðx; 0; t; tAÞ, obeying 

wave Eq. (32), with the causality condition of Eq. (33) (for 

xA ¼ 0). We introduce Gt;TRðx; 0; t;−tAÞ as the response to a 

source at −tA in the time-reversed version of the actual 

material. Hence, it obeys the following equation: 

@tbð−tÞ@t − bð−tÞc2ð−tÞr2
� �

Gt;TRðx; 0; t;−tAÞ

¼ dðxÞdðtþ tAÞ; (58) 

with causality condition 

Gt;TRðx; 0; t;−tAÞ ¼ 0 for t < −tA: (59) 

Note that the subscript TR denotes that the material is time- 

reversed (hence, TR does not refer to time-reversal of the 

wave field). Replacing t by −t in Eq. (58) gives 

@tbðtÞ@t − bðtÞc2ðtÞr2
� �

Gt;TRðx; 0;−t;−tAÞ

¼ dðxÞdð−tþ tAÞ; (60) 

with causality condition 

Gt;TRðx; 0;−t;−tAÞ ¼ 0 for − t < −tA: (61) 

Note that dð−tþ tAÞ in Eq. (60) is equal to dðt − tAÞ, and the 

condition −t < −tA in Eq. (61) is equivalent with the condi

tion t > tA. Hence, Gt;TRðx; 0;−t;−tAÞ obeys the same wave 

equation [Eq. (32), with xA ¼ 0] and the same causality con

dition [Eq. (35)] as Ga
t ðx; 0; t; tAÞ. Hence, 

Ga
t ðx; 0; t; tAÞ ¼ Gt;TRðx; 0;−t;−tAÞ: (62) 

Similarly, 

Gtðx; 0; t; tAÞ ¼ G
a
t;TRðx; 0;−t;−tAÞ; (63) 

Gh
t ðx; 0; t; tAÞ ¼ −Gh

t;TRðx; 0;−t;−tAÞ; (64) 

where Ga
t;TR and Gh

t;TR are the acausal and homogeneous 

Green’s functions, respectively, in the time-reversed mate

rial. Using Eq. (64) in Eqs. (51)–(54), we find 

FIG. 7. Wave field of Fig. 6, shown here as a function of x ¼ ðx; zÞ and t. 

The dashed blue planes indicate the time boundaries. The green plane indi

cates the interface between the actual material and its time-reversed version. 

The pink dot at tA ¼ 40 ls and x ¼ 0 indicates the virtual source. Movie 

available at https://www.keeswapenaar.nl/TimeMaterial/TimeMirror.mp4.

FIG. 6. Illustration of the principle of time-reversed acoustics in a homoge

neous, time-variant material. The dashed blue lines indicate the time bound

aries. Bottom: The response UTRðx
0;−t0Þ [and its time-derivative 

@t0UTRðx
0;−t0Þ] to a source at −tA ¼ −40 ls and x ¼ 0 (indicated by the red 

dot) in the time-reversed version of the actual material, is recorded by 

receivers at −t0 ¼ 0 ls (only the response UTR is shown). Top: After chang

ing the sign of the time-derivative @t0UTRðx
0;−t0Þ, the recorded fields are 

fed to sources at all x0 at t0 ¼ 0 ls. The wave field emitted by these sources 

into the actual time-variant material focuses at tA ¼ 40 ls and x ¼ 0. After 

having focused, the wave field continues its propagation. The focused field 

at tA ¼ 40 ls and x ¼ 0 is a virtual source (indicated by the pink dot) for 

the field for t > tA. In Sec. IV F, we show that the top frame can alterna

tively be obtained by the principle of Green’s function retrieval in a homo

geneous, time-variant material.
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WU;Vðx; t; tAÞ ¼ −W
U;V
TR ðx;−t;−tAÞ; (65) 

WV;Vðx; t; tAÞ ¼ W
V;V
TR ðx;−t;−tAÞ; (66) 

WU;Uðx; t; tAÞ ¼ W
U;U
TR ðx;−t;−tAÞ; (67) 

WV;Uðx; t; tAÞ ¼ −W
V;U
TR ðx;−t;−tAÞ: (68) 

Hence, 

Wðx; t; tAÞ ¼ JWTRðx;−t;−tAÞJ
−1; (69) 

where WTRðx;−t;−tAÞ is the propagator matrix for the time- 

reversed material, and 

J ¼
1 0

0 −1

 !

: (70) 

Substituting Eq. (69) into Eq. (55) and post-multiplying 

both sides by J yields 

Wðx; t; tAÞJ ¼Wðx; t; t0Þ�xJWTRðx;−t0;−tAÞ: (71) 

In Eq. (71), WTRðx;−t0;−tAÞ propagates from −tA to −t0

through the time-reversed version of the actual material 

between t0 and tA. Hence, the elements of both propagator 

matrices on the right-hand side of Eq. (71) consist only of 

(derivatives of) the causal part of the homogeneous Green’s 

functions. Let us compare Eq. (71) with its counterpart 

of Eq. (20). To this end, for the upper-right element of 

Wðx; t; tAÞJ, we write 

−WU;Vðx; t; tAÞ ¼ WU;Uðx; t; t0Þ�xW
U;V
TR ðx;−t0;−tAÞ

− WU;Vðx; t; t0Þ�xW
V;V
TR ðx;−t0;−tAÞ:

(72) 

Substituting Eqs. (51)–(53), using bTRð−t0Þ ¼ bðt0Þ, yields 

Gh
t ðx; 0; t; tAÞ

¼ bðt0Þ
h
@t0Gtðx; 0; t; t

0Þ
� �

�xGt;TRðx; 0;−t0;−tAÞ

− Gtðx; 0; t; t
0Þ�x@t0Gt;TRðx; 0;−t0;−tAÞ

i
: (73) 

This expression is the counterpart of Eq. (20). Unlike in Eq. 

(20), where we captured the two terms under the integral in 

Eq. (19) by a single term, no such simplification is possible 

for Eq. (73).

We continue with the matrix representation of Eq. (71) 

and use this as the basis for time-reversed acoustics in a homo

geneous, time-variant material. To this end, we define a source 

vector dðx; tÞ at t ¼ −tA in the time-reversed material, accord

ing to dðx; tÞ ¼ d0ðxÞdðtþ tAÞ. Then the causal response to 

this source in the time-reversed material is given by 

qTRðx; tÞ ¼WTRðx; t;−tAÞ�xd0ðxÞ: (74) 

Convolving both sides of Eq. (71) with the source distribu

tion d0ðxÞ, using Eq. (74) for t ¼ −t0, yields 

Wðx; t; tAÞ�xJd0ðxÞ ¼Wðx; t; t0Þ�xJqTRðx;−t0Þ: (75) 

We discuss this expression from right to left. For this discus

sion, recall that tA and t0 are fixed, whereas t is a variable; 

moreover, the order of tA and t is arbitrary and t0 is smaller 

than both tA and t. The term 

qTRðx;−t0Þ ¼
UTRðx;−t0Þ

Vd;TRðx;−t0Þ

� �

(76) 

is, according to Eq. (74), the causal response to the source at 

−tA in the time-reversed material, observed at −t0 (see the 

lower frame of Fig. 6; recall that for simplicity Fig. 6 only 

shows the component UTR). According to Eq. (41) (with 

a ¼ 0), we have Vd;TRðx;−t0Þ ¼ bðt0Þ@t0UTRðx;−t0Þ. The 

matrix J in the right-hand side of Eq. (75) changes the sign 

of the lower component of qTRðx;−t0Þ, hence, 

JqTRðx;−t0Þ ¼
UTRðx;−t0Þ

−bðt0Þ@t0UTRðx;−t0Þ

 !

: (77) 

This sign change is indicated between the two frames in 

Fig. 6. Next, matrix Wðx; t; t0Þ in Eq. (75) propagates this 

field from t0 through the actual time-variant material to t 

(see the upper frame of Fig. 6). For t < tA, the left-hand side 

of Eq. (75) is interpreted as an acausal field observed at t, 

propagating to a sink at tA. For t > tA, it is interpreted as a 

causal field observed at t, radiated by a source at tA of 

strength Jd0ðxÞ. Since there is no real sink nor a real source 

at tA, the sink and the source at tA in the interpretation of the 

left-hand side of Eq. (75) are both virtual. In the numerical 

example in Figs. 6 and 7, the virtual source at tA ¼ 40ls 

coincides with a time boundary, but note that the theory 

described here holds for any choice of tA.

In summary, Eq. (75) formalizes the principle of ideal

ized time-reversed acoustics in a homogeneous, time-variant 

material. To compare this expression with Eq. (21), we 

choose for convenience 

d0ðxÞ ¼
0

bd;0ðxÞ

� �

: (78) 

For the upper element of Eq. (75), we thus obtain [using 

Eq. (77)] 

− WU;Vðx; t; tAÞ�xbd;0ðxÞ

¼ WU;Uðx; t; t0Þ�xUTRðx;−t0Þ

þWU;Vðx; t; t0Þ�x −bðt0Þ@t0UTRðx;−t0Þ
� �

; (79) 

or, using Eqs. (51) and (53) and the (a)causality conditions 

of Eqs. (33) and (35), 

Gtðx; 0; t; tAÞ − Ga
t ðx; 0; t; tAÞ

� �
�xbd;0ðxÞ

¼ −bðt0Þ
h
@t0Gtðx; 0; t; t

0Þ
� �

�xUTRðx;−t0Þ

þ Gtðx; 0; t; t
0Þ�x −@t0UTRðx;−t0Þ
� �i

: (80) 
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Using the integral notation for the spatial convolutions 

at the right-hand side and the space-shift invariance of the 

Green’s function [Eq. (34)], this becomes 

ð

Rm

Gtðx; x
0; t; tAÞ − Ga

t ðx; x
0; t; tAÞ

� �
bd;0ðx

0Þdx0

¼ −bðt0Þ

ð

Rm

"

@t0Gtðx; x
0; t; t0Þ

� �

|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
“propagator”

UTRðx
0;−t0Þ

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
“source field”

þGtðx; x
0; t; t0Þ

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
“propagator”

−@t0UTRðx
0;−t0Þ

� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
“source field”

#

dx0: (81) 

This expression is the counterpart of Eq. (21). The time- 

reversed field Pðx0;−tÞ in Eq. (21) is replaced by the fields 

UTRðx
0;−t0Þ and −@t0UTRðx

0;−t0Þ in a time-reversed version 

of the actual material. The right-hand side quantifies the 

propagation of UTRðx
0;−t0Þ and −@t0UTRðx

0;−t0Þ from sour

ces at all x0 at a single time instant t0 to any t larger than t0. 

Unlike in Eq. (21), the two terms on the right-hand side of 

Eq. (81) cannot be recast into a single term. The second 

term on the left-hand side, 
Ð

RmGa
t ðx; x

0; t; tAÞbd;0ðx
0Þdx0, is 

the field that focuses at tA, and the first term on the left-hand 

side, 
Ð

RmGtðx; x
0; t; tAÞbd;0ðx

0Þdx0, is the field emitted by the 

virtual source distribution bd;0ðxÞ at tA (see the upper frame 

of Fig. 6).

What we have discussed in this section is the ideal ver

sion of time-reversed acoustics in a homogeneous, time- 

variant material. It requires a wave field in a time-reversed 

version of the actual material, measurements of this field 

and its time derivative at all x0 at a single time-instant −t0, 

and emission of this field and its time derivative (the latter 

with reversed sign) into the actual material by sources at all 

x0 at time-instant t0. Experiments described by Refs. 11, 12, 

14, and 84 make use of several shortcuts. These experiments 

are carried out in a material that is time-invariant, except for 

an impulsive temporal disruption at t0 ¼ 0. Hence, the time- 

reversed material is the same as the actual material. 

Furthermore, instead of measuring the field and its time 

derivative and re-emitting this (with a sign change) into the 

material, the impulsive temporal disruption of the material 

at t0 ¼ 0 acts as a time boundary, which partly reflects and 

partly transmits the field into the material. The reflected field 

approximates the re-emitted field and focuses at the position 

of the original source(s), whereas the transmitted field, 

which continues propagating forward, is ignored. Despite 

the approximations, these experiments are fascinating and 

triggered the analysis described in this paper.

F. Green’s function retrieval in a homogeneous,  

time-variant material

We start by introducing the principle of Green’s func

tion retrieval in a homogeneous, time-variant material in an 

intuitive way. We seek for a counterpart of Green’s function 

retrieval in an inhomogeneous, time-invariant material, as 

discussed in Sec. III E. Consider again Fig. 2 (a), which illus

trates Green’s functions in an inhomogeneous material, with 

impulsive sources at t ¼ 0 and x0 on a closed boundary, and 

receivers at xA and x inside the closed boundary. The tempo

ral cross-correlation of the Green’s functions, observed at xA 

and x, integrated over all sources at x0, yields the Green’s 

function (minus its time-reversed version) between xA and 

x. Hence, the receiver at xA has turned into a virtual source, 

and the response to this source is observed at x [see Fig. 

2 (b)]. The counterpart of Fig. 2 (a) is shown in the left frame 

of Fig. 8. It shows the Green’s function Gtðx; 0; t; t
0 ¼ 0Þ

(convolved with a spatial wavelet) in a time-variant mate

rial, with its source at x ¼ 0 and t0 ¼ 0 (indicated by the red 

dot), and receivers at tA ¼ 40 ls (indicated by the dashed 

blue line) and variable t (two of them indicated by the dotted 

FIG. 8. Illustration of the principle of Green’s function retrieval in a homogeneous, time-variant material. The left frame shows the Green’s function 

Gtðx; 0; t; t
0 ¼ 0Þ (the same as in Fig. 5), with its source indicated by the red dot. The spatial cross-correlation of the response at tA ¼ 40 ls with that at any 

other t (explained in more detail in the text) yields the response to a virtual source (sink), indicated by the pink dot in the right frame (note the different 

scales of the space axes). The response in the right frame is identical to that in the upper frame of Fig. 6, which was obtained by the principle of time- 

reversed acoustics, discussed in Sec. IV E.
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blue lines). We expect that the spatial cross-correlation of 

the Green’s function observed at tA ¼ 40 ls (the dashed blue 

line), with that at any other t (the dotted blue lines), yields 

the Green’s function (minus its acausal version) between tA 

and t, as shown in the right frame of Fig. 8. This frame can 

be interpreted as the counterpart of Fig. 2 (b). It shows the 

response to a virtual source at x ¼ 0 and tA ¼ 40 ls, indi

cated by the pink dot, observed by receivers at variable x 

and t (the dotted blue lines). In the following, we show 

mathematically that this Green’s function (minus its acausal 

version) indeed follows from spatial cross-correlations of 

Green’s functions, albeit in a somewhat more complex way 

than described above.

Our starting point is again the representation of Eq. (55). 

The acausal Green’s functions in matrix Wðx; t0; tAÞ, with 

t0 < tA, are not associated with a physical situation. We use 

symmetry properties of the Green’s functions to transform this 

matrix into a form that complies with physics. Using the reci

procity relation of Eq. (39) in Eqs. (51)–(54), we find 

WU;Vðx; t; tAÞ ¼ −WU;Vðx; tA; tÞ; (82) 

WV;Vðx; t; tAÞ ¼ WU;Uðx; tA; tÞ; (83) 

WU;Uðx; t; tAÞ ¼ WV;Vðx; tA; tÞ; (84) 

WV;Uðx; t; tAÞ ¼ −WV;Uðx; tA; tÞ: (85) 

Hence, 

Wðx; t; tAÞ ¼ NWtðx; tA; tÞN
−1; (86) 

where superscript t denotes transposition and 

N ¼
0 1

−1 0

� �

: (87) 

Substituting Eq. (86) into Eq. (55) and post-multiplying 

both sides by N, we obtain 

Wðx; t; tAÞN ¼Wðx; t; t0Þ�xNWtðx; tA; t
0Þ: (88) 

The right-hand side represents a spatial convolution. From 

Eqs. (45)–(47), it follows that the propagator matrices are 

symmetric in x. Hence, we may replace x in the rightmost 

matrix in Eq. (88) by −x, so that the right-hand side 

becomes a spatial cross-correlation. Then, for the upper-left 

element, we obtain 

−WU;Vðx; t;tAÞ¼WU;Uðx; t;t0Þ�xWU;Vð−x; tA; t
0Þ

−WU;Vðx; t;t0Þ�xWU;Uð−x; tA; t
0Þ:

(89) 

We assume again that the order of tA and t is arbitrary and 

that t0 is smaller than both tA and t. Using Eqs. (51) and (53) 

and the (a)causality conditions of Eqs. (33) and (35), we 

thus obtain 

Gtðx; 0; t; tAÞ − Ga
t ðx; 0; t; tAÞ

¼ bðt0Þ
h
@t0Gtðx; 0; t; t

0Þ
� �

�xGtð−x; 0; tA; t
0Þ

− Gtðx; 0; t; t
0Þ�x@t0Gtð−x; 0; tA; t

0Þ
i
: (90) 

This expression is the counterpart of Eq. (22). The right- 

hand side quantifies the spatial cross-correlation of specific 

combinations of Green’s functions and their derivatives, 

observed at all x at tA and t, in response to sources at a single 

time instant t0. Unlike in Eq. (24), the two terms on the 

right-hand side of Eq. (90) cannot be recast into a single 

term with a single source type, meaning that we require 

responses to two types of sources at t0. The left-hand side is 

the retrieved Green’s function between tA and t (minus its 

acausal version) (see the right frame of Fig. 8, which is iden

tical to the upper frame of Fig. 6 in Sec. IV E). Whereas in 

Sec. IV E this was obtained by emitting the response of a 

time-reversed material into the actual time-variant material 

[Eq. (81) and Fig. 6], here it is explained as the result of 

cross-correlating responses at two time instances in one- 

and-the-same material [Eq. (90) and Fig. 8]. Both methods 

were derived from Eq. (55) and a specific reorganization of 

the matrix Wðx; t0; tAÞ. This confirms the link between time- 

reversal acoustics and Green’s function retrieval by spatial 

cross-correlation in a homogeneous, time-variant material.

The modification of Eq. (90) for Green’s function 

retrieval by spatial cross-correlation of ambient noise obser

vations at tA and t is more complicated than in Sec. III E 

because the two terms on the right-hand side of Eq. (90) 

cannot be recast into a single term with a single source type. 

In a companion paper,35 the author discusses a compromise 

for the special case of a time-invariant material, and dis

cusses its relation with the SPAC (spatial autocorrelation) 

method.85–87 Extending this approach to time-variant mate

rials leads to artifacts in the retrieved Green’s function that 

increase with increasing complexity of the time-variant 

material. A further discussion of Green’s function retrieval 

by spatial cross-correlation of ambient noise is beyond the 

scope of this paper.

V. CONCLUSION

We started this paper with a review of the principles of 

classical time-reversed acoustics and Green’s function 

retrieval for inhomogeneous, time-invariant materials. 

Along the same lines, we discussed the counterparts of these 

principles for homogeneous, time-variant materials, and 

compared those with the classical principles. One observa

tion from this comparison is that the space and time coordi

nates are interchanged between the methods for the two 

classes of material. As a consequence, temporal convolu

tions and correlations in the classical approaches for inho

mogeneous, time-invariant materials are replaced by spatial 

convolutions and correlations in their counterparts for 

homogeneous, time-variant materials. However, the inter

changement of space and time does not apply to causality 

conditions, which are always related to the time coordinate. 
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This complicates the translation of methods from one class 

of material to the other and vice versa. Another complicat

ing factor is that the number of time dimensions (one) is not 

the same as the number of space dimensions (two or three).

For time-reversed acoustics and for Green’s function 

retrieval, we separately review the relations between appli

cations in the two classes of material.

The principle of classical time-reversed acoustics in an 

inhomogeneous, time-invariant material involves in 

essence: 

1. Emission of a wave field by a source at xA into the inho

mogeneous material.

2. Recording of this wave field by receivers on a closed 

boundary.

3. Emission of the time-reversal of the recorded field into 

the inhomogeneous material by sources at the positions 

of the receivers.

4. The emitted wave field focuses at xA and the focused field 

is a virtual source, emitting waves into the inhomoge

neous material.

The counterpart of the principle of classical time- 

reversed acoustics for a homogeneous, time-variant material 

involves: 

1. Emission of a wave field by a source at −tA into a time- 

reversed version of the actual time-variant material.

2. Recording of this wave field and its time-derivative by 

receivers at a single time instant.

3. Emission of the recorded field and its time-derivative 

(the latter with reversed sign) into the actual time-variant 

material by sources at the positions of the receivers.

4. The emitted wave field focuses at tA and the focused field 

is a virtual source, emitting waves into the time-variant 

material.

This summarizes ideal time-reversed acoustics in a 

homogeneous, time-variant material. In actual experi

ments,11,12,14,84 the material is time-invariant except for an 

impulsive temporal disruption. This disruption acts as a time 

boundary, which partly reflects the field into the material 

and as such avoids recording and re-emission of the 

wave field.
The principle of classical Green’s function retrieval in 

an inhomogeneous, time-invariant material involves in 

essence: 

1. Recording of passive wave fields at xA and x in response 

to sources at x0 on a closed boundary.

2. Temporal cross-correlating the recorded fields at xA and 

x per source, followed by a summation over all sources 

on the closed boundary.

3. The time derivative of the result is the Green’s function 

(minus its time-reversed version) between a virtual 

source (sink) at xA and a physical receiver at x.

4. In the case that the sources are simultaneously acting 

uncorrelated noise sources, step 2 is replaced by a single 

cross-correlation of the ambient noise recordings at xA 

and x.

The counterpart of the principle of classical Green’s 

function retrieval for a homogeneous, time-variant material 

involves: 

1. Recording of passive wave fields at tA and t in response 

to two types of sources at a single time instant t0.

2. Spatial cross-correlating two specific combinations of the 

recorded fields at tA and t per source type, followed by a 

summation of the two terms.

3. The result is the Green’s function (minus its acausal ver

sion) between a virtual source (sink) at tA and a physical 

receiver at t.

4. A modification of Green’s function retrieval by spatial 

cross-correlation in the case of simultaneously acting 

uncorrelated noise sources has thus far only been derived 

for a time-invariant material.35

Finally, we review the relations between time-reversed 

acoustics and Green’s function retrieval, first for an inhomo

geneous, time-invariant material, and after that for a homo

geneous, time-variant material.

For an inhomogeneous, time-invariant material, the 

principles of time-reversed acoustics and Green’s function 

retrieval are variations of the homogeneous Green’s func

tion representation of Eq. (20) for this class of material. In 

particular, consider the temporal convolutional product 

under the integral in Eq. (20): 

r0Gxðx; x
0; t; 0Þ � n

� �
�tGxðx

0; xA;−t; 0Þ: (91) 

• In time-reversed acoustics, the second Green’s function 

(after a temporal convolution with a source wavelet) 

stands for the time-reversed field Pðx0;−tÞ. This field is 

fed to sources at x0 on the closed boundary S and propa

gated by the first Green’s function from x0 to any point x 

inside S, as illustrated in Fig. 1 (b). The result, after inte

gration over S, is the homogeneous Green’s function 

Gh
xðx; xA; t; 0Þ (temporally convolved with the time- 

reversal of the source wavelet). This is interpreted as a 

field focusing at xA [Fig. 1 (b)] and, after having focused, 

propagating away from xA [Fig. 1 (c)].
• In Green’s function retrieval, the second Green’s function 

in Eq. (91) is, on basis of the reciprocity relation of Eq. 

(13), replaced by GxðxA; x
0;−t; 0Þ. Now the temporal con

volutional product can be interpreted as a temporal cross- 

correlation (due to the time-reversal of the second 

Green’s function) of observations by receivers at x and 

xA, in response to sources at x0 on S, as illustrated in Fig. 

2 (a). The result, after integration over S, is the homoge

neous Green’s function Gh
xðx; xA; t; 0Þ, which (for t > 0) is 

interpreted as the response to a virtual source at one of the 

receiver positions (xA), observed by the receiver at x 

[Fig. 2 (b)].

In summary, whereas in time-reversed acoustics, 

Gxðx
0; xA;−t; 0Þ in Eq. (91) stands for the time-reversed field 

that is fed to sources at x0 on S and propagated by 

r0Gxðx; x
0; t; 0Þ � n to any x inside S (Fig. 1), in Green’s 
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function retrieval its reciprocal version GxðxA; x
0; t; 0Þ is tem

porally cross-correlated with r0Gxðx; x
0; t; 0Þ � n and inte

grated over all x0 on S (Fig. 2). Both approaches lead to the 

same homogeneous Green’s function Gh
xðx; xA; t; 0Þ between 

xA and x.

For a homogeneous, time-variant material, the princi

ples of time-reversed acoustics and Green’s function 

retrieval are variations of the homogeneous Green’s func

tion representation of Eq. (57) for this class of material. In 

particular, consider the spatial convolutional product in Eq. 

(57) (the analysis of the other convolutional product follows 

the same arguments): 

@t0Gtðx; 0; t; t
0Þ

� �
�xG

a
t ðx; 0; t

0; tAÞ: (92) 

• In time-reversed acoustics, the second Green’s function 

(after applying the reciprocity relation Ga
t ðx; 0; t

0; tAÞ

¼ Gt;TRðx; 0;−t0;−tAÞ and a spatial convolution with a 

source function) stands for the field UTRðx;−t0Þ in a time- 

reversed version of the actual material. This field 

(together with its sign-reversed time-derivative) is fed to 

sources at time instance t0 and propagated by the first 

Green’s function to any time t beyond t0, as illustrated in 

Fig. 6. The result is the homogeneous Green’s function 

Gh
t ðx; 0; t; tAÞ (spatially convolved with the source func

tion). This is interpreted as a field focusing at tA and, after 

having focused, propagating away from tA (Fig. 6).
• In Green’s function retrieval, the second Green’s function 

in Eq. (92) is, on basis of the reciprocity relation of Eq. 

(36) and its symmetry in x, replaced by Gtð−x; 0; tA; t
0Þ. 

Now the spatial convolutional product can be interpreted as 

a spatial cross-correlation (due to the space-reversal of the 

second Green’s function) of observations by receivers at t 

and tA, in response to a source at t0, as illustrated in the left 

frame of Fig. 8. The result, after adding the other convolu

tional product of Eq. (57), is the homogeneous Green’s 

function Gh
t ðx; 0; t; tAÞ, which (for t > tA) is interpreted as 

the response to a virtual source at one of the receiver times 

(tA), observed by receivers at t (Fig. 8, right).

In summary, whereas in time-reversed acoustics, 

Ga
t ðx; 0; t

0; tAÞ ¼ Gt;TRðx; 0;−t0;−tAÞ in Eq. (92) stands for the 

field in the time-reversed material that is fed to sources at t0

and propagated by @t0Gtðx; 0; t; t
0Þ to any t beyond t0 (Fig. 6), 

in Green’s function retrieval its reciprocal version 

Gtðx; 0; tA; t
0Þ is spatially cross-correlated with @t0Gtðx; 0; t; t

0Þ

(Fig. 8). Both approaches lead to the same homogeneous 

Green’s function Gh
t ðx; 0; t; tAÞ between tA and t.
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APPENDIX: ANALYTICAL EXPRESSIONS FOR A 

HOMOGENEOUS, TIME-INVARIANT MATERIAL

1. Green’s function of a homogeneous, time-invariant 

material

For the special case of a homogeneous, time-invariant 

material, the analytical solution of Eq. (32), with causality 

condition Eq. (33), reads 

Gtðx; xA; t; tAÞ

¼

1

4pbc2

dðt − tA − jx − xAj=cÞ

jx − xAj
; 3D;

1

2pbc2

Hðt − tA − jx − xAj=cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðt − tAÞ
2 − jx − xAj

2
=c2

q ; 2D;

8
>>>>>>><

>>>>>>>:

(A1) 

where HðtÞ is the Heaviside step function. We define the 

spatial Fourier transformation as 

�UðkÞ ¼

ð

Rm

UðxÞ expð−ik � xÞdx; (A2) 

with m ¼ 3, x ¼ ðx; y; zÞ, k ¼ ðkx; ky; kzÞ for the 3D situa

tion, and m ¼ 2, x ¼ ðx; zÞ, k ¼ ðkx; kzÞ for the 2D situation; 

R denotes the set of real numbers. The inverse spatial 

Fourier transformation is defined as 

UðxÞ ¼
1

ð2pÞ
m

ð

Rm

�UðkÞ expðik � xÞdk: (A3) 

In the spatial Fourier domain, the Green’s function reads 

�Gtðk;xA; t; tAÞ ¼ expð−ik � xAÞHðt − tAÞ
sinðjkjcðt − tAÞÞ

bcjkj
:

(A4) 

This expression holds for the 3D as well as for the 2D situa

tion. Analogous to Eq. (36), we have for the acausal Green’s 

function in the spatial Fourier domain 

�G
a

t ðk; xA; t; tAÞ ¼ �Gtðk; xA; tA; tÞ: (A5) 

2. Propagator matrix for a homogeneous, 

time-invariant slab

We consider the propagator matrix Wðx; tn; tn−1Þ for a 

homogeneous, time-invariant slab tn−1 < t < tn, with param

eters an, bn, and cn. According to Eqs. (36), (51), and (A1), 

the upper-right element of this matrix is given by 
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WU;V x; tn; tn−1ð Þ ¼ G
a
t x; 0; tn; tn−1ð Þ − Gt x; 0; tn; tn−1ð Þ ¼

1

4pbnc2
n

dðDtn þ jxj=cnÞ − dðDtn − jxj=cnÞ

jxj
; 3D;

1

2pbnc2
n

Hð−Dtn − jxj=cnÞ − HðDtn − jxj=cnÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Dt2n − jxj2=c2
n

q ; 2D;

8
>>>><

>>>>:

(A6) 

with Dtn ¼ tn − tn−1. The other elements of Wðx; tn; tn−1Þ follow from Eqs. (52)–(54) and (A6). 

Using Eqs. (A4) and (A5), we obtain for the upper-right element of the propagator matrix �Wðk; tn; tn−1Þ in the spatial 

Fourier domain   

�W
U;V
ðk; tn; tn−1Þ ¼ �G

a

t ðk; 0; tn; tn−1Þ − �Gtðk; 0; tn; tn−1Þ

¼ −
1

bncnjkj
sin jkjcnDtnð Þ: (A7) 

This expression holds for the 3D as well as for the 2D situation. The other elements of �Wðk; tn; tn−1Þ follow from the Fourier 

transforms of Eqs. (52)–(54) and Eq. (A7). Hence,     

�Wðk; tn; tn−1Þ ¼
cosðjkjcnDtnÞ −

1

bncnjkj
sinðjkjcnDtnÞ

bncnjkj sinðjkjcnDtnÞ cosðjkjcnDtnÞ

0

B
@

1

C
A: (A8) 
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